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Preface to the Second Edition

It has been a joy seeing the subject of “rough analysis” flourish over the last few
years. As far as this book is concerned, this comes at the price of an increasingly
long list of (important) omissions. A systematic presentation of higher-level geomet-
ric and then branched (possibly cadlag) rough paths remains beyond the scope
of this book, despite being an excellent preparation for the algebraic thinking
later required for regularity structures. (The references [LCLO7, FV10b, CF19]
and [Gub10, HK15, FZ18, BCFP19] partially make up for this.) Also absent remains
a systematic mathematical study of signatures. This topic, together with recent appli-
cations to data science and machine learning, may well fill a book in its own right;
until then the reader may consult Lyons’ ICM article [Lyo14] and the survey [CK16].

The theory of regularity structures, a major extension of rough path theory, has,
since the appearance of the first edition of this book, grown into an essentially
complete solution theory for general singular, subcritical semilinear (and quasilinear)
stochastic partial differential equations. Despite this progress, our running example
of a singular SPDE remains the KPZ equation, originally solved with rough paths
[Hail3], later also with the Gubinelli-Imkeller—Perkowksi theory of paracontrolled
distribitions [GIP15, GP15, GP17], another topic that deserves a book in its own
right.

As far as the content of this second edition is concerned, we added many new
examples and updated notations throughout in order to bring it closer to current
practice in the literature. Our short incursion into low regularity (a.k.a. higher order)
rough paths in Section 2.4 has been expanded, the recently obtained stochastic sewing
lemma is presented in Section 4.6. Section 9.4 shows how the Laplace method allows
one to elegantly obtain precise asymptotics in the large deviation principle, while
Section 12.1 contains a detailed discussion of rough transport equations. We also
expanded and updated large parts of Chapters 13-15 dealing with regularity structures.
In particular, we give a more modern and self-contained proof of the reconstruction
theorem (not relying on wavelet bases anymore), as well as a thorough discussion
of an application of regularity structures to a “rough” stochastic volatility model in
Section 14.5, and a detailed description of the KPZ structure and renormalisation
groups in Sections 15.3 and 15.5.
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Preface to the First Edition

Since its original development in the mid-nineties by Terry Lyons, culminating in
the landmark paper [Lyo98], the theory of rough paths has grown into a mature and
widely applicable mathematical theory, and there are by now several monographs
dedicated to the subject, notably Lyons—Qian [LQO2], Lyons et al [LCLO7] and
Friz—Victoir [FV10b]. So why do we believe that there is room for yet another book
on this matter? Our reasons for writing this book are twofold.

First, the theory of rough paths has gathered the reputation of being difficult to
access for “mainstream” probabilists because it relies on some non-trivial algebraic
and/or geometric machinery. It is true that if one wishes to apply it to signals
of arbitrary roughness, the general theory relies on several objects (in particular
on the Hopf-algebraic properties of the free tensor algebra and the free nilpotent
group embedded in it) that are unfamiliar to most probabilists. However, in our
opinion, some of the most interesting applications of the theory arise in the context
of stochastic differential equations, where the driving signal is Brownian motion. In
this case, the theory simplifies dramatically and essentially no non-trivial algebraic
or geometric objects are required at all. This simplification is certainly not novel.
Indeed, early notes by Lyons, and then of Davie and Gubinelli, all took place in
this simpler setting (which allows to incorporate Brownian motion and Lévy’s area).
However, it does appear to us that all these ideas can nowadays be put together in
unprecedented simplicity, and we made a conscious choice to restrict ourselves to
this simpler case throughout most of this book.

The second and main raison d’étre of this book is that the scope of the theory
has expanded dramatically over the past few years and that, in this process, the
point of view has slightly shifted from the one exposed in the aforementioned
monographs. While Lyons’ theory was built on the integration of 1-forms, Gubinelli
gave a natural extension to the integration of so-called “controlled rough paths”. As a
benefit, differential equations driven by rough paths can now be solved by fixed point
arguments in /inear Banach spaces which contain a sufficiently accurate (second
order) local description of the solution.

This shift in perspective has first enabled the use of rough paths to provide solution
theories for a number of classically ill-posed stochastic partial differential equations
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with one-dimensional spatial variables, including equations of Burgers type and
the KPZ equation. More recently, the perspective which emphasises linear spaces
containing sufficiently accurate local descriptions modelled on some (rough) input,
spurred the development of the theory of “regularity structures” which allows to
give consistent interpretations for a number of ill-posed equations, also in higher
dimensions. It can be viewed as an extension of the theory of controlled rough paths,
although its formulation is somewhat different. In the last chapters of this book, we
give a short and rather informal (i.e. very few proofs) introduction to that theory,
which in particular also sheds new light on some of the definitions of the theory of
rough paths.

This book does not have the ambition to provide an exhaustive description of the
theory of rough paths, but rather to complement the existing literature on the subject.
As a consequence, there are a number of aspects that we chose not to touch, or to do
so only barely. One omission is the study of rough paths of arbitrarily low regularity:
we do provide hints at the general theory at the end of several chapters, but these are
self-contained and can be skipped without impacting the understanding of the rest
of the book. Another serious omission concerns the systematic study of signatures,
that is the collection of all iterated integrals over a fixed interval associated to a
sufficiently regular path, providing an intriguing nonlinear characterisation.

We have used several parts of this book for lectures and mini-courses. In particular,
over the last years, the material on rough paths was given repeatedly by the first
author at TU Berlin (Chapters 1-12, in the form of a 4h/week, full semester lecture for
an audience of beginning graduate students in stochastics) and in some mini-courses
(Vienna, Columbia, Rennes, Toulouse; e.g. Chapters 1-5 with a selection of further
topics). The material of Chapters 13-15 originates in a number of minicourses by
the second author (Bonn, ETHZ, Toulouse, Columbia, XVII Brazilian School of
Probability, 44th St. Flour School of Probability, etc). The “KPZ and rough paths”
summer school in Rennes (2013) was a particularly good opportunity to try out much
of the material here in joint mini-course form — we are very grateful to the organisers
for their efforts. Chapters 13-15 are, arguably, a little harder to present in a classroom.
Jointly with Paul Gassiat, the first author gave this material as full lecture at TU
Berlin (with examples classes run by Joscha Diehl, and more background material
on Schwartz distributions, Holder spaces and wavelet theory than what is found
in this book); we also started to use consistently colours on our handouts. We felt
the resulting improvement in readability was significant enough to try it out also
in the present book and take the opportunity to thank Jorg Sixt from Springer for
making this possible, aside from his professional assistance concerning all other
aspects of this book project. We are very grateful for all the feedback we received
from participants at all theses courses. Furthermore, we would like to thank Bruce
Driver, Paul Gassiat, Massimilliano Gubinelli, Terry Lyons, Etienne Pardoux, Jeremy
Quastel and Hendrik Weber for many interesting discussions on how to present this
material. In addition, Khalil Chouk, Joscha Diehl and Sebastian Riedel kindly offered
to partially proofread the final manuscript.

At last, we would like to acknowledge financial support: PKF was supported by
the European Research Council under the European Union’s Seventh Framework
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Programme (FP7/2007-2013) / ERC grant agreement nr. 258237 and DFG, SPP 1324.
MH was supported by the Leverhulme trust through a leadership award and by the
Royal Society through a Wolfson research award.

Berlin and Coventry, Peter K. Friz
June 2014 Martin Hairer
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Chapter 1
Introduction

We give a short overview of the scopes of both the theory of rough paths and the
theory of regularity structures. The main ideas are introduced and we point out some
analogies with other branches of mathematics.

1.1 What is it all about?

Differential equations are omnipresent in modern pure and applied mathematics;
many “pure” disciplines in fact originate in attempts to analyse differential equations
from various application areas. Classical ordinary differential equations (ODEs) are
of the form Y; = f(Y},t); an important subclass is given by controlled ODEs of the
form ) )

Vi = fo(Ye) + F(Y) Xy (1.1)

where X models the input (taking values in RY, say), and Y is the output (in R®, say)
of some system modelled by nonlinear functions fy and f, and by the initial state
Ys. The need for a non-smooth theory arises naturally when the system is subject to
white noise, which can be understood as the scaling limit as h — 0 of the discrete
evolution equation

Y1 = Yi+ hfo(Ys) + VRf(Yi)Eisa s (1.2)

where the (¢;) are i.i.d. standard Gaussian random variables. Based on martingale
theory, Itd’s stochastic differential equations (SDEs) have provided a rigorous and
extremely useful mathematical framework for all this. And yet, stability is lost in the
passage to continuous time: while it is trivial to solve (1.2) for a fixed realisation of
&i(w), after all (&, ...&r;Yy) — Y; is surely a continuous map, the continuity of
the solution as a function of the driving noise is lost in the limit.

Taking X = ¢ to be white noise in time (which amounts to say that X is a
Brownian motion, say B), the solution map S: B + Y to (1.1), known as [t6 map,
is a measurable map which in general lacks continuity, whatever norm one uses to
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equip the space of realisations of B. ! Actually, one can show the following negative
result (see [Lyo91, LCLO7] as well as Exercise 5.7 below):

Proposition 1.1. There exists no separable Banach space B C C([0,1]) with the
following properties:

1. Sample paths of Brownian motions lie in B almost surely.
2. The map (f,g) — [, f(t)g(t)dt defined on smooth functions extends to a
continuous map from B x B into the space of continuous functions on [0, 1].

Since, for any two distinct indices ¢ and 7, the map
Bi—)/ B(t) BY(t) dt (1.3)
0

is itself the solution of one of the simplest possible differential equations driven by
B (take Y € R? solving Y = B’ and Y2 = Y'! BY), this shows that it takes very
little for S to lack continuity. In this sense, solving SDEs is an analytically ill-posed
task! On the other hand, there are well-known probabilistic well-posedness results
for SDEs of the form 2

dY; = fo(Yy)dt + f(Y:) 0 dBy , (1.4)
(see e.g. [INY78, Thm 4.1]), which imply for instance

Theorem 1.2. Let £, = 6. * £ denote the regularisation of white noise in time with a
compactly supported smooth mollifier .. Denote by Y ¢ the solutions to (1.1) driven
by X = &.. Then Y& converges in probability (uniformly on compact sets). The
limiting process does not depend on the choice of mollifier 6., and in fact is the
Stratonovich solution to (1.4).

There are many variations on such “Wong—Zakai” results, another popular choice
being & = B(©) where B() is a piecewise linear approximation (of mesh size
~ ¢) to Brownian motion. However, as consequence of the aforementioned lack of
continuity of the It6-map, there are also reasonable approximations to white noise for
which the above convergence fails. (We shall see an explicit example in Section 3.4.)

Perhaps rather surprisingly, it turns out that well-posedness is restored via the
iterated integrals (1.3) which are in fact the only data that is missing to turn .S into
a continuous map. The role of (1.3) was already appreciated in [INY78, Thm 4.1]
and related works in the seventies, but statements at the time were probabilistic
in nature, such as Theorem 1.2 above. Rough path analysis introduced by Terry
Lyons in the seminal article [Lyo98] and by now exposed in several monographs
[LQO2, LCLO7, FV10b], provides the following remarkable insight: Itd’s solution
map can be factorised into a measurable “universal” map ¥ and a continuous solution
map S as

! This lack of regularity is the raison d’étre for Malliavin calculus, a Sobolev type theory of C([0, T'])
equipped with Wiener measure, the law of Brownian motion.

2 For the purpose of this introduction, all coefficients are assumed to be sufficiently nice.
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B(w)% (B, B)(w) > Y (). (1.5)

The map ¥ is universal in the sense that it depends neither on the initial condition, nor
on the vector fields driving the stochastic differential equation, but merely consists
of enhancing Brownian motion with iterated integrals of the form

B (s,t) = / (B'(r) — B'(s)) dB’(r) . (1.6)

At this stage, the choice of stochastic integration in (1.6) (e.g. Itd or Stratonovich)
does matter and probabilistic techniques are required for the construction of V.
Indeed, the map ¥ is only measurable and usually requires the use of some sort
of stochastic integration theory (or some equivalent construction, see for example
Section 10 below for a general construction in a Gaussian, non-semimartingale
context).

The solution map S on the other hand, the solution map to a rough differential
equation (RDE), also known as It6—Lyons map and discussed in Section 8.1, is purely
deterministic and only makes use of analytical constructions. More precisely, it allows
input signals to be arbitrary rough paths which, as discussed in Chapter 2, are objects
(thought of as enhanced paths) of the form (X, X), defined via certain algebraic
properties (which mimic the interplay between a path and its iterated integrals) and
certain analytical, Holder-type regularity conditions. In Chapter 3 these conditions
will be seen to hold true a.s. for (B, B); a typical realisation is thus called Brownian
rough path.

The It6—Lyons map turns out, cf. Section 8.6, to be “nice” in the sense that it is a
continuous map of both its initial condition and the driving noise (X, X), provided
that the dependency on the latter is measured in a suitable “rough path” metric. In
other words, rough path analysis allows for a pathwise solution theory for SDEs, i.e.
for a fixed realisation of the Brownian rough path. The solution map S is however
a much richer object than the original Itd map, since its construction is completely
independent of the choice of stochastic integral and even of the knowledge that the
driving path is Brownian. For example, if we denote by W' (resp. ¥°) the maps
B — (B,B) obtained by Itd (resp. Stratonovich) integration, then we have the almost
sure identities

St=8ow!, S5=8o0v",

where S’ (resp. S°) denotes the solution to (1.4) interpreted in the It (resp.
Stratonovich) sense. Returning to Theorem 1.2, we see that the convergence there
is really a deterministic consequence of the probabilistic question whether or not
wS(B¢) — w3(B) in probability and rough path topology, with B = £¢. This
can be shown to hold in the case of mollifier, piecewise linear, and many other
approximations.

So how is this Ito—Lyons map S built? In order to solve (1.1), we need to be able
to make sense of the expression
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t
/ f(Ys)dXs , (1.7)
0

where Y is itself the as yet unknown solution. Here is where the usual pathwise
approach breaks down: as we have seen in Proposition 1.1 it is in general impossible,
even in the simplest cases, to find a Banach space of functions containing Brownian
sample paths and in which (1.7) makes sense. Actually, if we measure regularity in
terms of Holder exponents, then (1.7) makes sense as a limit of Riemann sums for X
and Y that are arbitrary a-Holder continuous functions if and only if o > % The key
word here is arbitrary: in our case the function Y is anything but arbitrary! Actually,
since the function Y solves (1.1), one would expect the small-scale fluctuations of Y’
to look exactly like a scaled version of the small-scale fluctuations of X in the sense
that one would expect that

Yir = f(Ys) X5+ Rs

where, for any path F’ with values in a linear space, we set F ;, = I} — F, and
where R, ; is some remainder that one would expect to be “of higher order” in the
sense that | R, ;| < |t — s|® for some 3 > «. (We will see later that 8 = 2« is a
natural choice.)

Suppose now that X is a “rough path”, which is to say that it has been “enhanced”
with a two-parameter function X which should be interpreted as postulating the
values for

t
Xiﬂ'(s,t)z/ X!, dx] . (1.8)

Note here that this identity should be read in the reverse order from what one may be
used to: it is the right-hand side that is defined by the left-hand side and not the other
way around! The idea here is that if X is too rough, then we do not a priori know
how to define the integral of X against itself, so we simply postulate its values. Of
course, X cannot just be anything, but should satisfy a number of natural algebraic
identities and analytical bounds, which will be discussed in detail in Chapter 2.
Anyway, assuming that we are provided with the data (X, X), then we know how
to give meaning to the integral of components of X against other components of X:
this is precisely what X encodes. Intuitively, this suggests that if we similarly encode
the fact that Y “looks like X at small scales”, then one should be able to extend
the definition of (1.7) to a large enough class of integrands to include solutions to
(1.1), even when o < % One of the achievements of rough path theory is to make
this intuition precise. Indeed, in the framework of rough integration sketched here
and made precise in Chapter 4, the barrier o = % can be lowered to o = % In
principle, this can be lowered further by further enhancing X with iterated integrals
of higher order, but we decided to focus on the first non-trivial case for the sake of
simplicity and because it already covers the most important case when X is given
by a Brownian motion, or a stochastic process with properties similar to those of
Brownian motion. We do however indicate briefly in Sections 2.4, 4.5 and 7.6 how
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the theory can be modified to cover the case o < %, at least in the “geometric” case
when X is a limit of smooth paths.

The simplest way for Y to “look like X is when Y = G(X) for some sufficiently
regular function G. Despite what one might guess, it turns out that this particular
class of functions Y is already sufficiently rich so that knowing how to define
integrals of the form fot G(X;) dX, for (non-gradient) functions G allows to give a
meaning to equations of the type (1.1), which is the approach originally developed in
[Lyo98]. A few years later, Gubinelli realised in [Gub04] that, in order to be able to
give a meaning to fot Y dX given the data (X, X), it is sufficient that Y admits a
“derivative” Y such that

Ys,t = }/s/Xs,t + Rs,t P

with a remainder satisfying R ; = O(|t — s|?®). This extension of the original theory
turns out to be quite convenient, especially when applying it to problems other than
the resolution of evolution equations of the type (1.1).

An intriguing question is to what extent rough path theory, essentially a theory
of controlled ordinary differential equations, can be extended to partial differential
equations. In the case of finite-dimensional noise, and very loosely stated, one has
for instance a statement of the following type. (See [CF09, CFO11, FO14, GT10,
Teill, DGT12] as well as Section 12.2 below.)

Theorem 1.3. Classes of SPDEs of the form du = F[u|dt + H[u] o dB, with
second and first order differential operators F and H, respectively, and driven
by finite-dimensional noise, with the Zakai equation from filtering and stochastic
Hamilton—Jacobi-Bellman (HJB) equations as examples, can be solved pathwise, i.e.
for a fixed realisation of the Brownian rough path. As in the SDE case, the SPDE
solution map factorises as S° = SoWS where S, the solution map to a rough partial
differential equation (RPDE) is continuous in the rough path topology.

As a consequence, if £, = §. * £ denotes the regularisation of white noise in
time with a compactly supported smooth mollifier . that is scaled by ¢, and if u®
denotes the random PDE solutions driven by £.dt (instead of od B) then u® converges
in probability. The limiting process does not depend on the choice of mollifier J.,
and is viewed as Stratonovich SPDE solution. The same conclusion holds whenever
S (B*) — w5 (B) in probability and rough path topology.

The case of SPDEs driven by infinite-dimensional noise poses entirely different
problems. Already the stochastic heat equation in space dimension one has not
enough spatial regularity for additional nonlinearities of the type g(u)d,u (which
arises in applications from path sampling [Hail1b, HW13]) or (9,u)? (the Kardar—
Parisi—-Zhang equation) to be well-defined. In space dimension one, “spatial” rough
paths indexed by z, rather than ¢, have proved useful here and the quest to handle
dimension larger than one led to the general theory of regularity structures, see
Section 1.3 below.

Rather than trying to survey all applications to date of rough paths to stochastics,
let us say that the past few years have seen an explosion of results made possible by
the use of rough paths theory. New stimulus to the field was given by its use in rather
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diverse mathematical fields, including for example quantum field theory [GLO09],
nonlinear PDEs [Gub12], Malliavin calculus [CFV09], non-Markovian Hérmander
and ergodic theory, [CF10, HP13, CHLT15] and the multiscale analysis of chaotic
behaviour in fast-slow systems [KM16, KM17, CFK*19b].

In view of these developments, we believe that it is an opportune time to try to
summarise some of the main results of the theory in a way that is as elementary as
possible, yet sufficiently precise to provide a technical working knowledge of the
theory. We therefore include elementary but essentially complete proofs of several
of the main results, including the continuity and definition of the [t6—Lyons map,
the lifting of a class of Gaussian processes to the space of rough paths, etc. In
contrast to the available textbook literature [LQ02, LCL0O7, FV10b], we emphasise
Gubinelli’s view on rough integration [Gub04, Gub10] which allows to linearise
many considerations and to simplify the exposition. That said, the resulting theory
of rough differential equations is (immediately) seen to be equivalent to Davie’s
definition [Dav08] and, generally, we have tried to give a good idea what other
perspectives one can take on what amounts to essentially the same objects.

1.2 Analogies with other branches of mathematics

s

As we have just seen, the main idea of the theory of rough paths is to “enhance’
a path X with some additional data X, namely the integral of X against itself, in
order to restore continuity of the Itd map. The general idea of building a larger
object containing additional information in order to restore the continuity of some
nonlinear transformation is of course very old and there are several other theories
that have a similar “flavour” to the theory of rough paths, one of them being the
theory of Young measures (see for example the notes [Bal00]) where the value of
a function is replaced by a probability measure, thus allowing to describe limits of
highly oscillatory functions.

Nevertheless, when first confronted with some of the notions just outlined, the first
reaction of the reader might be that simply postulating the values for the right-hand
side of (1.8) makes no sense. Indeed, if X is smooth, then we “know” that there is
only one “reasonable” choice for the integral X of X against itself, and this is the
Riemann integral. How could this be replaced by something else and how can one
expect to still get a consistent theory with a natural interpretation? These questions
will of course be fully answered in these notes.

For the moment, let us draw an analogy with a very well established branch of
geometric measure theory, namely the theory of varifolds [Alm66, LY02].

Varifolds arise as natural extensions of submanifolds in the context of certain
variational problems. We are not going into details here, but loosely speaking a
k-dimensional varifold in R™ is a (Radon) measure v on R” x G(k,n), where
G(k,n) denotes the space of all k-dimensional subspaces of R". Here, one should
interpret G(k,n) as the space of all possible tangent spaces at any given point for
a k-dimensional submanifold of R™. The projection of v onto R" should then be
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interpreted as a generalisation of the natural “surface measure” of a submanifold,
while the conditional (probability) measure on G(k, n) induced at almost every point
by disintegration should be interpreted as selecting a (possibly random) tangent
space at each point. Why is this a reasonable extension of the notion of submanifold?
Consider the following sequence M, of one-dimensional submanifolds of R?:

It is intuitively clear that, as ¢ — 0, this converges to a circle, but the right half has
twice as much “weight” as the left half so that, if we were to describe the limit M
simply as a manifold, we would have lost some information about the convergence of
the surface measures in the process. More dramatically, there are situations where one
has a sequence of smooth manifolds such that the limit is again a smooth manifold,
but with a limiting “tangent space” which has nothing to do with the actual tangent
space of the limit! Indeed, consider the sequence of one-dimensional submanifolds
of R? given by

M —>

e —

82

This time, the limit is a piece of straight line, which is in principle a perfectly nice
smooth submanifold, but the limiting tangent space is deterministic and makes a 45°
angle with the canonical tangent space associated to the limit.

The situation here is philosophically very similar to that of the theory of rough
paths: a subset M C R"™ may be sufficiently “rough” so that there is no way of
canonically associating to it either a k-dimensional Riemannian volume element,
or a k-dimensional tangent space, so we simply postulate them. The two examples
given above show that even in situations where M is a nice smooth manifold, it
still makes sense to associate to it a volume element and / or tangent space that are
different from the ones that one would construct canonically. A similar situation
arises in the theory of rough paths. Indeed, it may so happen that X is actually
given by a smooth function. Even so, this does not automatically mean that the
right-hand side of (1.8) is given by the usual Riemann integral of X against itself.
An explicit example illustrating this fact is given in Exercise 2.10 below. Similarly to
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the examples of “non-canonical” varifolds given above, “non-canonical” rough paths
can also be constructed as limits of ordinary smooth paths (with the second-order
term X defined by (1.8) where the integral is the usual Riemann integral), provided
that one takes limits in a suitably weak topology.

1.3 Regularity structures

Recently, a new theory of “regularity structures” was introduced [Hail4b], unify-
ing various flavours of the theory of rough paths (including Gubinelli’s controlled
rough paths [Gub04], as well as his branched rough paths [Gub10]), as well as the
usual Taylor expansions. While it has its conceptual roots in the theory of rough
paths, the main advantage of this new theory is that it is no longer tied to the one-
dimensionality of the time parameter, which makes it also suitable for the description
of solutions to stochastic partial differential equations, rather than just stochastic
ordinary differential equations.

The main achievement of the theory of regularity structures is that it allows to
give a (pathwise!) meaning to ill-posed stochastic PDEs that arise naturally when
trying to describe the macroscopic behaviour of models from statistical mechanics
near criticality. One example of such an equation is the KPZ equation arising as a
natural model for one-dimensional interface motion [KPZ86, BG97, Hail3]:

Oth = 92h + (9,h)* = C + €. (1.9)

The problem with this equation is that, if anything, one has (9,h)? = +oo (a
consequence of the roughness of (1 + 1)-dimensional space-time white noise) and
one would have to compensate with C' = +oo0. It has instead become customary
to define the solution of the KPZ equation as the logarithm of the (multiplicative)
stochastic heat equation O;u = 92u + ué, essentially ignoring the (infinite) Ito-
correction term.? The so-constructed solutions are called Hopf-Cole solutions and,
to cite J. Quastel [Quall],

The evidence for the Hopf—Cole solutions is now overwhelming. Whatever the physicists
mean by KPZ, it is them.

It should emphasised that previous to [Hail3], to be discussed in Chapter 15, no
direct mathematical meaning had been given to the actual KPZ equation.

Another example is the dynamical &3 model arising for example in the stochastic
quantisation of Euclidean quantum field theory [PW81, JLM85, AR91, DPDO03,
Hail4b], as well as a universal model for phase coexistence near the critical point
[GLP99]:

0P =AD+CP— P> +¢. (1.10)

3 This requires one of course to know that solutions to dzu = 82u + uf stay strictly positive with
probability one, provided up > 0 a.s., but this turns out to be the case.
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Here, £ denotes (3 + 1)-dimensional space-time white noise. In contrast to the KPZ
equation where the Hopf—Cole solution is a Holder continuous random field, here
@ is at best a random Schwartz distribution, making the term @3 ill-defined. Again,
one formally needs to set C' = oo to create suitable cancellations and so, again, the
stochastic partial differential equation (1.10) has no “naive” mathematical meaning.

Loosely speaking, the type of well-posedness results that can be proven with the
help of the theory of regularity structures can be formulated as follows.

Theorem 1.4. Consider KPZ and &3 on a bounded square spatial domain with
periodic boundary conditions. Let £, = 6. x£ denote the regularisation of space-time
white noise with a compactly supported smooth mollifier 6. that is scaled by ¢ in
the spatial direction(s) and by €? in the time direction. Denote by h. and ®. the
solutions to

aths = a:%hs + (aachs)z - Cs + ’gs ,
0P, = Ab, + C.d, — 3 + €, .

Then, there exist choices of constants C. and C. diverging as € — 0, as well as
processes h and ® such that he — h and ®. — © in probability. Furthermore, while
the constants C. and C. do depend crucially on the choice of mollifiers d., the limits
h and ® do not depend on them.

In the case of the KPZ equation, the topology in which one obtains convergence is
that of convergence in probability in a suitable space of space-time Holder continuous
functions. Let us also emphasise that in this case the resulting renormalised solutions
coincide indeed with the Hopf—Cole solutions.

In the case of the dynamical &3 model, convergence takes place instead in some
space of space-time distributions. One caveat that also has to be dealt with in the
latter case is that the limiting process ¢ may in principle explode in finite time for
some instances of the driving noise. (Although this is of course not expected.)

Chapters 13 and 14 of this book gives a short and mostly self-contained intro-
duction to the theory of regularity structures and the last chapter shows how it can
be used to provide a robust solution theory for the KPZ equation. The material in
these chapters differs significantly in presentation from the remainder of the book.
Indeed, since a detailed and rigorous exposition of this material would require an
entire book by itself (see the rather lengthy articles [Hail3] and [Hail4b]), we made
a conscious decision to keep the exposition mostly at an intuitive level. We therefore
omit virtually all proofs (with the notable exception of the proof of the reconstruction
theorem, Theorem 13.12, which is the fundamental result on which the theory builds)
and instead merely give short glimpses of the main ideas involved.



10 1 Introduction

1.4 Frequently used notations

Basics: Natural numbers, including zero, are denoted by N, integers by Z, real and
complex numbers are denoted by R and C, respectively. Strictly positive reals are
denoted by R, . For x real, |z | (resp. [x]) is the largest (resp. smallest) integer n
such that n < x (resp. n > x). We also write {z} € (0, 1] for the non-zero fractional
part so that z — {x} € Z. A d-dimensional multi-index is an element k& € N, and
given z € R%, we write 2 as a shorthand for 24" - - - x’;d and k! as a shorthand for
kil kql.

Tensors: We shall deal with paths with values in, as well as maps between, Banach
spaces, typically denoted by V, W, equipped with their respective norms, always
written as | - |. Continuous linear maps from V' to W form a Banach space, denoted
by L(V,W). It will be important to consider tensor products of Banach spaces. If
V, W are finite-dimensional, say V' = R™ and W = R", the tensor product V @ W
can be identified with the matrix space R™*". Indeed, if (e; : 1 < i < m) [resp.
(fj :1<j<mn)lisabasisof V [resp. W], then (e, ® f; : 1 <i<m,1<j<n)
isabasis of V@ W.If V and W are Hilbert spaces and (e;) and ( f;) are orthonormal
bases it is natural to define a Euclidean structure on V' ® W by declaring the (e; ® f;)
to be orthonormal. This induces a norm on V' ® W, also denoted by | - |, which is
compatible in the sense that |v ® w| < |v| - |w| forall v € V, w € W. This tensor
norm is furthermore symmetric, namely |u ® v| = |v ® u|, equivalently expressed as
invariance under transposition x — 27

We also introduce the symmetric and antisymmetric parts of x € V @ V:

Sym(z) = 3(z +27), Anti(z) = 3(z —27).

The defining feature of tensor product spaces is their ability to linearise bilinear
4
maps,

LAV XV W)LV, LV, W) ZLVV,W). (1.11)

We briefly discuss the extension to infinite dimensions. Given Banach spaces V, V
one completes the algebraic tensor product V' ®, V' under a compatible tensor norm
to obtain a Banach space V' ® V. By [Rya02, Thm 2.9], the second’ identification in
(1.11) requires one to work with the projective tensor norm

—— inf{zwi“@-\ tx = Zvi ®17i} ,
i i

where all sums are finite and | - | stands for either norm in V or V. This norm is
obviously compatible and symmetric. Symmetric and antisymmetric part of x €
V ® V are defined as before (note that the transpositionmap V@ W — W @ V

4 This will arise naturally, with V =V, when pairing the second Fréchet derivatives (of some
F :'V — W) with second iterated integrals with valuesin V" ® V.

3 The first identification holds for general Banach spaces.
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given by v ® w — w ® v defined on the algebraic tensor product uniquely extends
to its completion for any symmetric compatible tensor norm). Without going into
further detail, we note that the projective tensor norm is the largest compatible tensor
norm (by the triangle inequality) satisfying |« ® v| = |u| - |v|, and thus produces the
smallest Banach tensor product space.

Differentiable maps: Given (possibly infinite-dimensional) Banach spaces V, W we
write C" = C™(V; W), n € N, for the space of continuous maps from V' to W which
are n times continuously differentiable in Fréchet sense. A Banach space C;' C C™ is
given by those F' € C" with

def

[Flley = [1Flloc + [DF oo + ... 4 [[D"Flloo < 00, (1.12)

where we recall DF(v) € L(V,W), D*F € L(V,L(V,W)) = LE(V x V, W),
the space of continuous bilinear maps from V' x V to W. For «y € (0, 1), we say that
Fislocally y-Holder continuous, in symbols F' € C7, if for every « € V there exists
a neighbourhood N = N(z) and constant C' = C(x), such that for all y,z € N,
|F(2) — F(y)| < C|z — y|”. (In finite dimensions, one equivalently demands this
estimate to hold on bounded sets.) The case v = 1 is meaningful (“locally Lipschitz”)
but not denoted by C?! for the sake of notational consistency.® More generally, we
say F' € C7, for non-integer v = n + {~}, with fractional part {7} € (0, 1), when
F e C"and D"F e C17}. A Banach space C) C C7 is introduced via

def

1Elle; =

D"F(z) — D"F
|Flleg + sup |D"F(2) | < oo (1.13)

y#z |z—y|{')’}

The spaces C” and C; satisfy the obvious inclusions and continuous embeddings,
respectively. Warning. The Lip”-spaces frequently seen in the rough path literature
are precisely our C;-spaces for v ¢ N (at least when V' is finite-dimensional),
whereas F' € Lip"™" means F' € C" with globally Lipschitz D" F’; some authors
also interpret C,-spaces, for integer +, in this way.

Path spaces: We say that X : [0, 7] — V is continuously (Fréchet) differentiable if
X. =Xo+ [, X, dt, for some continuous path X : [0,7] — V/, the derivative of X.
We say that X is smooth, X € C> = C>°([0,T],V), if X and all its derivatives are
continuously differentiable. The Banach space C* = C*([0,T],V), for a € (0, 1),
consists of a-Holder paths, with finite a-Holder seminorm,

‘XS,t‘

s,t€[0,T |t - S|a

def
1 Xlla =

where we define the path increment X ; = X; — X, (and also use the convention

def

0/0 = 0); we also write 6 X for the map (s,t) — X; — X. This seminorm fails to

separate constants, the norm on C is then given by || X [|ca = | Xo|+ || X || We write

6 One checks that every F' € C? is locally Lipschitz (though not necessarily C} on bounded sets).
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CY@ C C* for the closure of smooth paths. As above, C! is potentially ambiguous,
and we adopt (in the context of paths) the Lipschitz (1-Holder) interpretation; this
is convenient e.g. to include piecewise smooth approximations of less regular paths.
We will sometimes say that X € C® as a shorthand for the statement that X € C”
for every 3 < «. This abuse of notation will also be used for other scales of “Holder-
type” spaces depending on a regularity index av. Similarly, one introduces the Banach
space CP* ([0, T, V), for p € [1,00), of continuous paths with finite p-variation

seminorm,
1

||XHp—var;[O,T] g (Sup Z |Xs’t|p)p <00
P [s,t]JeP

Here one works with partitions or dissections of [0, T; since every dissection D =
{0=ty <ty <---<tp, =T} C [0,T] can be thought of as a partition of [0, T
into (essentially) disjoint intervals, P ={[t;—1,¢;] : ¢ = 1,...n}, and vice-versa, we
shall use whatever is (notationally) more convenient.

We further recall that lim|p|_,q, typically defined via nets, means convergence

along any sequence (Pj,) with mesh |Px| — 0, with identical limit along each such
sequence. Here, the mesh |P| of a partition P is the length of its largest element, i.e.
|P| = supyeqr,...ny Itk — te—1| if P is as above.
Two parameter spaces: Every V-valued path X gives rise to its increment function
0X : (s,t) = X, = X, — X,. More generally, consider (s,t) — =, ;, with some
sort of “on-diagonal” S-Holder regularity, formalised by the Banach space Cg of
maps = : [0,T] — V with finite norm,

.....

—
—

s,t|

HEHBg sup < 00 .

stefo,r) [t —sl?

(Note X € C? if and only if 6X € C5.)

Rough path spaces: The symbols €<, 2% etc. refer to spaces of rough paths
and controlled rough paths, respectively. In the given order, £ (C>) C € C 6"
denote the spaces of canonically lifted smooth paths, geometric and weakly geometric
rough paths; € is the space of smooth rough paths. Every level-2- rough path
X € €™ admits a bracket [X] that quantifies deviations from the classical chain rule.

Hélder spaces and distributions: Local and global regularity of maps f : R? — R
can be measured in the above-mentioned Holder space scale C” and C/, for v € R;.
We write D(Rd) or D for C2°, the space of smooth, compactly supported functions.
Upon equipping D with a suitable topology, the topological dual D’ = D’ (R?) is
the space of generalised functions or distributions. The Holder scale extends to
negative -y, and then agrees (for non-integer ) with the Zygmund spaces Z7, precise
definitions are left to Chapter 14.

Stochastic analysis: We expect the reader is familiar with (d-dimensional stan-
dard) Brownian motion B = B(t,w) and basics of Itd calculus for (continuous)
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semimartingales as exposed e.g. in [RY99]. In particular, for (continuous) semi-
martingales X, Y, the angle-bracket (X, Y") denotes the usual quadratic covariation
process, so that (X, Y)p = limz[&t]ep Xs.1Y5,+ along any sequence (P,,) of deter-
ministic partitions of [0, 7] with mesh |P,,| — 0. We also write (X) = (X, X). The
square-bracket [ X, Y] is understood in Follmer sense (and tacitly depends on a fixed
sequence partitions); here too we write [X] = [X, X].

Miscellaneous: We will use the notation A = O(x) if there exists a constant C' such
that the bound |A| < Cz holds for every z < 1 (or every z > 1, depending on the
context). Similarly, we write A = o(z) if the constant C' can be made arbitrarily
small as ¢ — 0 (or as * — oo, depending on the context). We will also occasionally
write C for a generic constant that only depends on the data of the problem under
consideration and which can change value from one line to the other without further
notice. We further write x < y for two positive quantities to express an estimate
x < Cy; and x < y if in addition y < z. Dependence on a parameter 5 may be
indicated by writing <;. We often consider quantities A = A, ; and B = B, ; with
s,t € [0,T7, for fixed T' > 0, and then write A = B for |As; — Bs+| < |t — 8|7,
with (hidden) constant uniform in s, ¢ € [0, 7.

We write int(A), cl(A) for the interior and closure of a subset A in (some topo-
logical space) X.

Exercises: The difficulty of exercises is indicated with the same convention as in
[RY99]: one star * denotes difficult ones and two stars *xx denote very difficult
ones. The symbol { denotes exercises that are important for the comprehension of
subsequent material.

1.5 Rough path theory works in infinite dimensions

Unless explicitly otherwise stated, all rough path results in this book are valid in
infinite dimensions. This is rather obvious in the case of Young integration, say with
L(V,W)-valued integrand and V'-valued integrator, for general Banach spaces V'
and W. In the case of rough integration, Section 4.2, of a L(V, W')-valued one-form
F, against a V @ V®2-valued rough path, the pairing of DF - F, with values in
L(V,L(V,W)), with V®2 is crucial and requires (1.11). As was explained there,
this is guaranteed by equipping V' ® V' with the projective norm which will be our
standing assumption for the rest of this text, unless otherwise stated.

Alternatively, Lyons [Lyo98], [LQO02, pp. 28, 110] or [LCLO7, pp.75] adjusts the
notion of C7-regularity required for F' in a way that basically forces DF - F to
take values in £L(V ® V, W), with the consequence that the regularity condition on
F then depends on the chosen tensor product norm. This modification entails no
changes in subsequent arguments. Of course, there is no difference whatsoever when
dimV < oo.

The same remarks apply to solving rough differential equations. The Young case
of Section 8.3 is not affected by tensor norms, whereas the typical second order
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approximation for RDEs, as e.g. seen in 8.13 later on, immediately points to the
need for a well-defined pairing of the form (1.11). This is ensured by having V @ V'
equipped with the projective norm. Alternatively, and as before, it is possible to
replace the projective norm by weaker compatible norms, but this then forces one to
think more carefully about the necessary modifications on the precise assumptions
on the space of vector fields when solving RDEs. This can be important when
the existence of the V®2-valued rough path in the projective tensor product space
is problematic, as happens in the case of Banach valued Brownian motion (e.g.
[LLQO2]] and Exercise 3.5, used e.g. in [IK06, IKO7]). See also [Lyo98, Def. 1.2.4]
or [KM17, Proof of Thm 3.3], where dim W < oo is noted to be helpful, and [LCLO7,
pp-19-20] and [LQO2, pp. 28, 111] for more information.



Chapter 2
The space of rough paths

We define the space of (Holder continuous) rough paths, as well as the subspace of
“geometric” rough paths which preserve the usual rules of calculus. The latter can
be interpreted in a natural way as paths with values in a certain nilpotent Lie group.
At the end of the chapter, we give a short discussion showing how these definitions
should be generalised to treat paths of arbitrarily low regularity.

2.1 Basic definitions

In this section, we give a practical definition of the space of Holder continuous
rough paths. Our choice of Holder spaces is chiefly motivated by our hope that most
readers will already be familiar with the classical Holder spaces from real analysis.
We could in the sequel have replaced “«a-Holder continuous” by “finite p-variation”
for p = 1/« in many statements. This choice would also have been quite natural,
due to the fact that one of our primary goals will be to give meaning to integrals
of the form [ f(X)dX or solutions to controlled differential equations of the form
dY = f(Y) dX for rough paths X. The value of such an integral / solution does not
depend on the parametrisation of X, which dovetails nicely with the fact that the
p-variation of a function is also independent of its parametrisation. This motivated its
choice in the original development of the theory. In some other applications however
(like the solution theory to rough stochastic partial differential equations developed
in [Hail1b, HW13, Hail3] and more generally the theory of regularity structures
[Hail4b] exposed in the last chapters), parametrisation-independence is lost and the
choice of Holder norms is more natural.

A rough path on an interval [0, T'] with values in a Banach space V' then consists
of a continuous function X : [0,7] — V, as well as a continuous “second order
process” X: [0, T]? — V ® V, subject to certain algebraic and analytical conditions.
Regarding the former, the behaviour of iterated integrals, such as (2.2) below, suggests
to impose the algebraic relation (“Chen’s relation”),

15
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Xs,t - Xs,u - Xu,t = Xs,u & Xu,t P (21)

which we assume to hold for every triplet of times (s,u,t). Since X;; = 0, it
immediately follows (take s = u = ¢) that we also have X, ; = O for every ¢. As
already mentioned in the introduction, one should think of X as postulating the value
of the quantity

t
/ X, ©dX, 2 X,, 2.2)

where we take the right-hand side as a definition for the left-hand side. (And not
the other way around!) We insist (cf. Exercise 2.4 below) that as a consequence
of (2.1), knowledge of the path ¢ — (X, Xo,) already determines the entire
second order process X. In this sense, the pair (X,X) is indeed a path, and not
some two-parameter object, although it is often more convenient to consider it
as one. If X is a smooth function and we read (2.2) from right to left, then it is
straightforward to verify (see Exercise 2.1 below) that the relation (2.1) does indeed
hold. Furthermore, one can convince oneself that if f — [ f dX denotes any form
of “integration” which is linear in f, has the property that fst dX, = X4, and is
such that fst f(rydX, + [ f(r)dX, = [ f(r)dX, for any admissible integrand
f, and if we use such a notion of “integral” to define X via (2.2), then (2.1) does
automatically hold. This makes it a very natural postulate in our setting.

Note that the algebraic relations (2.1) are by themselves not sufficient to determine
X as a function of X. Indeed, for any V' ® V-valued function F|, the substitution
Xyt = Xy ¢ + Iy — F§ leaves the left-hand side of (2.1) invariant. We will see later
on how one should interpret such a substitution. It remains to discuss what are the
natural analytical conditions one should impose for X. We are going to assume that
the path X itself is a-Holder continuous, so that | X, ;| < |t — s|®. The archetype of
an a-Holder continuous function is one which is self-similar with index «, so that
X)\s,)\t ~ AaXs,t'

(We intentionally do not give any mathematical definition of self-similarity here,
just think of ~ as having the vague meaning of “looks like”.) Given (2.2), it is then
very natural to expect X to also be self-similar, but with X4 ¢ ~ )\2QXS¢. This
discussion motivates the following definition of our basic spaces of rough paths.
Definition 2.1. For a € (%, %}, define the space of a-Holder rough paths (over V),
in symbols €*([0,T], V), as those pairs (X, X) =: X such that

. X,
= sup M«m, (2.3)

. X,
X & sup Al -
s#tejo,7] [t — 3]

s#tejo,7] [t — 8|*

<00, [X]2a

and such that the algebraic constraint (2.1) is satisfied.

The obvious example is the canonical rough path lift of a smooth path X, of the
form (X, [ X ® dX), and we write .2 (C>) for the class of rough paths obtained in
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this way.! We have the strict inclusion .Z(C>) C €, the class of smooth rough
paths,? by which we mean a genuine rough path with the additional property that the
V-valued (resp. V' ® V-valued) maps X. and X . are smooth, for every basepoint s.
For instance, X = (0, 0) is the trivial canonical rough path associated to the scalar
zero path, as opposed to the smooth “pure second level” rough path (over R) given
by (s,t) — (0,t — s); see also Exercise 2.10 for a natural example with dim V" > 1.

Remark 2.2. Any scalar path X € C* can be lifted to a rough path (over R), simply
by setting X, ; := (Xs,+)?/2. However, for a vector-valued path X € C®, with
values in some Banach space V/, it is far from obvious that one can find suitable
“second order increments” X such that X lifts to a rough path (X, X) € ¢“. The
Lyons-Victoir extension theorem (Exercise 2.14) asserts that this can always be done,
even in a continuous fashion, provided that 1/ov ¢ N which means v € (3, 1) in our
present discussion. (A counterexample for o = % is hinted on in Exercise 2.13). The
reader may wonder how this continuity property dovetails with Proposition 1.1. The
point is that if we define X +— X by an application of the Lyons—Victoir extension
theorem, this map restricted to smooth paths does in general not coincide with the
Riemann-Stieltjes integral of X against itself.

Remark 2.3. In typical applications to stochastic processes with a-Holder continuous
sample paths, o € (%, %), such as Brownian motion, rough path lift(s) are constructed
via probability, and one does not rely on the extension theorem. In many cases, one
has a “canonical” (a.k.a. Stratonovich, Wong-Zakai) lift of a process given as limit (in
probability and rough path topology) of canonically lifted sample path mollification
of the process. Examples where such a construction works include a large class of
Gaussian processes, in particular Brownian motion, and more generally fractional
Brownian motion for every Hurst parameter H > L ¢f. Section 10. However, this
may not be the only meaningful construction: already in Section 3, we will discuss
three natural, but different, ways to lift Brownian motion to a rough path. For a
detailed discussion of Markov (with uniformly elliptic generator in divergence form)
and semimartingale rough paths we refer to [FV10b].

If one ignores the nonlinear constraint (2.1), the quantities defined in (2.3) suggest
to think of (X, X) as an element of the Banach space C* & C5% with (semi-)norm
I X |la. + [IX||20. (Which vanishes when X is constant and X = 0). However, taking
into account (2.1) we see that €’ is not a linear space, although it is a closed subset
of the aforementioned Banach space; see Exercise 2.7. We will need (some sort of) a
norm and metric on ’®. The induced “natural” norm on € given by || X || o+ ||X|| 26
fails to respect the structure of (2.1) which is homogeneous with respect to a natural
dilation on €%, given by 6, : (X, X) — (AX, A\2X). This suggests to introduce the
a-Holder homogeneous rough path norm

' We note immediately that “smooth” can be replaced by “sufficiently smooth”, such as C* and even
C*, with @ > 1/2, in view of Young integration, Section 4.1.

2 We deviate here from the early rough path literature, including [LQO02], where smooth rough paths
meant canonical rough paths. Instead, we are aligned with the terminology of regularity structures,
where (canonical, smooth) models generalise the corresponding notions of rough paths.
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IXlla = 1 XNl + v/IIXl|2a . (24)

which, although not a norm in the usual sense of normed linear spaces, is a very
adequate concept for the rough path X = (X, X). On the other hand, (2.3) leads to a
natural notion of rough path metric (and then rough path topology).

Definition 2.4. Given rough paths X, Y € ([0, 7], V'), we define the (inhomoge-
neous) a-Holder rough path metric 3

Xs - Ys Xs - Ys
0(X,Y) := sup 7| ot a’t| +  sup 7| ot 2a’t|.
s#ieor] 1t — 8l s#tejo,r] |t — sl

The perhaps easiest way to show convergence with respect to this rough path
metric is based on interpolation: in essence, it is enough to establish pointwise
convergence together with uniform “rough path” bounds of the form (2.3); see
Exercise 2.9. Let us also note that ([0, 7], V') endowed with this distance is a
complete metric space; the reader is asked to work out the details in Exercise 2.7.

We conclude this part with two important remarks. First, we can ask ourselves up
to which point the relations (2.1) are already sufficient to determine X. Assume that
we can associate to a given function X two different second order processes X and
X, and set G =Xt — Xs,t. It then follows immediately from (2.1) that

Gs,t = Gu,t + Gs,u P

so that in particular G5+ = Gy — Go,s. Since, conversely, we already noted that
setting Xm = X,,¢ + Fy — F for an arbitrary continuous function F’ does not change
the left-hand side of (2.1), we conclude that X is in general determined only up to
the increments of some function F' € C**(V ® V). The choice of F does usually
matter and there is in general no obvious canonical choice.

The second remark is that this construction can possibly be useful only if o < %
Indeed, if a > %, then a canonical choice of X is given by reading (2.2) from
right to left and interpreting the left-hand side as a simple Young integral [ You36].
Furthermore, it is clear in this case that X must be unique, since any additional
increment should be 2a-Holder continuous by (2.3), which is of course only possible
ifa < % Let us stress once more however that this is not to say that X is uniquely
determined by X if the latter is smooth, when it is interpreted as an element of '
for some o < 1. Indeed, if o < 3, F is any 2a-Hélder continuous function with
values in V ® V and X, ; = F; — Fi, then the path (0,X) is a perfectly “legal”
element of €’*, even though one cannot get any smoother than the function 0. The
impact of perturbing X by some F' € C2* in the context of integration is considered

3 As was already emphasised, € is not a linear space but is naturally embedded in the Banach
space C™ @ C2 (cf. Exercise 2.7), the (inhomogeneous) rough path metric is then essentially the
induced metric. While this may not appear intrinsic (the situation is somewhat similar to using the
(restricted) Euclidean metric on R on the 2-sphere), the ultimate justification is that the Itd map
will turn out to be locally Lipschitz continuous in this metric.
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in Example 4.14 below. In Chapter 5, we shall use this for a pathwise understanding
of how exactly It6 and Stratonovich integrals differ.

Remark 2.5. There are some simple variations on the definition of a rough path, and
it can be very helpful to switch from one view-point to the other. (The analytic
conditions are not affected by this.)

a) From the “full increment” view point one has (X, X) : [0,7]> — V @ V®2,
(s,t) = (X1, X,,¢) subject to the “full” Chen relation

Xs,t = Xs,u + Xu,tv Xs,t = Xs,u + Xu,t + Xs,u & Xu,t . (25)

Every path X : [0,7] — V induces (vector) increments X, ; = (6X)s; =
X; — X for which the first equality is a triviality. Conversely, increments
determine a path modulo constants. In particular, X; = Xy + X, and this
definition is equivalent to what we had in Definition 2.1), if restricted to paths
with Xy = 0 (or, less rigidly, by identifying paths X, X for which X — X is
constant). In many situations, notably differential equations driven by (X, X),
this difference does not matter. (This increment view point is also closest to
“models” (I, I") in the theory of regularity structures, Section 13.3, where s is
regarded as base-point and one is given a collection of functions (X ., X, .).
The Chen relation (2.5) then has the interpretation of shifting the base-point.)

b) The “full path” view point starts with X : [0,T] — {1} x V@ V®? = T1(2) ),
a Lie group under the (truncated) tensor product, the details of which are left to
Section 2.3 below. Every such path has group increments defined by

Xs_l [ Xt = X57t = (Xs,taXs,t)'

Chen’s relation (2.5) is nothing but the trivial identity X, ,, ® X,, ; = X ; so that
any such group-valued path X induces an increment map (X, X), of the form
discussed in a). Conversely, such increments determine X modulo constants as
seen from X; = Xy ® X . If we restrict to Xg = 1 = (1,0,0), or identify
paths X, X for which X @ X! is constant, then there is no difference. (Such
a “base-point free” object corresponds to “fat” II in the theory of regularity
structures and induces a model (I7, I") in great generality.)

¢) Our Definition 2.1 is a compromise in the sense that we want to start from a
familiar object, namely a path X : [0, 7] — V, together with minimal second
level increment information to define (in Section 4.2) the prototypical rough
integral [ F(X)d(X,X). From the “increment” view point, we have thus sup-
plied more than necessary (namely X)), whereas from the “full path” view point,
we have supplied X, with X = (1, X, *) specified on the first level only. (Of
course, this affects in no way the second level increments X ;.)
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2.2 The space of geometric rough paths

While (2.1) does capture the most basic (additivity) property that one expects any
decent theory of integration to respect, it does not imply any form of integration by
parts / chain rule. Now, if one looks for a first order calculus setting, such as is valid
in the context of smooth paths or the Stratonovich stochastic calculus, then for any
pair e}, e of elements in V*, writing X; = €7 (X;) and X/, = (ef ® e} )(X,;), one
would expect to have the identity

XY, + X7, «= /X XJ+/X L dX!

= [aoce, - xix, - xix,
= (X'X7)50 — X, th X1 X;t = XZ Xﬁt ,
so that the symmetric part of X is determined by X . In other words, for all times s, ¢
we have the “first order calculus” condition

1
7Xs,t ®Xs,t . (26)

Sym(Xs’t) = 5

However, if we take X to be an n-dimensional Brownian path and define X by It6
integration, then (2.1) still holds, but (2.6) certainly does not.

There are two natural ways to define a set of “geometric” rough paths for which
(2.6) holds. On the one hand, we can define the space of weakly geometric (a-Holder)
rough paths.

‘5;‘([0, T,V)c€*(0,T),V),

by stipulating that (X,X) € %" if and only if (X,X) € % and (2.6) holds as
equality in V' ® V, for every s,t € [0, T]. Note that " is a closed subset of €.

On the other hand, we have already seen that every smooth path can be lifted
canonically to an element in .£(C>) C €* by reading the definition (2.2) from
right to left. This choice of X then obviously satisfies (2.6) and we can define the
space of geometric (a-Holder) rough paths,

w0 (0.7].V) € €(0.7].V).

as the closure of .Z(C*°) in €. We leave it as exercise to the reader to see that C*
here may be replaced by C* paths without changing the resulting space of geometric
rough paths.

One has the obvious inclusion ‘50 ¢ C %,", which turns out to be strict. In fact,
%0 @ is separable (provided V is separable) whereas @, is not, cf. Exercise 2.8
below The situation is similar to the classical sHuatlon of the set of a-Holder
continuous functions being strictly larger than the closure of smooth functions under
the a-Holder norm. (Or the set of bounded measurable functions being strictly larger
than C, the closure of smooth functions under the supremum norm.) In practice, at
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least when dim V' < oo, the distinction between weakly and “genuinely” geometric
rough paths rarely matters for the following reason: similar to classical Holder spaces,
one has the converse inclusion ‘Kgﬁ C %;),a whenever § > a, see Proposition 2.8
below and also Exercise 2.12. For this reason, we will often casually speak of
“geometric rough paths”, even when we mean weakly geometric rough paths. (There
is no confusion in precise statements when we write %(?a or ¢,'.) Let us finally
mention that non-geometric rough paths can always be embedded in a space of
geometric rough paths at the expense of adding new components; in the present
(level-2) setting this can be accomplished in terms of a rough path bracket, see
Exercise 2.11 and also Section 5.3.

2.3 Rough paths as Lie group valued paths

We now present a very fruitful view of rough paths, taken over a Banach space V.
Consider X : [0,T] — V, X : [O,T]2 — V2 gubject to (2.1) and define, with
X5t = Xy — X as usual,

Xoo = (1, X, Xey) EROV V2 ETA(V), (2.7

The space T(?) (V) is itself a Banach space, with the norm of an element (a, b, c)
given by |a| + |b| + ||, where in abusive notation | « | standards for any of the norms
inR, V and V ® V, the norm on the latter assumed compatible and symmetric, cf.
Section 1.4 . More interestingly for our purposes, this space is a Banach algebra,
non-commutative when dim V' > 1 and with unit element (1, 0, 0), when endowed
with the product

(a,b,¢) @ (a',b',¢) = (ad,ab + a'byac’ +d'c+b@ D) .

We call T(?) (V) the step-2 truncated tensor algebra over V. This multiplicative
structure is very well adapted to our needs since Chen’s relation (2.1), combined
with the obvious identity X, ; = X, ,, + X, ¢, takes the elegant form

Xs,t = Xs,u ® Xu,t . (28)

Set TL2 (V) £ {(a,b,¢): be V,c€ V@ V}. As suggested by (2.7), the affine
2
1

def
subspace 7! )(V) will play a special role for us. We remark that each of its elements
has an inverse given by

(I,b,e)®(1,=b,—c+b®b) = (1,-b,—c+ b®b) ®(1,b,¢) = (1,0,0) , (2.9)

so that T1(2)(V) is a Lie group.* It follows that X, ; = Xai ® Xo,; are the natural
increments of the group valued path ¢t — Xo ; =: X;.

4 The Lie group T1(2) (V) is finite-dimensional if and only if dim V' < oo.
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Identifying 1, b, ¢ with elements (1,0, 0), (0,b,0), (0,0,¢) € T?)(V), we may
write (1, b, ¢) = 1+ b+ c. The resulting calculus is familiar from formal power series
in non-commuting indeterminates. For instance, the usual power series (1 + x)_l =
1 — a2+ 2% — ... leads to, omitting tensors of order 3 and higher,

(I+b+e) ' =1—(b+c)+(b+c) @ (b+c)
=1-b—c+b®b,

allowing us to recover (2.9). We also introduce the dilation operator § on T2 V),
with A € R, which acts by multiplication with A" on the nth tensor level V",
namely

dx: (a,b,c) = (a,/\b, )\20) )

Having identified Tl(2) (V) as the natural state space of (step-2) rough paths, we now
equip it with a homogeneous, symmetric and subadditive norm. For x = (1,b, ¢),

Il £ 5(Nx) + N(xY) with N(x) = max{[pl, /2[e[} . (2.10)

noting ||9xx]| = |A|||x]|, homogeneity with respect to dilation, and ||x ® x| <
x|l + Ix"|l, a consequence of subaddivity for V() which requires a short argument
left to the reader. It is clear that

def

(x,x) =[x @ x' || = d(x,x)

defines a bona fide (left-invariant) metric on the group Tl(z) (V). Important for us, the
graded Holder regularity (2.3) of X = (X, X), part of the definition of a rough path,
can now be condensed to demand the “metric” Holder seminorm

d(Xs, X¢)

sup ——— X [ X o + VIX][20 = IX]|
steor] |t — 8|

@;[0,T) (2.11)

to be finite. To summarise, we arrived at the following appealing characterisation of
(Banach space valued) rough paths.

Proposition 2.6. (Holder continuity is with respect to the left-invariant metric d.)

a) Assume (X,X) € €°([0,T],V). Then the path t — X, = (1, Xo 1, Xo,.), with
values in Tl2 (V') is a-Hélder continuous.

b) Conversely, if [0,T) >t — X isa T1(2) (V)-valued and a-Holder continuous
path, then (X,X) € €*([0,T],V) with (1, X, ¢, X5 ) := X, ' @ Xu.

The usual power series and / or basic Lie group theory suggest to define

def

1
log(1+b+c):b+c—§b®b, (2.12)

def 1
exp(b+c):1+b+c+§b®b, (2.13)
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which allow us to identify TéQ) (V) 2V & V®? with T1(2) (V) = exp(V @ V2),
The following Lie bracket makes T\2) (V') a Lie algebra. For b,b/ € V,c,d € V&2,

b+ebt +d]1Zbb -0 @b,

and TéQ) (V') is step-2 nilpotent in the sense that all iterated brackets of length 2 vanish.

Define g (V) C T0(2) (V) as the closed Lie subalgebra generated by V' C TéQ) V),
explicitly given by

g (V) =V @ [V,V] with [V, V] = cl(span{[v,w] : v,w € V}),

called the free step-2 nilpotent Lie algebra over V. Note that in finite dimensions, say
V = R%, the closing procedure is unnecessary and [V, V] is nothing but the space
of antisymmetric d x d matrices, with linear basis ([e;, e;] : 1 <4 < j < d), where
(e; : 1 <4 < d) denotes the standard basis of R?. Thanks to step-2 nilpotency, one
checks by hand the Baker—Campbell-Hausdorff formula

exp(b+c) ®exp(bt + ') =exp(b+ b +c+c + 1[b,V]) .
The image of g(2) under the exponential map then defines a closed Lie subgroup,
GA(V) = exp(g® (V) T (V).

called the free step-2 nilpotent group over V. These considerations provide us with
an elegant characterisation of weakly geometric rough paths. (The proof is immediate
from the previous proposition and rewriting (2.6) as X, ; — %X&t Q@ Xs1 €[V, V])

Proposition 2.7 (Weakly geometric case).

a) Assume (X,X) € €,([0,T],V). Then the path t — X; = (1, Xo ¢, Xo 1), with
values in G (V') is a-Hélder continuous (with respect to the metric d.)

b) Conversely, if [0,T] > t — X; is a G®) (V)-valued and o-Hélder continuous
path, then (X,X) € €2([0,T],V) with (1, X4, X,4) ==X, ' @ X,

It is clear from the discussion in Section 2.2 that any sufficiently smooth path, say
v € C([0, 1], V), produces an element in G(*) (V') by iterated integration, namely

s00)= (1 [ 4, [ [ s enn) ee@w).

The map S(?), which maps (sufficiently regular) paths on a fixed interval, here [0, 1],
into the above collection of tensors is know as step-2 signature map. We note in
passing that Chen’s relation here has the pretty interpretation that the signature map
is a morphism from the space of paths, equipped with concatenation product, to
the tensor algebra. The inclusion S (C') C G(® becomes an equality in finite
dimensions,

{sP(y) : v €C([0,1],R)} = GP(R?). (2.14)
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To see this, fix b + ¢ € g®)(R?) and try to find finitely many, say n, affine linear
paths ~;, with each signature determined by the direction v;(1) — v;(0) = v; € RY,
so that

exp(v1) ® ... @exp(v,) =exp(b+c) .

)

Properly applied, the Baker—Campbell-Hausdorff formula allows to “break up’
the exponential exp(}_; b'e; + 3, ¢¥[e;, ex]). In conjunction with the identity
el = em @ e ® e @ eV it is easy to find a possible choice of vy, ..., v,.
By concatenation of the v;’s one has constructed a path v with prescribed signature
S(2)(y) = exp(b + c). This path is clearly in C', the space of Lipschitz paths.> This
gives a very natural way to introduce another (homogeneous, symmetric, subadditive)
norm on G(?) (R?), namely

1
Ixle £ int{ [ fi(olde s 7 € CHOILRY, SPE) =xp. @19

known as Carnot—Carathéodory norm. (In infinite dimensions, there is no guar-
antee for the set on the right-hand side to be non-empty.) When equipped with
its Euclidean structure, R? defines a “horizontal” subspace R? x {0} c g(® (R%),
seen as tangent space to G(® (R?) at (1,0, 0) which in turn induces a left-invariant
sub-Riemannian structure on G(?) (Rd). The associated left-invariant Carnot—Cara-
théodory metric dc can then be seen as the minimal length of “horizontal” paths
connecting two points. Any minimising sequence in (2.15), parametrised by constant
speed, is equicontinuous so that by Arzela—Ascoli such minimisers, also called sub-
Riemannian geodesics, exist and must be in C*. Such geodesics are a key tool in the
approach of Friz—Victoir [FV10b]. The explicit computation of such geodesics (and
Carnot—Carathéodory norms) is a difficult problem, with explicit formulae available
for d = 2, noting that, as Lie groups, G® (R2) =~ H3, the 3-dimensional Heisen-
berg group, see e.g. [Mon02]. Fortunately, a compactness argument, as detailed for
example in [FV10b, Sec 7.5], shows that all continuous homogeneous norms are
equivalent. Upon checking continuity of the Carnot—Carathéodory norm, one gets,
for x = exp (b + ¢) € GP(R?),

Il =a [b] + [ef'/* = max{[t], ¢|'/*} , (2.16)

which, despite its dependence on the dimension d, is sufficient for many practical
purposes. As a useful application, we now state an approximation result for weakly
geometric roughs over R%. With the preparations made, the interested reader will
have no trouble to provide a full proof for

Proposition 2.8 (Geodesic approximation). For every (X,X) € €/ ([0,T],R?),
there exists a sequence of smooth paths X™ : [0, T| — R? such that

3 In fact, by smoothly slowing down speed to zero whenever switching directions, the path  can
also be parametrized to be smooth. In particular, in (2.14) and (2.15) below we could have replaced
ClbyC>.
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(X", X" = (Xn’/ X5 ® dXt") — (X, X) uniformly on [0, T)
0

with uniform rough path bound sup,,-, | X", X" || < || X, X]lg. By interpolation,
convergence holds in €%, for any o < .

Remark 2.9. By definition, every geometric rough path X € Cﬁgo’ﬁ is the limit of
canonical rough path lifts (X", X"™) = X"; trivially then, || X" || — ||X]| 5. This is
not true for a generic weakly geometric rough path X € ‘éf . However, the above
proposition supplies approximations (X" ), which converge uniformly with uniform
rough paths bounds. In such a case, | X||g < liminf,,>1 [|X"| g and this can be strict.
This lower-semicontinuous behaviour of the rough path norm is reminiscent of norms
on Hilbert spaces under weak convergence and led to the terminology of “weakly”
geometric rough paths.

2.4 Geometric rough paths of low regularity

The interpretation given above gives a strong hint on how to construct geometric
rough paths with a-Holder regularity for v < : setting N = |1/c], one defines the
step-V truncated tensor algebra over a Banach space V'

N
TMWV) EPV)*",
n=0

with the natural convention that (V)®° = R. The product in 7N) (V') is simply the
tensor product ®, but we truncate it in a natural way by postulating that a ® b = 0 for
a € (V)®* b e (V)® with k+¢ > N. A homogeneous, symmetric and subadditive
norm which generalises (2.10) to the step-/V case is given by

IIx{

ELN+NKE) wih Nx) = max (nlx)'"L 0 (217)

where every x = (1,x!,...,xV) € Tl(N)(V), element with scalar component 1,
is invertible, and where denotes any of the tensor norms on (V)®", assumed
compatible and symmetric (permutation invariant).®.

Proposition 2.6 suggests the naive definition of an a-Hoélder rough path over
V as a path X, on [0, 7] say, with values in the group T’ 1(N) (V') which is a-Holder
continuous with respect to d(x,x’) = [x~! ® x’ ||. Modulo knowledge of X this is

equivalent to a multiplicative map (s,t) — X, € Tl(N) (V), multiplicative in the
sense that Chen’s relation holds,

Xs,t = Xs,u ® Xu,t 5 (218)

0 The definitions from Section 1.4 for N = 2 extend easily to N > 2, see also [LCLO7, Def 1.25]
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for every triplet of times (s, u, t), and with graded Holder regularity,
\X?’t|§|t—s|k°‘, n=1....N,

uniformly over s, ¢ € [0, T]. The interpretation of rough paths discussed at length in
the step-2 setting is unchanged and X, € V@ should be thought of as a substitute
for the (possibly ill-defined) n-fold integral f dXy, ®---®dX,, over the n-simplex
{s < u; < --+ < u, < t}. Such a notion of naive higher order rough path is
sometimes sufficient, e.g. for solving linear rough differential equations, see also
Exercise 4.18, but does not contain the necessary information to deal with non-
linearities, already seen in the simple example of the form fst(XT - X)®*?®dX,.

Higher order (weakly) geometric rough paths resolve this problem by imposing
a chain rule. In the above example, (§X)®2/2 = Sym(X?), formerly written as
Sym(X), and the situation is reduced to (a linear combination of) 3-fold iterated
integrals. To proceed in a systematic fashion, we first introduce the correct state
space as the free step- N nilpotent Lie group over V

(V) Eexp(@™ (V) c (V) (V)

where the exponential map is defined via its power series and g() TO(N) (V) is the
(closed) Lie algebra generated by all elements of the form (0, ¢, 0,...,0) withc € V
via the natural Lie bracket [a,b] = a ® b — b ® a. The neutral element 1 € G™) (V)
isgivenby 1 = (1,0,...,0). Given any o € (0,1] and N = |1/c] as the number of
“levels”, Proposition 2.7 now suggests the definition of a weakly geometric a-Héolder
rough path over Vas a path X, on [0, T] say, with values in the group G™¥) (V) which
is a-Holder continuous with respect to d(x,x’) = [|x ! ®@x’ ||. Modulo knowledge of
X this is equivalent to a multiplicative map (s, ) — X, ; € GN) (V) with graded
Holder regularity, uniformly over s, t € [0, T,

X SltE—s" n=1,...,N.

Here, again multiplicative means validity of Chen’s relation as spelled out in (2.18)
above.

We now assume, for notationally convenience, V' = Rd, which allows us to
think of components of some fixed rough path increment X ; € Tl(N) (Rd) as being
indexed by words w of length at most N with letters in the alphabet {1,...,d}.
Similarly to before, given a word w = wy - - - w,, the corresponding component X*,
which we also write as (X, w), is then interpreted as the n-fold integral

t Sn S1
(Xs,t,w>:// / dXYr e dXim (2.19)

and || X, (]| < |t — s|® is equivalent to, for all words with length |w| < |[1/a],

(X, w)| S [t —s|*Ml (2.20)
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In order to describe the constraints imposed on these iterated integrals by the chain
rule, we define the shuffle product LU between two words as the formal sum over all
possible ways of interleaving them. For example, one has

aWz =axr+za, abWwazy=abry+ axby+ xzaby + axyb + xayb + xyab ,

with the empty word acting as the neutral element. With this notation at hand, it was
already remarked by Ree [Ree58] (see also [Che71]) that the chain rule implies the
identity

(Xst, )X, w) = X, v W) . 2.21)

(The reader is asked to show this in Exercise 2.2.) It is a remarkable fact that the
algebraic properties of the tensor and shuffle algebras combine in such a way that the
set of elements X € T(") satisfying (2.21) is not only stable under the product ®,
but forms a group, which in turn was shown in [Ree58] to be nothing but the group
GV (Rd). In the language of Hopf algebras, this group is exactly the character
group for the (truncated) shuffle Hopf algebra.

In general, one may decide to forego the chain rule (after all, it doesn’t hold in the
context of Itd integration, as is manifest in Itd’s formula) in which case there is no
reason to impose (2.21). In this case, considering a rough path as an enhancement
of a path X by iterated integrals of the type (2.19) no longer provides sufficient
additional data. Indeed, in order to solve differential equations driven by X, one
would like to give meaning to expressions like for example

/t (/ de‘)(/r 4X7)dXE =t (Xoa, V) - 2.22)

We already remarked earlier, that in the (weakly) geometric case, the assumed
chain rule (now in the form of (2.21)) allows to reduce such expressions to linear
combinations of iterated integrals. In general, one should define a rough path as the
enhancement of a path X with additional functions that are interpreted as the various
formal expressions that can be formed by the two operations “multiplication” and
“integration against X”. The resulting algebraic construction is more involved and
gives rise to the concept of branched rough path X due to Gubinelli [Gub10]. The
terminology comes from the fact that the natural way of indexing the components
of such an object is no longer given by words, but by labelled trees, as suggested
in (2.22) above with labels i, 5,k € {1,...,d}. As detailed in [Gub10], see also
[HK15, BCFP19], branched rough paths take values in the character group of the
Connes—Kreimer Hopf algebra of trees [CK00], also known as the Butcher group
[But72]. A concise description of the branched rough path regularity via an explicit
homogeneous subadditive norms on this Lie group, similar to (2.17), can be found in
[TZ18], cf. also [HS90].
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2.5 Exercises

§ Exercise 2.1 Let X be a smooth V -valued path.

a) Show that X, ; := f: Xsr® XT dr satisfy Chen’s relation (2.1).
b) Consider the collection of all iterated integrals over [s, t],

X = (LXs,t,Xs,f,, / . dXy, ®dX,, ®dX,,,. ) eT(V), (2.23)
A t

s,

where Aft) ={u:s<u <up <ug<tyand T(V)) L[, V®* isthe
space of tensor series over V, equipped with the obvious algebra structure (cf.
Section 2.4). Show that the following general form of Chen’s relation holds:

Xs,t == Xs,u ® Xu,t .

The element X, € T((V')) is known as the signature of X on the interval [s, t].
¢) Show that the indefinite signature S := X . solves the linear differential equa-
tion
dS=S®dX, So=1.

We will see later (Exercises 4.6 and 8.9) that the signature can be defined for every
rough path.

Hint: For point (b), it suffices to consider the projection of Xs 1 to V®", for an
arbitrary integer n, given by the n-fold integral of dX,, ® --- ® dX,,, over the
simplex {s < uq < -+ < wuy, <t}

# Exercise 2.2 (Shuffle) LetV = R?. As discussed in (2.19), the collection X ¢+ of
all iterated integrals over a fixed interval [s,t] can also be viewed as

{XV, = (X5, w) :wwordon A},

with alphabet A = {1, ..., d}, where we recall that a word on A is a finite sequence
of elements of A, including the empty sequence b, called the empty word. By
convention, X?t = 1. Write uv for the concatenation of two words u and v, and
accordingly i for attaching a letter i € A to the right of u. The linear span of such
words (which can be identified with polynomials in d non-commuting indeterminates)
carries an important commutative product known as the shuffle product. It is defined
recursively by requiring () to be the neutral element, ie. u Ll ) = @ LU u = u, and
then
willvj = (wlWwvj)i + (ui lWv)j .

Let X ; be the signature of a smooth path X, as given in (2.23). Show that, for all
words u, v,
Xst,uv) = X ¢, u)(Xs 1, v) - (2.24)
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The case of single letter words w = 1,v = j gives i LU j = 1j + ji and expresses
precisely the product rule from calculus, which leads us to the level-2 geometricity
condition (2.6).
Hint: Proceed by induction in joint length: express (X 1, ui)(Xs ¢, vj) by the product
rule as an integral over [s,t] and use the hypothesis for words of joint length |u| +
[v] + 1 < Jui| + |vj].

« Exercise 2.3 Call a tensor series x € T(R?)) group-like, in symbols x € G(R?)),

if for all words u, v,
(x,u W v) = (X, u)(x,v) . (2.25)
An element in T(R?)) is called a Lie series if, for all N € N, its projection to
TWN) = T(N)(R?) is a Lie polynomial, i.e. an element of "), which was defined
in Section 2.4 as the Lie algebra generated by R% C TéN). Given x € T((R%Y)), show
that X is group-like, i.e. x € G(RY), if and only if logX is a Lie series.
1 Exercise 2.4

a) It is common to define the (V @ V)-valued map X on Ay = {(s,t) : 0 <
s <t < T} rather than [0, T)2. There is no difference however: if X ; is only
defined for s < t, show that the relation (2.1) implies

th = _Xs,t + Xs,t & Xs,t .

b) In fact, show that knowledge of the path t — (X, X0 ) already determines
the entire second order process X. In this sense (X, X) is indeed a path, and not
some two-parameter object, cf. Remark 2.5.

¢) Specialise to the case of geometric rough path and show the identity X; s = XZS
where (...)T denotes the transpose. (When dimV = 1, so that X is scalar
valued, this is a trivial consequence of X, ; = Xf,t/Q.)

Exercise 2.5 Consider s =19 <11 < -+ < 7N = t. Show that (2.1) implies

Xs,t = Z XT,;,T71+1 + Z XTj,Tj+1 & X‘ri,TH_l

0<i<N 0<j<i<N
N-1

=Y (Ko + Xer, ® Xor ) (2.26)
=0

This identity effectively compares X ; with a left-point Riemann-Stieltjes approxima-
tion Zf\igl Xs,r; @ Xo; 7,4, Of the “motivating” integral expression in (2.2).

Exercise 2.6 Following Section 2.3 and Exercise 2.4, view X € €“([0,T],V) as a
one-parameter path and define the (time T') time reversal of X in the “naive” way as

<§t=XT_t, 0<t<T.

Verify that § is again a rough path, i.e. § € €. Show furthermore that § is
geometric if and only if X is geometric.



30 2 The space of rough paths

§ Exercise 2.7 Let V be a Banach space.

a) Let a € (0,1]. Show that the linear space of all continuous maps X : [0, T]? —
V@V st ||X] = sup|Xs.|/|t — s|** < oo is a Banach space, denoted by C3°.
Deduce that C* ©C3* is also Banach, with seminorm ||+, +||o.20 = || *|la + 1 * || 26-
(A genuine norm is given by (X,X) — | Xo| + [|1 X, X||a,20-)

b) Show that the rough path spaces €' and € are complete metric spaces. In fact,
both are closed subspaces, defined through (nonlinear) algebraic relations, of
the infinite-dimensional Banach space C* & C3°.

¢) Show that the rough path spaces ¢;* and € over V' = R (and a fortiori every
V' £ 0) are not separable. (You may use the well-known fact that the Holder
spaces C*([0, T, R) are non-separable.)

Exercise 2.8 (Separable rough path spaces) Let V be a separable Banach space

and o € (%, 3].

a) Show separability of the space of geometric (a-Holder) rough paths
€y ([0,71,V) Z (£(C%)) < €([0,T], V) .

Together with Exercise 2.7, b), this shows that %;)’a is Polish.
b) Show that the closure of smooth rough paths,

([0, T], V)  cl(€*) € €*((0,T],V),
is also separable (and hence Polish).

Solution. (a) Let (Q be a countable, dense subset of V' and consider the space
A, of paths which are piecewise linear between level-n dyadic rationals D" :=
{kT/2" : 0 < k < 2™}, and, at level-n dyadic points, take values in Q. Clearly A =
U4, is countable for each A,, is in one-to-one correspondence with the (2" + 1)-fold
Cartesian product of Q. It is easy to see that each smooth X is the limit in C! of
some sequence (X™) C /. Indeed, one can take X" to be the piecewise linear
dyadic approximation, modified such that X™|p~ takes values in @) and such that
|(X™ — X)|p»| < 1/n. By continuity of the map X € C' — (X, [ X ®dX) €
% in the respective topologies (we could even take o = 1), we have more than
enough to assert that every lifted smooth path, (X , f X®dX ) , is the limit in €% of
lifted paths in A. It is then easy to see that every limit point of lifted smooth paths is
also the limit of lifted paths in A.

# Exercise 2.9 (Interpolation)  Assume that X" € €7, for 1/3 < o < S, with
uniform bounds

sup [ X™|5 < o0 and sup || X" {55 < 00
n n

and uniform convergence X, — X+ and X{, — X; 4, i.e. uniformly over s,t €
[0, T). Show that this implies X € €% and X" — X in €*. Show furthermore that
the assumption of uniform convergence can be weakened to pointwise convergence:
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vte[0,T]: Xg, — Xo¢ and Xy, — Xoy -

Solution. Using the uniform bounds and pointwise convergence, there exists C' such
that uniformly in s, ¢

| Xool =lim | X2, <Ot —s|”,  [Xyel =lim X7, < CJt —s]*.
n ’ n ’

It readily follows that X = (X, X) € %. In combination with the assumed uniform
convergence, there exists £,, — 0, such that, uniformly in s, ¢,

Xop — X0l <en.  |Xop— XD <200t-s",
XD, — XKool Seny XD, —Xgo| <200 - s

By geometric interpolation (a A b < a'~%0? when a,b > 0 and 0 < § < 1) with
0 = «/p we have

X = X2 Sen™/Plt =™, X0, =Kol S Pl =™,

and the desired convergence in €* follows.

It remains to weaken the assumption to pointwise convergence. By Chen’s relation,
pointwise convergence of Xy, for all ¢ actually implies pointwise convergence of
X, for all s,t. We claim that, thanks to the uniform Hélder bounds, this implies
uniform convergence. Indeed, given ¢ > 0, pick a (finite) dissection D of [0, T
with small enough mesh so that C|D|? < /8. Given s,t € [0, T] write 3, for the
nearest points in D and note that

Xy = X0 < Xy g = X2 1 Xl X0+ X, ] + X7,
<X p— Xl +e/2.

By picking n large enough, | X, ; — X';| can also be bounded by ¢/2, uniformly
over the (finitely many!) points in D, so that X" — X uniformly. Although the
second level is handled similarly, the non-additivity of (s, t) — X, ; requires some
extra care, (2.1). For simplicity of notation only, we assume s < § < t = ¢ so that

|XS,t - Xg,t‘ < \ng - X?t| + |X€t| + |Xs7§ ® X§,ff - X?G ® Xttt"

S

It remains to write the last summand as | X, ;@ (X5 — X7,) — (X7 — X5 5) @ X2
and to repeat the same reasoning as in the first level.

# Exercise 2.10 (Pure area rough path) Identify R® with the complex numbers and
consider
[0,1] 3t n~exp (2min’t) = X™.

a) Set X7, := f: X7, ®dX]'. Show that, for fixed s < t,
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X" =0,  XP, = 7(t—s) ( _01 (1)) (2.27)

b) Establish the uniform bounds sup,, || X" ||, , < 00 and sup,, |X"||; < occ.

¢) Conclude that (X™,X™) converges in €%, any ow < 1/2.

Solution. a) Obviously, X', = O(1/n) — 0 uniformly in s, ¢. Then

1
XL = §X;L7t ®XL + AL = 0(1/n2) + A4
where A7, € 50(2) is the antisymmetric part of X ,. To avoid cumbersome
notation, we identify

0 a
(_a()) €s0(2) < acR.

A, then represents the signed area between the curve (X' : s <r <) and
the straight chord from X/ to X'. (This is a simple consequence of Stokes
theorem: the exterior derivative of the 1-form %(z dy — y dx) which vanishes
along straight chords, is the volume form dz Ady.) With s < t, (X" : s <r <)
makes |n?(t — s)] full spins around the origin, at radius 1/n. Each full spin
contributes area 7(1/ n)2, while the final incomplete spin contributes some area
less than 7(1/n)?. The total signed area, with multiplicity, is thus

n T Cs,
ALy = (n*(t =)+ O(1)) 5 =t —s) + 5",

where |Cs ¢| < 7 uniformly in s, ¢. It follows that

n 01 2
X7, Zﬁ(t—s)(l 0> +0(1/n?) (2.28)
and the claimed uniform convergence follows.

b) The following two estimates for path increments of n~! exp (2m’n2t) = X7
hold true:

|X;ft’§|X"|oo|t—s|§n|t—s|, | X7 <2(X™|=2/n.
Since a A b < v/ ab, it immediately follows that

| X2 < V2lt— s,

uniformly in n, s, t. In other words, sup,, [| X" ||, /2 < 0c. The argument for the
uniform bounds on X ; is similar. On the one hand, we have the bound (2.28).
On the other hand, we also have
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_ 42 2
il =|[ [ e spaa] < o Bt < e
s<u<v<t 2 2

The required uniform bound on ||X||; follows by using (2.28) for n?|t — s| > 1
and the above bound for n?|t — s| < 1.

¢) The interpolation argument is left to the reader.
Exercise 2.11 (Second order translation and bracket) Fix o € (%, %] and X =
(X,X) € €%([0,T],V). Define the (second order) translation of X in direction
H € C2*([0,T],V ®@ V) by

Tu(X) £ (X, X + 6H),

where (0H) denotes the map (s,t) — H; — Hs.

a) Show that Tg(X) € €. In fact, show that the (linear) space C** acts freely on
the (nonlinear) rough path space €< in the sense that, for all G, H € C?®, we
have

T (Ta(X)) = (T o Th)(X) = Teu(X) .

FixX € €% Is H — Ty(X) is injective?

b) When does Ty preserve the space ¢ ([0,T],V')?

¢) Show that any X = (X,X) € €*([0,T],V) can be written, in a unique way, as
Tu(Xy), where Xy € €2([0,T],V) for some H € C**([0,T],Sym(V @ V)),

so that we have the bijection
©([0,7),V)  €2([0,T], V) x C2(0, T, Sym(V & V/)).

Show that 26H = (§X)®? — 2 Sym(X) =: [X], called bracket of the rough path
X, further studied in Section 5.3.

Exercise 2.12 (Vanishing Holder oscillation) a) Letr X € C*([0,T],V) with
Hoélder exponent o € (0, 1]. Define the space of Hélder path with “vanish-
ing Holder oscillation”,

) de X,
cvama & {X eC*: sup [ Xt

s,t:|t—s|<e |t - s|04 ’

Show that for o € (0,1) we have C¥*™® = C%, the closure of smooth paths
in C*. (For o = 1 this fails, why?) Show by explicit example that the inclusion
CY® C C% is strict. (Hint: consider the function t — t°.)

b) LetX = (X,X) € 6,([0,T],V) with o € (3, 3]. Define the space of Holder
rough paths with “vanishing Holder oscillation”,

. X, Xs
(ggvan,ad:f{XE(fga: sup [ X + sup |’t|—>0as5—>0}.

|t—s|<e It —s|* |t—s|<e \t—8|2a
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i) Show the inclusions %go’a C 6,*™* and also %gﬁ C 6,*™, whenever
a < f3. Show that the inclusion €,*™ C €;* is strict.
ii) Assume dimV < oo from here on. Show ‘fgo’“ = €, (Hint: use the
“geodesic” approximations from Proposition 2.8.)
iii) From ii) we have %gﬁ C %g(),a C 6,', whenever % <a<p< % Show that
one has the compact embedding (Hint: Arzela—Ascoli)

] 0,
Cy — Cy .

c) Discuss similar statements for non-geometric rough path spaces. In particular,

discuss the validity of
GO () = grme
and also, cf. Exercise 2.11, c),
O ‘Kg’“ x C02

Jor o = 1/2 this fails, why?
Remark: This is essentially taken from [FV06a], see [HKI5, TZ18] for some
far-reaching generalizations.

* Exercise 2.13 Show that for every geometric 1/2-Holder rough path, X € ‘Kgo 1/ 2

X is necessarily the iterated Riemann—Stieltjes integral of the underlying path X €
C%1/2, Show also that there exists X € C°/2 (with values in R?) such that the
iterated Riemann—Stieltjes integrals do not exist. This further shows that the Lyons—
Victoir extension (Exercise 2.14, part d) can fail for a-Holder rough paths when
1/a €N.

Solution. We use %go’a C ‘nga“’a Exercise 2.12, for « = 1/2. Consider a dissection
{s =710 <7 <+ < 7N =t} with mesh < e. It follows from Chen’s relation (2.1),
in the form (2.26),

‘X&t - E XS,Tm ®X7'iﬂ'1,+1 = ’ E X7i77—i+1
0<i<N 0<i<N

<Ce) Y. g —mf* =1C(e).

0<i<N

It follows that X ; is the limit of the above Riemann—Stieltjes sum.
Regarding the second question, a counterexample is found in [FV10b, Ex.9.14

(iii)].

g+ Exercise 2.14 (Lyons—Victoir extension [LV07]) Let o € (0,1/2) and consider
X € ¢c([0,T], L(V,W)),Y € C*([0,T),V) and Z € C3%([0,T),W). We omit
[0, T'] and the precise target space in what follows. We here say that Chen’s relation
holds if, for every triple of times (s, t,u),
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Zs,u = Zs,t + Zt,u + Yts,tXt,'w

(This is the algebraic relation satisfied by (s,t) — fst Y »dX, whenever X € CL.)

a) Show that here exists a bilinear continuous map @ : C* x C* — C3%,
Y, X)—Z:=d(Y,X)

such that Chen’s relation holds.

b) Show that the restriction of ® to Holder paths with exponent 8 € (1/2,1)
cannot possibly be a continuous as map C® x C# — C;ﬂ. (Hint: the Chen
relation would force (Y, X) to coincide with the Young integral [YdX. In
particular, $o . would have to coincide with [ Y (t)X (t)dt in case of smooth
path. Proposition 1.1 then allows to conclude.)

c) Show however that & can be constructed such that its restriction to a map
CP x CP — CP, where the image is now regarded as path t — ®(Y, X)q 4, is a
bilinear continuous map.

d) Let o € (1/3,1/2). Show that every path X € C*([0,T],V) admits a (if so
desired: geometric) rough path lift (X,X) € €*([0,T],V).

e) Conclude that the nonlinear rough path space €* ([0, T|, V') is in (non-canonical)
one-one correspondence with the linear space C*([0,T],V) & C?*([0,T],V ®
V). (For a generalisation of this to rough paths of low regularity see [TZ18].)

Solution. We show a) and c) together; d) is really a variation/consequence of a)
and we leave b) and e) to the reader. Without loss of generality, 7' = 1. Write
Z(s,1] = Zs, and similarly for the path increments of Y, X. We want to construct Z
such that

Ly =12y +Zr+Y, @ Xg

whenever I = (s, t] is the union of two adjacent “left and right” intervals L and R,
and such that
Z] < |17 )

where |I| = |t — s|. By a continuity and chaining argument (see the proof of
Theorem 3.1 below), it is enough to do so for dyadic times, i.e. s,t € Un>0 D,
where Dy = {(0,1]}, Dy = {(0,1/2], (1/2,1]} and so on. We start with the (ad-
hoc!) choice Zg 1 = Z(p,1) = 0 and note its (trivial) bilinearity in (Y, X ). Assume
now Zj for I € D,,_1 has been constructed. Write I as the union of two nth level
dyadic intervals, I = L U R. Make the (ad-hoc) imposition Z; = Zp which leads to

(Note that bilinear dependence in Y, X is preserved.) On the analytic side, we have

1 1 1
ZL| = |Zr| = 3121 — Y1 ® X&| < 5|Zr| + 5[Yzl - | Xal

and, setting a,, := sup ;cp, |Zs|/|J|** = 22" sup ;e |Z ], it follows that
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(1— 1
an <2707 Van g+ Y [lol1X

so that the sequence (a,,) is bounded since 1 — 2« > 0. In fact, one easily obtains
the bound

sup [an| S (1Y [lo /[ Xl

n=0
with proportionality constant only depending on o < 1/2. This implies the estimate
(%) and also settles continuity of @ = (Y, X). It remains to show thatt — Zg , € C B
whenever Y, X € C” and 3 € (1/2,1). But this is an immediate consequence of the
bound

|Zo, = Zo,s| < 1Zs,e] + [ Xo,s] - | Xl

noting that, thanks to the first part of the theorem, |Zs ;| < [t — s|** for all 2a < 1.

Exercise 2.15 (Translation of rough paths) Fix o € (3, 3] and X = (X,X) €
¢ ([0, T, Rd). For sufficiently smooth h : [0,T] — R%, the translation of X in
direction h is given by

Th(X) 2 (X", x"),
where X" := X + h and

t t t
Xt =X, + / her ®dX, + / Xop @ dhy, + / her @dhy . (2.29)

a) Assume h € CL. (In particular, the last three integrals above are well-defined
Riemann—Stieltjes integrals.) Show that for fixed h, the translation operator
Ty : X = Ty(X) is a continuous map from € into itself.

b) By convention, h € C' means Lipschitz or equivalently h € W1, where wha

denotes the space of absolutely continuous paths h with derivative h € L1.

Weaken the assumption on h by only requiring h e L4, for suitable q = q(«).

Show that ¢ = 2 (“Cameron—Martin paths of Brownian motion”) works for all

a < 1/2. (As a matter of fact, the integrals appearing in (2.29) make sense for

every q > 1, but the resulting translated “rough path” falls out of the class of

Holder rough paths. One can resolve this issue by switching to (1/a)-variation

rough paths.)

Call any h = (h,H) : [0,T] — R? & (R)®2? = TO(Q), with h € W12 and

H € C%* an admissible perturbation. With some notational overloading, T is

also used for the second order translation introduced in Exercise 2.11, show that

~—

Cc

Th I:ThOTH:THOTh

is a well-defined action on 6'*, in the sense of Tg oIy, = Tgn. Show that for any
Sixed (a,b) € T.?, the constant speed perturbation t — (at, bt) is admissible,

which then yields an action of TO(Q) with its additive structure on €. Show that
these statements remain true for ;' provided admissible perturbations take

values in the Lie algebra g* = R? @ so(d) as introduced in Section 2.3.
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Remark: Some far-reaching extensions of this are found in [BCFP19]. Constant
speed perturbations respect stationarity of the noise (stationary increments of the
process) and thus serve as elementary examples of (algebraic) renormalisation
of models in regularity structures. The (abelian) groups (9(2), +) and (T0(2), +)
together with their action h — Ty, are examples of a renormalisation group in
the sense of Section 15.5.1.

2.6 Comments

Many early works in stochastic analysis starting from It6 (and then in no particular
order Kunita, Yamato, Sugita, Azencott, Ben Arous [BA89], etc) and in control theory
(Magnus, Brocket, Sussmann, Fliess [FNC82], etc) have recognised the importance
of iterated integrals of the driving noise / signal; many references are given [Lyo98]
and the books [LQO02, LCLO7, FV10b].

The notion of rough path is due to Lyons and was introduced in [Lyo98] in p-
variation sense, p € [1, 00), and over Banach spaces. Earlier notes [Lyo94, Lyo95]
already dealt with a-Holder rough paths for a € (%, %} .

The analytical aspects of rough paths are related to Young’s seminal work
[You36], revisited in Chapter 4. On the algebraic side, Chen’s relation is rooted
in [Che54, Che57] and encodes abstractly basic additivity properties of iterated
integrals. A key observation of Chen [Che57, Che58] was that log signatures are
Lie series, the description via shuffles (cf. Section 2.4) is due to Ree [Ree58] (see
also [Che71]). It follows from the works of Chow and Rashevskii [Cho39, Ras38],
also [Che57, Che58], that this map is, upon truncation, onto: for every element
inx € GV (RY) := exp(gV) (R?)) there exists a smooth path y : [0,1] — R?
with prescribed signature x = SV) (). The shortest such path can be viewed as
sub-Riemannian geodesic, concatenation of such geodesics is then a natural way to
approximate weakly geometric rough paths (cf. Proposition 2.8) and underlies the
geometric approach of Friz—Victoir [FV05, FV10b], surveyed from a sub Rieman-
nian perspective in [FG16a]. The polynomial nature of (truncated) shuffle relations
and log Lie conditions recently led Améndola, Friz and Sturmfels [AFS19] to the
study of signature varieties in computational algebraic geometry.

Up to equivalence under a generalised notion of reparameterisation of paths known
as treelike equivalence, the “full” signature map v — S(y) € G(V)) C T(V')) was
shown to be injective by Chen [Che58] in case of piecewise smooths paths, Hambly—
Lyons [HL10] in case of rectifiable paths, and Boedihardjo et al. [BGLY 16] in case of
weakly geometric rough paths of arbitrarily low regularity, see also Boedihardjo, Ni
and Qian [BNQ14]. The inversion problem “signature — path” is studied by Lyons—
Xu [LX17, LX18] and [AFS19]. All this is part of the mathematical justification of
the signature method in machine learning, see e.g. Lyons’ ICM article [Lyo14] and
the survey [CK16].

For some constructions of level-2 geometric rough paths motivated from harmonic
analysis see Hara—Lyons [HLO7] and Lyons—Yang [LY 13], see also the comments
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Section 3.8 for some martingale constructions related to harmonic analysis. Lyons—
Qian, in their monograph [LQO02] work with geometric rough paths (over a Banach
space V), per definition limits of canonically lifted smooth paths. The strict inclusion
“geometric C weakly geometeric” was somewhat blurred in the earlier rough paths
literature. For dim V' < oo, matters were clarified in [FV06a)]. For a discussion
of weakly geometric rough paths over Banach spaces in their own right, see e.g.
in [CDLL16], see also the supplementary appendix [BGLY 15] of [BGLY 16]. The
discussion in Section 2.4, the “shuffle” view on weakly geometric rough paths and
then Gubinelli’s branched rough paths [Gub10], also extends from V' = R to infinite
dimension but setting up basis-independent notations is somewhat more involved.
See for example [CW 16, CCHS20] for some recent results in this direction.

“Naive” higher order non-geometric rough paths with values in 7 1(N) (V) are
called in [Lyo98] multiplicative functionals (with a-Holder or p-variation regularity,
|p| = N), insisting on their inability to handle nonlinearities when N > 3. The
notion of branched rough path, for any « € (0, 1], further studied in [HK15, FZ18,
BCFP19, BC19, TZ18] provides the required extra information when N > 3; for
N = |1/a] = 2 there is no difference. It is possible to embed spaces of non-
geometric rough paths of low regularity into suitable spaces of geometric rough
paths, see [LV06] or Exercise 2.11 part ¢) when N = 2. The case of very low
regularities, with NV large, is much more involved and studied by Hairer—Kelly
[HK15] and later Boedihardjo—Chevyrev [BC19].

Rough paths with jumps, in p-variation scale, are studied in [WilO1, FS17, FZ18,
CF19], previously introduced discrete rough paths [Kell6] are also accomodated e.g.
by the cadlag rough path setting of [FZ18]. See also the comment Sections 4.8, 5.6
and 9.6. Rough paths in a geometric ambient space have been studied by Cass, Driver,
Litterer and Lyons in [CLL12, CDL15], see also Bailleul [Bail9] for rough paths on
Banach manifolds.



Chapter 3
Brownian motion as a rough path

In this chapter, we consider the most important example of a rough path, which is the
one associated to Brownian motion. We discuss the difference, at the level of rough
paths, between It6 and Stratonovich Brownian motion. We also provide a natural
example of approximation to Brownian motion which converges to neither of them.

3.1 Kolmogorov criterion for rough paths

Consider random X (w) : [0,7] — V and X(w) : [0,T]* — V ® V, subject to (2.1).
Equivalently, following Exercise 2.4, we can think of

X(w)= (X, X)(w): [0,T) = Va(VeV)

as a (random) path. The basic example, of course, is that of d-dimensional standard
Brownian motion B enhanced with

t
B, & / B,, ®dB, € R @ R* =2 R (3.1)

The integration here is understood either in It or Stratonovich sense (in the latter
case, we would write odB); sometimes we indicate this by writing B resp. BS", It
should be noted that the antisymmetric part of B, also known as Lévy’s stochastic
area, with values in so(d), is not affected by the choice of stochastic integration.
Condition (2.1) is seen to be valid with either choice, while condition (2.6) only
holds in the Stratonovich case. We now address the question of a- resp. 2a-Holder
regularity of X resp. X by a suitable extension of the classical Kolmogorov criterion;
the application to Brownian motion is then carried out in detail in the following
subsection.

Recalling that B € C([0,T],R?), a.s. for any o < 1/2, we now address the
question of 2a-Holder regularity for B.

39
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Using Brownian scaling and exponential integrability of By 1, which is an imme-
diate consequence of the integrability properties of the second Wiener chaos, the
following result applies with 5 = 1/2 and all ¢ < oc. It gives the desired 2c-Holder
regularity for B, a.s. for any < 1/2. As a consequence, (B, B) € €’* almost surely,
where we may take any o € (%, %) and B = (B, B) is known as Brownian rough
path or enhanced Brownian motion. In the Stratonovich case, thanks to (2.6), we
obtain a geometric rough path, i.e. (B, BS™) € €.

Theorem 3.1 (Kolmogorov criterion for rough paths). Let ¢ > 2,5 > 1/q.
Assume, for all s,t in [0,T)

Xotle <Clt—5",  |Xgtlpan <CJt— s, (3.2)

for some constant C < oo. Then, for all o € [0, —1/q), there exists a modification
of (X,X) (also denoted by (X,X)) and random variables K, € L1 K, € La/?
such that, for all s,t in [0, T

Xl < Ko@)t — 5|, X < Kalw)lt —s**. (3.3)
In particular, if B — é > % then, for every a € (%, B8 — %), we have homogeneous

rough path norm ||X||o € LY and hence X = (X, X) € €* almost surely.

Proof. The proof is almost the same as the classical proof of Kolmogorov’s continuity
criterion, as exposed for example in [RY99]. Without loss of generality take 7' = 1
and let D,, denote the set of integer multiples of 27" in [0,1). As in the usual
criterion, it suffices to consider s, t € Un D,,, with the values at the remaining times
filled in using continuity. (This is why in general one ends up with a modification.)
Note that the number of elements in D, is given by #D,, = 1/|D,,| = 2™. Set

KTL == Sllp |Xt,t+2*" N K'ﬂ = Sup |Xt7t+2—n| .
teDy, teDyn

It follows from (3.2) that

E(K) <EY X, 00" < |D1 ‘Cq|Dn\ﬁq = C9|D, |7,
teD, n
1 _
E(Kg/2) <E Z |Xt,t+2fn|q/2 < WC@/2|D”|26[1/2 = CY2|p, Pt
teD, "

Fix s < tin|J,, Dy and choose m : | Dy, y1| < t —s < |D,y,|. The interval [s, ) can
be expressed as the finite disjoint union of intervals of the form [u,v) € D,, with
n > m + 1 and where no three intervals have the same length. In other words, we
have a partition of [s, ¢) of the form

s=1p << <TN=1,
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where (7;, 7;+1) € D, for some n > m + 1, and for each fixed n > m + 1 there are
at most two such intervals taken from D,,. In this context, such a type of multiscale
decomposition is sometimes called a “chaining argument”. It follows that

IXstl < max ‘Xs ‘rl+1’ < Z ’XT“TL+1| < 2 Z Kn ’

0<i<N I
and similarly,
N-1 N-1
|X 5 Z X7i77—11+1 +X577'i ® XTinH»l S (|X7'i17'11+1| + |XS,T1:| X7'7177'i+1 |)
=0 =0
N-1
= « ‘XTI Ti+1| + Oglla<XN |XS Ti+1| Z |XTJ TJ+1
=
<2 Y Kn+ (2 Y K )
n>m+1 n>m+1

We thus obtain

| X s.¢] 1 2K,

- < E 72}(’” < E a < Ka s

t—s|® | Dins|® - | Dn|™ —
n>m+1 n>m+1

where K, :=2)", ., K, /|D,|" isin L% Indeed, since e < 3—1/q by assumption
and |D,,| to any positive power is summable, we have

1
1Kol <) 15 ‘a| EDMT<Y =
n>

C DY < o

A 5,

n>0
Similarly,
X 1 2 ,
_1stl - Z 2K +(272K)<K + K
20 — 20 n [} n > D )
|t — s n>m41 | D1l Sl | D1 |

where K, := 23", o K,./|D,|** is in L9/2. Indeed,

2 2 2C 282
1Kallpare < Z 5o E(KZ/QM < Z 5= | Dl B=2/q - ’
n20 Dn' n>0 |D |

thus concluding the proof. 0O

The reader will notice that the classical Kolmogorov criterion (KC) is contained
in the above proof and theorem by simply ignoring all considerations related to the
second-order process X. Let us also note in this context that the classical KC works
for processes (X; : 0 < ¢t < 1) with values in an arbitrary (separable) metric space
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(it suffices to replace | X ;| by d(Xs, X;) in the argument). This observation actually
gives an alternative and immediate proof of Theorem 3.1. All we have to do is to
remember from Proposition 2.6 that rough paths can always be viewed as bona fide
paths with values in a metric space, namely T1(2)7 equipped with the homogeneous left-
invariance metric d(X;, X;) =< | X, | + |Xs,t\1/ % The moment assumption (3.2) is
then equivalent to |d(X,, X¢)| 2« < C|t — s|° and we can conclude with the “metric”
form of KC. From Section 2.4, a version of this KC for “level-N” low regularity
rough paths is then also immediate. The reason we still like the pedestrian step-2
proof is that it is easily tweaked, e.g. to the case of the R?-valued process (B | B) the
pair of a fractional and standard Brownian motion, independent say, with Itd second
level B := [ BHdB, in the rough regime H € (0,1/2]. In this case 3 should
be replaced by the vector (81, 82) = (H,1/2) of regularities, and the conclusion
can be stated with « resp. 2« replaced by the vector (o, ) = (H—,1/27) resp.
(H+1/2).

Remark 3.2 (Warning). It is not possible to obtain (3.3) by applying the classical KC
to the (V' ® V')-valued process (Xo,; : 0 < ¢ < T'). Doing so only gives |X; ;| =
O(Jt — s|®) a.s. since one misses a crucial cancellation inherent in (cf. (2.1))

Xs,t = XO,t - XO,S - XO,S ® Xs,t-

That said, it is possible [FriO5] (but tedious) to use a 2-parameter version of the KC
to see that (s, t) — X, /|t — s|?* admits a continuous modification, which implies
that || X]|2¢ is finite almost surely.

Here is a similar result for rough path distances, say between X and X. Note
that, due to the nonlinear structure of rough path spaces, one cannot simply apply
Theorem 3.1 to the “difference” of two rough paths. Indeed, if we consider X — X,
where addition is taken in the ambient Banach space C, @ C 22 then Chen’s relation
is in general not satisfied.

Theorem 3.3 (Kolmogorov criterion for rough path distance). Lef o, 5, g be as
above in Kolmogorov’s criterion (KC), Theorem 3.1. Assume that both X = (X, X)
and X = (X, X)) satisfy the moment condition in the statement of KC with some
constant C. Set

AX =X-X, AX:=X-X,
and assume that for some € > 0 and all s,t € [0, T
|AX 4], < Celt =5’ |AX 4] a2 < Celt — s
Then there exists M, depending increasingly on C, so that

|||AX||(¥|Lq SME’ |||AXH2(X|L‘1/2 <M€'

In particular, ifﬂfé > L then, for every a € (3, 8— %) we have || X[, |X||o € L9
and

|Qo¢(X; X) ra2 < Me.
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Proof. The proof is a straightforward modification of the proof of Theorem 3.1 and
is left as an exercise to the reader. 0O

Often one has a sequence of (random) rough paths {X" = (X", X") : 1 <n < oo},
such that the moment conditions in the statement of Kolmogorov’s criterion hold with
a constant C, uniformly over 1 < n < oo, and such that € = ¢,, — 0. Theorem 3.3
now quantifies the convergence X" — X°°, with rates given by

|Qa(Xn,XOO)‘L‘1/2 S En -

Of course, when ¢,, decays sufficiently fast, a Borel-Cantelli argument also gives
almost sure convergence with suitable rates.

3.2 Ito Brownian motion

Consider a d-dimensional standard Brownian motion B enhanced with its iterated
integrals

t
B % [ B odb e RUORI RO, (3.4)

where the stochastic integration is understood in the sense of 1td. Sometimes we
indicate this by writing B"®. We shall assume straight away that B, and B, are
continuous in ¢ and s, ¢ respectively, with probability one. For instance, if one takes
as granted that, almost surely, Brownian motion and indefinite It6 integrals against
Brownian motion (such as By .) are continuous, then it suffices to (re)define the
second order increments as B, ; = Bg s — Bg s — Bs ® B, . Of course, by additivity
of the It6 integral, this coincides a.s. with the earlier definition. En passant, (2.1) it
then immediately satisfied, for all times, on a common set of probability one.

11

Proposition 3.4. For any o € (g, 5), with probability one,

B = (B, B") € ¥*([0,T],RY) .
In fact, the homogeneous rough path norm |B"||, has Gaussian tails.

Proof. Using Brownian scaling and finite moments of B ;, which are immediate
from integrability properties of the (homogeneous) second Wiener—Itd chaos, the
KC for rough paths applies with 3 = 1/2 and all ¢ < co. (As an exercise, the
reader may want to show finite moments of By ; without chaos arguments; an
elementary way to do so is via conditioning, Itd isometry, and reflection principle.)
The integrability [|B"|l, € L9, any ¢ < oo, is clear from KC. The Gaussian
integrability (and hence tails) can be obtained by carefully tracking the moment
growth in Theorem 3.1 applied to B'; alternatively see Theorem 11.9 below for an
elegant Gaussian argument). 0O
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Observe that Brownian motion enhanced with its iterated Itd integrals (2nd order
calculus!) yields a (random) rough path but not a geometric rough path which is, by
definition, an object with hardwired first order behaviour. Indeed, 1t6 formula yields
the identity

d(B'B?) = B'dB? + B/dB' + (B",B7)dt, i,j=1,....d,
so that, writing Id for the identity matrix in d dimensions, we have for s < ¢,
It 1 1 1

Sym (Es,t) = §Bs,t ® B57t - §Id(t — S) # §Bs7t & Bs,t ,

in contradiction with (2.6).
Let us finally mention that Brownian motion with values in infinite-dimensional
spaces can also be lifted to rough paths, see the exercise section.

3.3 Stratonovich Brownian motion

In the previous section we defined B' by It integration of d-dimensional Brownian
motion B against itself. Now, for (scalar) continuous semimartingales, M, N say,
the Stratonovich integral is defined as

t t
1
/ModN::/ MdN + (M, N),
0 0

and has the advantage of a first order calculus. For instance, one has the first order
product rule
d(MN)=ModN + NodM .

One can then define BS"™ by (component-wise) Stratonovich integration of Brownian
motion against itself. Using basic results on quadratic variation of Brownian motion,
namely d(B*, B7); = §*Jdt where 6“7 = 1if i = j, zero else, we see that

- 1
B = BLY + §Id(t —s). (3.5)
Note that the difference between BS™ and B is symmetric, so that the antisymmet-

ric parts of the two processes (Lévy’s stochastic area) are identical.

Proposition 3.5. For any o € (1/2,1/3), with probability one,
BSlrat — (B, BStrat) c ng;l([ov T], Rd) ,

and here again the homogeneous rough path norm |BS™||, has Gaussian tails.

Proof. Using (3.5), rough path regularity of BS™ is immediately reduced to the

already established Itd case. (Alternatively, one can use again the Kolmogorov
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criterion for rough paths; the only — insignificant — difference is that now B§'{" takes
values in the inhomogeneous second chaos, due to the deterministic part Id/2.) At
last, B(w) is geometric since
Strat 1
Sym (Bs,t ) = §B57t & Bs,t7
an immediate consequence of the first order product rule. Finally, integrability of
B3 is clear from the already seen integrability of B, proving the final claim. O

A typical realisation B(w) is called Brownian rough path, as a process B = B5™
is a.k.a. (Stratonovich) enhanced Brownian motion. It is a deterministic feature
of every weakly geometric rough path (X, X) that it can be approximated —in the
precise sense of Proposition 2.8 —by smooth paths in the rough path topology. Such
approximations require knowledge not only of the underlying path X, but of the
entire rough path, including the second-order information X.

In contrast, one has the probabilistic statement that piecewise linear, mollifier
and many other “obvious” approximations still converge in rough path sense. More
specifically, in the present context of d-dimensional standard Brownian motion, we
now give an elegant proof of this based on (discrete-time!) martingale arguments.

Proposition 3.6. Consider dyadic piecewise linear approximations (B (”)) to B on
[0, T]. That is, Bt(n) = B; whenever t = iT /2™ for some integer i, and linearly
interpolated on intervals [iT /2", (i + 1)T/2"]. Then, with probability one,

(B(n)7/ B(™ ® dB(n)) N (BJB%Strat) in (gga )
0

(The integral on the left-hand side is understood as classical Riemann—Stieltjes
integral.)

Remark 3.7. With Theorem 3.3, one can see rough path convergence (in probability,
and actually L9, any ¢ < 00) of piecewise linear approximation along any sequence
of dissections with mesh tending to zero. Moreover, this approach will give the rate
f,any 0 < 1/2 — a.

Proof. Tt is easy to check that B gives B(™ via conditioning on B at dyadic times,
B™ = E(B|0{Bjpo-n: 0 <k <2"}).

By independence of the components B, BY for i # j, the same holds for BS"™
off-diagonal; the on-diagonal terms require no further attention since Bii‘“”’l =
%(Bé)t)Q. Almost sure pointwise convergence then readily follows from martingale
convergence. Furthermore, Theorem 3.1 implies

|Biy < Ka()lt = s/, [BIf™] < Ka(w)lt - s/**

and upon conditioning with respect to 0{Byrs-» : 0 < k < 2™}, the same bounds
hold for B and for IN BMidB(ii n fact, K, K, have (more than enough)
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integrability to apply Doob’s maximal inequality. This leads, with probability one, to
the bound

< 0.
2a

sup HB(”),/. B™ @ dB™
n 0

Together with a.s. pointwise convergence, a (deterministic) interpolation argument
shows a.s. convergence with respect to the a-Holder rough path metric o,. O

The reader should be warned that there are perfectly smooth and uniform ap-
proximations to Brownian motion, which do not converge to Stratonovich enhanced
Brownian motion, but instead to some different geometric (random) rough path, such
as - -

B=(B,B), where B,,=B""+(t—s)A, A€ so(d) .

Note that the difference between B and BS"™ is now antisymmetric, i.e. B has a
stochastic area that is different from Lévy’s area. To construct such approximations,
it suffices to include oscillations (at small scales) such as to create the desired
effect in the area, while they do not affect the limiting path, see Exercise 2.10.
(In the context of Brownian motion and SDEs driven by Brownian motion such
approximations were studied by McShean, Ikeda—Watanabe and others, see [McS72,
IW89].) Although such “twisted” approximations do not seem to be the most obvious
way to approximate Brownian motion, they also arise naturally in some perfectly
reasonable situations.

3.4 Brownian motion in a magnetic field

Newton’s second law for a particle in R® with mass m, and position = = x(t), (for
simplicity: constant) frictions o, o2, @3 > 0 in orthonormal directions, subject
to a (3-dimensional) white noise in time, i.e. the distributional derivative of a 3-
dimensional Brownian motion B, reads

mi = —Mi + B, (3.6)

assuming M symmetric with spectrum a1, o, 3. The process x(t) describes what is
known as physical Brownian motion. It is well known that in small mass regime, m <
1, of obvious physical relevance when dealing with particles, a good approximation
is given by (mathematical) Brownian motion (with non-standard covariance). To see
this formally, it suffices to take m = 0 in (3.6) in which case = M~ B.

Let us now assume that our particle (with position x and momentum m:) carries
a non-zero electric charge and moves in a magnetic field which we assume to be
constant. Recall that such a particle experiences a sideways force (‘“Lorentz force”)
that is proportional to the strength of the magnetic field, the component of the velocity
that is perpendicular to the magnetic field and the charge of the particle. In terms
of our assumptions, this simply means that a non-zero antisymmetric component is
added to M. We shall hence drop the assumption of symmetry, and instead consider
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for M a general square matrix with
Real{c(M)} C (0,00).

Note that these second order dynamics can be rewritten as evolution equation for the
momentum p(t) = mi(t),

. 1 .
p=—Mi+B=——Mp+B.
m

As we shall see X = X', indexed by “mass” m, converges in a quite non-trivial
way to Brownian motion on the level of rough paths. In fact, the correct limit in
rough path sense is B = (B, B), where

B = IB%Ef;‘“ +(t—s)A4, (3.7)

in terms of an antisymmetric matrix A; written explicitly as A = (M X — X M*) €
s0(d), where

oo
E:/ e Mseg=M"s g,
0

When M is normal, i.e. M*M = M M™*, it is an exercise in linear algebra to show
that this expression simplifies to

1
A=3 Anti(M) Sym(M)™*,

where Anti(M) denotes the antisymmetric part of a matrix and Sym(M ) its symmet-
ric part. We can now state the result in full detail.

Theorem 3.8. Let M € R™? be a square matrix in dimension d such that all its
eigenvalues have strictly positive real part. Let B be a d-dimensional standard
Brownian motion, m > 0, and consider the stochastic differential equations

1 1
dX = —Pdt, dP =—-—MPdt+dB .
m m

with zero initial position X and momentum P. Then, for any ¢ > 1 and o €
(1/3,1/2), as mass m — 0,

(MX, / MX ® d(MX)> —~B in%¢and L.

Proof. Step 1. (Pointwise convergence in L4.) In order to exploit Brownian scaling,
it is convenient to set m = 2 and then Y¢ as rescaled momentum,

1/;55 = Pt/i‘:.

We shall also write X° = X, to emphasise dependence on €. We then have
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dYf = —e 2MYFdt + e *dB;,  dX{=¢'Y7dt.

By assumption, there exists A > 0 such that the real part of every eigenvalue of M
is (strictly) bigger than . For later reference, we note that this implies the estimate
|exp(—7M)| = O(exp(—A7)) as 7 — oo. For fixed ¢, define the Brownian motion
B =¢"'B.2 sothate 'dB, = dB.-2;, and consider the SDEs

dY, = —MY,dt +dB;, dX,=Y,dt.

Note that the law of the solutions does not depend on . Furthermore, when solved
with identical initial data, we have pathwise equality

(Y e ' X5) = (Yo2p, Xoo2y) - (3.8)

Thanks to our assumption on M, Y is ergodic; the stationary solution has (zero
mean, Gaussian) law v = N/ (0, %) for some covariance matrix X. To compute it,
write down the stationary solution

f/tstat — /t e_M(t_s)st )

—0Q0

For each ¢ (and in particular for ¢ = 0), the law of ﬁS‘a‘ is precisely v. We then see
that

0 (o)
X = E( ~OStat (4 Y/OS[a[) = / e_M(_S)e_M*(_S)dS — / e_MSe_M*Sds.

—o0 0

Since sup0<t<ooE|}~/;2| < 00, it is clear that £Y, -2, = €Y7 — 0 in L? uniformly in

¢ (and hence in L? for any ¢ < oo). Noting that M X7 = B; — €Y, the first part of

the proposition is now obvious. Moreover, by the ergodic theorem!,

t
/ FYe)dt — t/f(y)l/(dy) , in L? for any ¢ < oo, (3.9
0

for all reasonable test functions f; we shall only use it for quadratics. Using dX¢ =
e~ 1Y*dt we can then write

t t t
/MXj@d(MXf)S:/ MX§®dBS—e/ MX:®dYy
0 0 0
t t
:/ MXj@dBS—MXta@(an)+g/ AdMX)s®YS
0 0

t t
:/ MX§®stfMX§®(er)+/ MY; ®Y;ds
0 0

!In its standard form, see e.g. Stroock [Str11] or Kallenberg [Kal02], test functions are assumed to
be bounded. In our setting an easy truncation argument yields the extension to quadratics.
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t
—>/ B, ® dB; —0+t/(My®y)1/(dy)
0
K 1
- / B, ®dB, +tMX =By, + t(ME — 5Id) ,
0
where the convergence is in L9 for any ¢ > 2. By considering the symmetric part of

the above equation,

1

1 1
S(MX)® (MX]) - 5By ® By + Sym (MZ - 5Id) ,

we see that M X — 11 is antisymmetric, and hence also equals (M X — X M*).
This settles pointwise convergence, in the sense that

t
S(MX®), := (MXf,/O MX¢E ®d(MX5)S> — (B1,Boyt).

Step 2. (Uniform rough path bounds in L4.) We claim that, for any ¢ < oo,

q
sup E[|MX?[|!] < oo, sup E[H/MXE®d(MXE)
e€(0,1] e€(0,1]

}<oo,
2c

which, in view of Theorem 3.1, is an immediate consequence of the bounds

t
/ X ®dX©

q
sup E[|X§7t|q] <t — s|% , sup E <t —s|?.
e€(0,1] €€(0,1]
Since X is Gaussian, it follows from integrability properties of the first two Wiener—
1t6 chaoses that it is enough to show these bounds for ¢ = 2. Furthermore, we note

that the desired estimates are a consequence of the bounds
E[[ %] S 1=l (3.10

t
E / R ®dX

2
] St—sf, 3.11)

where the implied proportionality constants are uniform over ¢, s € (0, 00). Indeed,
this follows directly from writing

EUX;A? = E[’ef(sfzsﬁfztﬂ Seflet—e?s| =t — s,

(note the uniformity in ¢), and similarly for the second moment of the iterated
integral.

In order to check (3.10), it is enough to note that M X st = Bs,t — ?S,t, combined
with the estimate
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. -2 t .
E[|Ys,t|2} :EU(@M(ts) ~ )Y, } +/ Tr(e Mue=M ) gy < |t — 8| ,

where we used the fact that Real{c (M)} C (0, c0) to get a uniform bound. In order
to control (3.11), we consider one of the components and write

/X dXi ]_ 1
S Ll ———
< / » (’E[YYJ}

+[B[vvy]
s(f, oo
<( [, [For ;.

where we have used the fact that Y is Gaussian (which yields Wick’s formula for the
expectation of products) in order to get the bound on the third line. But for r < u,
E[Y,|V,] = em (=1, 5o that

.o

/['Svt]2
t ot
5/ </ eA(“T)du>E[|}~/T|2] dr <t —s|.

It now suffices to recall that | exp(—7M)| = O(exp(—AT)) to conclude the proof of
(3.11).

t u
/ Y, YIdr du

tad|uias

e

v

)

)dr du dq dv

E{ﬁ@ffu}

E [Y/r ® e_M(u_T)Y/T} ll{rgu}dr du

Step 3. (Rough path convergence in L1.) The remainder of the proof is an easy
application of interpolation, along the lines of Exercise 2.9. 0O

3.5 Cubature on Wiener Space

Quadrature rules replace Lebesgue measure A on [0, 1] by a finite, convex linear
combination of point masses, say 1 = . a;0,,, where weights (a;) and points (x;)
are chosen such that all monomials (and hence all polynomials) up to degree N are
correctly evaluated. In other words, one first computes the moments of A, namely
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! 1
/ z"dA(z) = ,
0 n+ 1

for all n > 0. One then looks for a measure y such thatfo1 adp(x) = 1/(n + 1)
forall n € {0,1,..., N}. The same can be done on Wiener space: the monomial
x™ is then replaced by the n-fold iterated integrals (in the sense of Stratonovich),
integration is on C([0, 7, Rd) against standard d-dimensional Wiener measure. In
order to find such cubature formulae, the mandatory first step, on which we focus
here, is the computation of the expectations of the n-fold iterated integrals?

E</ odB®-~®odB).
0<t1< <t <T

Let us combine all of these integrals into one single object, also known as
(Stratonovich) signature of Brownian motion, by writing

S(B)OT:1+Z/ odB® - ®odB .
’ 0<t <... <ty <T

n>1

The signature S(3),, ;- naturally takes values in the algebra of infinite formal tensor

series T'(R%)), effectively the closure of the space of tensor polynomials given
by @,,~0(R")®™. It turns out that in the case of Brownian motion, the expected
signature can be expressed in a particularly concise and elegant form.

Theorem 3.9 (Fawcett). Consider S(B),  as above asaT (RY)-valued random
variable. Then

d
ES(B)yr = exp (% Z e ® ei>.
i=1

Proof. (Shekhar) Set ¢; := ES (B)O ;- (It is not hard to see, by Wiener—Itd chaos
integrability or otherwise, that all involved iterated integrals are integrable so that ¢
is well-defined.) By Chen’s formula (in its general form, see Exercise 2.1) and the
independence of Brownian increments, one has the identity

Ptts = Pt Q s -

Since ¢; ® s = s ® t, We have [ps, pi] = 0, so that

log p14+5 = log p; 4+ log s .

For integers m, n we have log ¢, = nlog ¢, /, and log ¢, = mlog ¢1. It follows
that

logp; = tlogps ,

2 We remark that all n-fold iterated Stratonovich integrals can be obtained from the “level-2” rough
path (B(w), BS™ (w)) € % by a continuous map. In fact, this so-called Lyons lift, allows to view
any geometric rough path as a “level-n” rough path for arbitrary n > 2.
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first for £ = % € Q, then for any real ¢ by continuity. On the other hand, for ¢ > 0,
Brownian scaling implies that p; = d, ;1 where 6, is the dilation operator, which

acts by multiplication with A" on the n‘" tensor level, (Rd)®”. Since §, commutes
with ® (and thus also with log, defined as power series),

log 1 =0 ;10g 1

and it follows that one necessarily has
®2
log o1 € (R,

It remains to identify log ¢; with % Zle e; ® e;. To this end it suffices to compute
the expected signature up to level two, which yields

1 d
1
ES(2)(B)E(1+BOJ+/ B®odB> :1+§ E e; Qe .
0 =1

Recall that in this expression, “1” is identified with (1, 0, 0) in the truncated tensor
algebra, and similarly for the other summands, and addition also takes place in
T (R?). Taking the logarithm (in the tensor algebra truncated beyond level 2; in
this case log (1 +a+b) = a+ (b— 3a®a) if a is a 1-tensor, b a 2-tensor) then
immediately gives the desired identification. O

The (constructive) existence of cubature formulae, a finite family of piecewise
smooth paths with associated probabilities, such as to mimic the behaviour of the
expected signature up to a given level is not a trivial problem (although much has
been achieved to date), the reader can explore a simple case in Exercise 3.11 below.

3.6 Scaling limits of random walks

Consider a family of continuous processes X" = (X", X"), with values in V @
(V ® V) where dim V' < co. Assume X{j = (0, 0) for all n. We leave the proof of
the following result as exercise.

Theorem 3.10 (Kolmogorov tightness criterion for rough paths). Ler g > 2,5 >
1/q. Assume, for all s,t in [0,T]

E, X" <Clt—s"",  E.x,|YP<clt-s™, (3.12)

for some constant C' < oo. Assume 3 — % > % Then for every a € (%, 68— %) the
X"’s are tight in €°°.

In typical applications, the X are only defined for discrete times, such as s =
j/n,t = k/n for integers j, k. The non-trivial work then consists, for a suitable
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choice of X", in checking the following discrete tightness estimates,

j—k Bq

n

E,| X7 &

n'n

n
5 En Xiﬁ

n’n

5‘1 /2 s k‘
"< c‘j (3.13)

q
<¢

n

The analogous continuous tightness estimates are typically obtained by suitable
extension of X" to continuous times (e.g. piecewise geodesic).

Proposition 3.11. Consider a d-dimensional random walk (X; : j € N), with i.i.d.
increments of zero mean, finite moments of any order q < 0o, and unit covariance
matrix. Extend the rescaled random walk

X% =—
= vn
defined on discrete times only, by piecewise linear interpolation to all times and

construct X" = (X™,X") by iterated (Riemann—Stieltjes) integration. Then the
tightness estimates in Theorem 3.10 hold with 3 = 1/2 and all ¢ < co.

X,

Proof. The iterated integrals of a linear (or affine) path with increment v € R?
takes the simple form exp(v) in terms of the tensor exponential introduced in (2.13).
Chen’s relation then implies

X5, =exp (X% )@ @exp (X, ) (3.14)
The simple calculus on the level-2 tensor algebra 7°(2) (Rd) leads to an explicit
expression for X"}, , to which one can apply the (discrete) Burkholder—-Davis—-Gundy

n'n

inequality in order to get the discrete tightness estimates (3.13). The extension to all
times is straightforward. Details are left to the reader (see e.g. [BF13]). An alternative
argument, not restricted to level 2, is found in Breuillard et al. [BFH09]. O

Note that X", as constructed above, is a (random) geometric rough path. Recall
that such rough paths can be viewed as genuine paths with values in the Lie group
G® (Rd) cT® (Rd). On the other hand, from (3.14), we see that X" restricted to
discrete times {% : j € N} is a Lie group valued random walk, rescaled with the aid
of the dilation operator. By using central limit theorems available on such Lie groups,
one can see that X" at unit time converges weakly to Brownian motion, enhanced
with its iterated integrals in the Stratonovich sense. Under the additional assumption
that E(X ® X) = Id, the identity matrix, this Brownian motion is in fact a standard
Brownian motion. This is enough to characterise the finite-dimensional distributions
of any weak limit point and one has the following “Donsker” type result.

Theorem 3.12. In the rescaled random walk setting of Proposition 3.11, and under
the additional assumption that E(X ® X) = Id, we have the weak convergence

X’n BStral

in the rough path space € ([0, T],R?), any o < 1/2.
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Recall that, by definition, weak convergence is stable under pushforward by
continuous maps. The interest in this result is therefore clearly given by the fact that
stochastic integrals and the Ité6 map can be viewed as continuous maps on rough path
spaces, as will be discussed in later chapters.

3.7 Exercises

Exercise 3.1 Complete the proof of Theorem 3.3.

Exercise 3.2 Bypass the use of Wiener—Ito chaos integrability in Proposition 3.4 by
showing directly that the matrix-valued random variable Bgf’l has moments of all
orders. Hint: This is trivial for the on-diagonal entries, for the off-diagonal entries

one can argue via conditioning, Ité isometry, and reflection principle.

# Exercise 3.3 Show that d-dimensional Brownian motion B enhanced with Lévy’s
stochastic area is a degenerate diffusion process and find its generator.

Exercise 3.4 (Q-Wiener process as rough path) Given a separable Hilbert space
H with orthonormal basis (er), (A\x) € I}, A\, > 0 for all k, and a countable
sequence (ﬂk ) of independent standard Brownian motions, the limit

Xt = Z )\]16/255616
k=1

exists a.s. and in L?, uniformly on compacts. This defines a Q-Wiener process in
the sense of [DPZ92], where QQ = Y, i, (€x, -)ey, is symmetric, non-negative and
trace-class; conversely, any such operator Q on H can be written in this form and
thus gives rise to a Q-Wiener process. Show that

oo t
Xop = Y A}m)\iﬂ/ BldBy e @ ey,
k=1 S

exists a.s. and in L?, uniformly on compacts and so defines X with values in H @ys H,
the closure of the algebraic tensor product H ®, H under the Hilbert—Schmidt norm.
Consider both the case of It6 and Stratonovich integration and verify that with either
choice, (X,X) € €* a.s. forany a < 1/2.

*

Exercise 3.5 (Banach-valued Brownian motion as rough path [LLQ02]) Given
a separable Banach space V equipped with a centred Gaussian measure (i, a standard
construction (cf. [Led96]) gives rise to a so-called abstract Wiener space (V, H, 1),
with H C V the Cameron—Martin space of . (Examples to have in mind are V =
H = R with u = N(0, I), or the usual Wiener space V = C([0,1]) equipped with
Wiener measure, H is then the space of absolutely continuous paths starting at zero
with L2-derivative.) There then exists a V -valued Brownian motion (By : t € [0,T])
such that
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* By =0,

* B has independent increments,

¢ (Bgy,v*) ~ N(0,(t — s) 2) whenever 0 < s <t < T and v* € V* —
H* = H.

/U*

We assume that V ® V is equipped with an exact tensor norm (with respect to 1)
in the sense that there exists v € [1/2,1) and a constant C' > 0 such that for any
sequence {Gy, ® Gp: k> 1} of independent V -valued Gaussian random variables
with identical distribution ,

N
E( ZGk ®ék
k=1

a) Verify that exactness holds with v = 1/2 whenever dim V' < oco. (More generally,
exactness with -y = 1/2 always holds true if one works with the injective tensor
product space, V Qin; V, the injective norm being the smallest possible. For the
largest possible norm, the projective norm, the o( N )-estimate remains true but
can be as slow as one wishes. Exactness may then fail, see for example [LLQO2].
Exactness of the usual Wiener space, with uniform or Hélder norm, is also known
to be true.)

2

) < CN?* =o(N).
VeV

b) Fix oo < 1/2. Show that dyadic piecewise linear approximations B"™, enhanced
with B" = [ B™ ® dB", converge in a-Hélder rough path metric to a limit
B in €*([0,T], V). More precisely, use the previous exercise to show that the
sequence B" = (B™,B™) is Cauchy in the sense that

loa(B",B™)|a = 0 with n,m — co.

Conclude that B" converges in € and L to some limit B € €*([0,T],V) a.s.

c) Show that B is the L9-limit in a-Holder rough path metric for all piecewise
linear approximations, say BP», as long as mesh | D,,| — 0 with n — oo. Show
that the convergence is almost sure if | D,,| ~ 27" and also |D,,| ~ 1/n.

Solution. We only sketch the main step in the proof of b). Without loss of generality,
we set T" = 1. The crux of the matter is to show that Bf ; converges in V' ® V. The
rest follows from scaling and equivalence of moments in the first two Wiener chaoses.
Set t7 = k/2". Then

2’7’1/
2
|En+1f S |2 ~E B 1 1 ®B 1 1
0,1 0,112 ot ot et
k=1

2k—2""2k— 2k—1°"2k

Vev

on
n+1 2

1 ntl1
~ WE’ E 272 Btn+1 gt ®22 Btn+1 gt
k=1

2k—2""2k—1 2k—1°"2k Vv

on
~ 2_2n_2E‘ ZGk & ék‘
k=1

S 2—2n—222'yn

2
VeV
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~ 272017

where the penultimate bound was obtained by exactness. By definition of exactness
1 —~ > 0and so Bf ; is Cauchy in the L*-space of V' @ V-valued random variables.

Exercise 3.6 In the context of Theorem 3.8, show that for M normal the Lévy area
correction takes the form

A= %Anti(M) Sym(M)~*t.

Conclude that the correction vanishes if and only if M is symmetric. Is this also true
without the assumption that M is normal?

Exercise 3.7 In the context of Theorem 3.8, show that “physical Brownian motion
with mass m” converges as m — 0, in 9o and L, o € (1/2,1/3) and q < oo, with
rate

1
O(me)’ any ) <1/2 — a.

Hint: Use Theorem 3.3 to show rough path convergence. (The computations are a
little longer, but of similar type, with the additional feature that the use of the ergodic
theorem can be avoided.)

Exercise 3.8 Consider physical Brownian motion in dimension d = 2, with

0-1
M—I—a<1 0), a € R

Show that the area correction of X™, in the (small mass) limit m — 0, is given by

s (o)

(This correction is computed by multiscale / homogenisation techniques in [PSO8]).

Exercise 3.9 Consider X; = bt + o B; where b € R, a = go* € (R")®2. In other
words, X is a Lévy process with triplet (a,b,0). Show that the expected signature of
X over [0, T is given by

ES(X)y, = exp (T(b + ;a>>

Here, the exponential should be interpreted as the exponential in the tensor algebra,
ie. 1 1

exp(u) =1+u+ §u®u+§u®u®u+...
Exercise 3.10 (Expected signature for Lévy processes [FS17]) Consider a com-
pound Poisson process Y with intensity \ and jumps distributed like J = J(w) ~ v.
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in other words, Y is Lévy with triplet (0,0, K) where the Lévy measure is given by
K = Av. A sample path of Y gives rise to piecewise linear, continuous path; simply
by connecting J1, J1 + Jo etc. Show that, under a suitable integrability condition
for J,

ES(Y)yp = expTAE(e’ —1).

Can you handle the case of a general Lévy process?

Exercise 3.11 (Level-3 cubature formula) Define a measure v on C([0,1], Rd) by
assigning equal weight 2~ to each of the paths

+1
test| T | ere
+1
Call the resulting process (X+(w) : t € [0,1]) and compute the expected signature
up to level 3, that is

E(1, Xoyl,/ dX;, ® dXtQ,/ dX;, © dX;, © dth).
0<t1 <t2<1 0<ty <t2<tsz<1

Compare with expected signature of Brownian motion, the tensor exponential
exp(%f ), projected to the first 3 levels.

Solution. One can write X;(w) = ¢}, Z;(w)e; with i.i.d. random variables Z;
taking values 41, —1 with equal probability. Clearly,

E/ dth = Eth = 0
0<t1<1
Then,

1 1
/ dX, ®dXy, = 3 Z ZiZe; ®ej = §Id + (zero mean)
0<t1<t2<1 ij
and so the expected value at level 2 matches > (exp(31)) = 31d. A similar ex-
pansion on level 3 shows that every summand either contains, for some ¢, a factor
EZ] =0o0rE(Z} )3 = 0. In other words, the expected signature at level 3 is zero,

in agreement with 3 (exp(31d)) = 0. We conclude that the expected signatures, of
1 on the one hand and Wiener measure on the other hand, agree up to level 3.

Exercise 3.12 Prove the Kolmogorov tightness criterion, Theorem 3.10.
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3.8 Comments

The modification of Kolmogorov’s criterion for rough paths (Theorem 3.1) is a minor
variation on a rather well-known theme. Rough path regularity of Brownian motion
was first established in the thesis of Sipildinen, [Sip93].

For extensions to infinite-dimensional Wiener processes (and also convergence
of piecewise linear approximations in rough path sense) see Ledoux, Lyons and
Qian [LLQO2] and Dereich [Der10]; much of the interest here is to go beyond the
Hilbert space setting. The resulting stochastic integration theory against Banach space
valued Brownian motion, which in essence cannot be done by classical methods, has
proven crucial in some recent applications (cf. the works of Kawabi—Inahama [IK06],
Dereich [Der10]).

Early proofs of Brownian rough path regularity were typically established by
convergence of dyadic piecewise linear approximations to (B, BS™) in (p-variation)
rough path metric; see e.g. Lyons—Qian [LQO2]. Many other “obvious” (but as we
have seen: not all reasonable) approximations are seen to yield the same Brownian
rough path limit. The discussion of Brownian motion in a magnetic field follows
closely Friz, Gassiat and Lyons [FGL15]. Semimartingales [CLOS5, FV08a, LP18,
CF19] and large classes of Markovian processes [Lej06, FV0S8c] lift in a natural way
to random rough paths. For Gaussian rough paths see Chapter 10. Infinite dimensional
rough path constructions from free probability include [CDMO1, Vic04].

Friz—Victoir [FV08a] extend Lépingle’s classical p-variation Burkholder-Davis—
Gundy (BDG) inequality [Lep76] for martingales to continuous martingale rough
paths (a.k.a. enhanced martingales). This was further extended to cadlag martingale
rough paths by Chevyrev—Friz [CF19] and a precise “off-diagonal” variation estimate
for f MdN, two martingales, was given by Kova¢ and Zorin—Kranich [KZK19],
extending a variational estimate of Do, Musalu and Thiele [DMT12], with motivation
from harmonic analysis.

Lyons—Zeitouni [LZ99] use rough paths to bound Stratonovich iterated stochas-
tic integrals under conditioning, with application to Onsager-Machlup functionals.
The componentwise expectation of (Stratonovich) iterated integrals, expected signa-
ture of Brownian motion, was first computed in the thesis of Fawcett [Faw04];
different proofs were then given by Lyons—Victoir, Baudoin and Friz—Shekhar,
[LVO04, Bau04, FS17]. Fawcett’s formula is central to the Kusuoka—Lyons—Victoir
cubature method [KusO1, LV04]. More generally, expected signatures capture im-
portant aspects of the law of a stochastic process, see Chevyrev—Lyons [CL16]. The
computation of expected signatures of large classes of stochastic processes including
fractional Brownian motion, Schramm-Loewner trace, stopped Brownian motion
and Lévy processes has been pursued by a number of people including Baudoin
[Bau04], Werness [Wer12], Lyons—Ni [LN15], Friz—Shekhar [FS17]. The Donsker
type theorem, Theorem 3.12, in uniform topology, is a consequence of Stroock—
Varadhan [SV73]; the rough path case is due to Breuillard, Friz and Huesmann
[BFHO9]. Applications to cubature are discussed in [BF13]. Several authors have
studied functional CLTs in rough paths topology in more complicated settings, includ-
ing [LS17, LS18, LO18], see also [IKN18]. The case of random walks in random
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environments is a consequence of a Kipnis—Varadhan view on additive functionals as
rough paths [DOP19]. Convergence to Brownian rough paths, with area anomaly, is
also generic in the context of homogenisation, Section 9.6 contains precise references.
Chevyrev [Chel8] considers random walks and Lévy processes on homogeneous
groups from a rough path point of view.






Chapter 4
Integration against rough paths

The aim of this chapter is to give a meaning to the expression [ Y; dX; for a suitable
class of integrands Y, integrated against a rough path X. We first discuss the case
originally studied by Lyons where Y = F(X). We then introduce the notion of a
controlled rough path and show that this forms a natural class of integrands.

4.1 Introduction

We consider the problem of giving a meaning to the expression | Y; dX;, for X €
€¢*([0,T],V) and Y some continuous function with values in L(V, W), the space
of bounded linear operators from V' into some other Banach space W. Of course,
such an integral cannot be defined for arbitrary continuous functions Y, especially if
we want the map (X,Y) — [ Y dX to be continuous in the relevant topologies. We
therefore also want to identify a “good” class of integrands Y for the rough path X.

A natural approach would be to try to define the integral as a limit of Riemann—
Stieltjes sums, that is

/Ytht 11m Z Y, Xt s 4.1)

O iep

where P denotes a partition of [0, 1] (interpreted as a finite collection of essentially
disjoint intervals such that [ JP = [0, 1]) and |P| denotes the length of the largest
element of P. Such a definition —the Young integral —was studied in detail in the
seminal paper by Young [You36], where it was shown that such a sum converges
if X € C*and Y € CP, provided a + 3 > 1, and that the resulting bilinear map
is continuous. This result is sharp in the sense that one can construct sequences of
smooth functions Y™ and X such that Y — 0 and X™ — 0in C'/2([0, 1], R), but
such that [ Y™ dX" — oo.
As a consequence of Young’s inequality [ You36], one has the bound

61
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1
/0 Yy = Y0) dX,| < OY [l .01 [1X Nl asfo, 15 - (4.2)

with C' depending on ac+ 8 > 1. Given paths X, Y defined on [s, t] rather than [0, 1]
it is an easy consequence of the scaling properties of Holder seminorms, that

t
/ Y,dX, — Y Xoz| < CIY |51 X )]t —s[*F7 . (4.3)

In particular, when o = 8 > 1/2, the right-hand side is proportional to |t — s|** =
o(|t — s|) which is to be compared with the estimate (4.22) below.

The main insight of the theory of rough paths is that this seemingly unsurmount-
able barrier of « + 8 > 1 (which reduces to « > 1/2 in the case & = § which is our
main interest') can be broken by adding additional structure to the problem. Indeed,
for a rough path X, we postulate the values X, ; of the integral of X against itself,
see (2.2). It is then intuitively clear that one should be able to define f YdX ina
consistent way, provided that Y “looks like X, at least on very small scales (in the
precise sense of (4.18) below). The easiest way for a function Y to “look like X
is to have Y; = F(X;) for some sufficiently smooth F': V' — L(V, W), called a
one-form.

4.2 Integration of one-forms

We aim to integrate Y = F(X) against X = (X, X) € €% When F': V — L(V, W)
is in C!, or better, a Taylor approximation gives

F(Xy) = F(X,) + DF (X)X, (4.4)

for r in some (small) interval [s, ¢], say. Recall (see sections 1.4 and 1.5 concerning
the infinite-dimensional case) that?

LV,LV,W))=LVV,W),

so that DF'(X) may be regarded as element in £(V ® V,W). Since the Young
integral defined in (4.1), when applied to Y = F(X), is effectively based on the
approximation F(X,) =~ F(Xj), forr € [s, t], it is natural to hope, with a motivating
look at (2.2), that the compensated Riemann—Stieltjes sum appearing at the right-hand

1. but see Exercise 4.7.

2 In coordinates, when dim V, dim W < oo, G = DF(X) takes the form of a (1, 2)-tensor
(G’f ;) and the identification amounts to

v (6»—) (;ijv%ﬁ)k) versus M — (ZGfJM”)k .

2%
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side of

1
/ F(X,)dX, ~ Z (F(X6)Xot + DF (X)X, ) 4.5)
0 [s,t]eP

provides a good enough approximation (say, is Cauchy as |P| — 0) even when
X ceases to have a-Holder regularity for o > 1/2 (as required by Young theory),
but assuming instead X = (X,X) € €%, o € (3, 3]|. Why should this be good
enough? The intuition is as follows: given v € (%, 3] neither | X ¢| ~ [t — s|* nor
|Xs.¢| ~ |t — s|?* in the above sum will be negligible as |P| — 0. Continuing in the
same fashion, one expects (in fact one can show it) that the third iterated integral

ngt) is of order Xi‘?’t) ~ [t — s]3® = o]t — s]), so that adding a third term of the form

D?F(X G)X(ft) in the sum of (4.5), at the very least, will not affect any limit, should
it exist. In the following, we will see that this limit,>

1
F(X,)dX; = 1l F(X,)X, DF(X,)Xs4), 4.6
/0 (%) Plso [5%7} (Xs)Xsp + DF(X:)Xs) (4.6)

does exist and call it rough integral.* In fact, in this section we shall construct the
(indefinite) rough integral Z = fo F(X)dX as element in C%, i.e. as path, similar
to the construction of stochastic integrals as processes rather than random variables.
Even this may not be sufficient in applications — one often wants to have an extended
meaning of the rough integral, such as (Z,Z) € €, point of view emphasised in
[Lyo98, LQ02, LCLO7], or something similar (such as “Z controlled by X in the
sense of Definition 4.6 below, to be discussed in the next section).

Lemma 4.1. Let F: V — L(V, W) be a C? function and let (X,X) € € for some
a> 1L SetY, = F(X,),Y,:=DF(X,)and RY, :=Y,, — Y/ X, . Then

Y,Y €C* and RY €C3°. (4.7)

(In the terminology of the forthcoming Definition 4.6: “Y is controlled by X with
Gubinelli derivative Y'; in symbols (Y,Y') € 23*”.) More precisely, we have the
estimates

Yo < IDF X
1Yl < [[D*F| X

IN

(L1

IN

1
S0 X2,

3 Recall that lim| | _, o means convergence along any sequence (Py,) with mesh [P, | — 0, with
identical limit along each such sequence. In particular, it is not enough to establish convergence
along a particular sequence (Py, ), although a particular sequence may be used to identify the limit.
* Of course, we can and will consider intervals other than [0, 1]. Without further notice, P always
denotes a partition of the interval under consideration.
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Proof. C? regularity of F' implies that F' and D F are both Lipschitz continuous with
Lipschitz constants || DF || and | D? F|| respectively. The a-Hélder bounds on Y’
and Y’ are then immediate. For the remainder term, consider the function

0,1] 3¢ F(Xs+E&Xs ) -

A Taylor expansion, with intermediate value remainder, yields £ € (0, 1) such that
1
RY, = F(X;) — F(X,) — DF (X)X, = §D2F(XS +EXo1) (Xots Xort) -

The claimed 2a-Holder estimate, in the sense that |RY ;| < [t — s|>*, then follows at
once. O

Before we prove that the rough integral (4.6) exists, we discuss some sort of
abstract Riemann integration. In what follows, at first reading, one may have in mind
the construction of a Riemann—Stieltjes (or Young) integral Z; := fot Y, dX,. From
Young’s inequality (4.3), one has (with Z, ; = Z; — Z, as usual)

Zs,t - Y;Xs,t + O(|t - Sl)

and =, ; := Y, X, is a sufficiently good local approximation in the sense that it
fully determines the integral Z via the limiting procedure given in (4.1)). In this
sense Z = ZZ= is the well-defined image of = under some abstract integration map
1. Note that Zs 4 = Zs y, + Z, 1, 1.€. increments are additive (or “multiplicative” if
one regards -+ as group operation®) whereas a similar property fails for =. In the
language of [Lyo98], such a = corresponds to a “almost multiplicative functional”
and it is a key result in the theory that there is a unique associated “multiplicative
functional” (here: Z = Z=). Following [FALP06] we call “sewing” the step from a
(good enough) local approximation = to some (abstract) integral Z='; the concrete
estimate which quantifies how well Z=' is approximated by = will be called “sewing
lemma”. It plays an analogous role to Davie’s lemma (cf. Section 8.7) in the context
of (rough) differential equations.

We now formalise what we mean by = being a good enough local approximation.
For this, we introduce the space C5*? ([0, T], W) of functions = from the 2-simplex
{(s,t) : 0 < s <t <T}into W such that =, ; = 0 and such that

def

15l = 1Ella + 165115 < 00, (4.8)
where || =], = sup,, % as usual, and also
— def — —_ — —_ def | = t
R

3 This terminology becomes natural if one considers Z together with its iterated integrals as

7,

group-valued path, increments of which satisfy Chen’s “multiplicative” relation, see (2.8).
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Provided that 5 > 1, it turns out that such functions are “almost” of the form
=, = Iy — F, for some a-Holder continuous function /' (they would be if and
only if = = 0). Indeed, it is possible to construct in a canonical way a function =
with §= = 0 and such that :;s,t ~ S for |t —s] < 1

Lemma 4.2 (Sewing lemma). Let o and 3 be such that 0 < o < 1 < B. Then,
there exists a unique continuous linear map Z: C3°" (0, T, ) — C*(]0,T],W)
such that (ZZ)g = 0 and

(Z2)sp— Esu| < Clt—s|”. (4.9)

where C only depends on ( and ||0=| g. (The a-Hdlder norm of = also depends
on ||Z||o and hence on || =Z]|4,3.)

Proof. As linear map, continuity of Z will be an immediate consequence of its
boundedness. We shall construct the path Z=" =: I, with I, = 0, via its increments
I+ = I, — I,. Additivity of these increments (61 = 0) is an important aspect of the
proof. Uniqueness of Z is immediate: assuming two paths I and I both satisfy (4.9),
it follows that I — I satisfies (I —I)g = O0and |(I —I)s¢| = |(I 1), — (I —1I)s| <
|t — s|°. Since 3 > 1 by assumption, we conclude that I — I vanishes identically. In
fact, (4.9) shows that [ is necessarily given as Riemann-type limit: writing P for a
partition of [s, ¢] and |P| for its mesh size, we have

Is,t - Z Eu,v = ‘ Z (Iu,v - Eu,w) = O(|,P‘ﬁ71)
[u,v]eP [u,v]eP
which is nothing but a quantitative form of
(IE)S,t = lim v - (4.10)
|P|—0
[u,v]eP

Because of its importance we give two independent but related arguments. The
first argument is based on successive (dyadic) refinement to construct I ; with the
desired bound (4.9), followed by an argument for additivity. Fix [s, ] C [0, 7] and
let P, be the level-n dyadic partion of [s, t], which contains 2" intervals, each of
length 27" [t — s|, starting with the trivial partition Py = {[s,¢]}. Define IY, = =,
and then the nth level approximation by

+1 &f =
I;Lvt - Z —u,v T Igt Z 6‘—‘u m,v s
[u,v]EPn41 [u,v]E€Pn

where it is a straightforward exercise to check that the second equality holds. It then
follows immediately from the definition of ||0.5|| 3 that

Lt 1] <2700t — P65 5 -
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Since 8 > 1, these terms are summable whence we conclude that the sequence
(I S"J :n € N) is Cauchy. Its limit I s,¢ 18 such that, summing up the bound above,

[Low = Zaa| < I =12, < Cll6Z | glt - 517 (4.11)
n>0

for some universal constant C' depending only on 3, which is precisely the required
bound (4.9). Unfortunately, addivity of I is no consequence of this argument so
we have to be a little smarter (but see Remark 4.3). Taking T' = 1 without loss of
generality (and for notational simplicity only), we restrict the previous construction
to elementary dyadic intervals of the form [s,¢] = 27*[¢, ¢ + 1] for some k > 0 and
¢ € {0,...,2F — 1}. The advantage is that now mid-point additivity holds in the

sense that
s+t

2 b
as a simple consequence of taking limits in the identity I:’;H =1, + 1, The
natural additive extension of I to non-elementary dyadic intervals 2~ *[¢, m] is then
given by postulating that

Is,t = Is,u + Iu,t P U = “4.12)

-1
127’“&2’}"771 = Z I2fkj,27k(j+1) N (413)
j=¢

which is indeed well-defined (note that 27 *[¢,m] = 27%71[2¢,2m] for example
s0 (4.13) can be written in several ways) by (4.12). This defines I, ; for all dyadic
numbers s,t and the construction guarantees addivitiy. We leave the fact that I, ;
satisfies (4.9) for all dyadic s, ¢ (and therefore for all s,¢ € [0, 1] by continuous
extension) as Exercise 4.3.

The second argument, which is essentially due to Young, yields immediately the
convergence (4.10), as |P| — 0, i.e. the same limit is obtained along any sequence
P, with mesh tending to zero. This has the important consequence that addivity of
increment (6 = 0) is a consequence of (4.10) and requires no additional argument.
(Another advantage of Young’s construction is that it also works under variation
- rather than Holder type assumption and thus in application allows to deal with
jumps.) Consider a partition P of [s, t] and let > 1 be the number of intervals in P.
When r > 2 there exists u € [s, t] such that [u_,u], [u,uy] € P and

2
lug —u_| < ——|t —s|.
r—1

Indeed, assuming otherwise gives the contradiction 2t — s| > > po [ug —u_| >
20t — 5. Hence, | [ 11y Z — Jp 1 = 0Z0_ | < 162115 (2t — sl — 1))
and by iterating this procedure until the partition is reduced to P = {[s, t]}, we arrive
at the maximal inequality,
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. /P = < 2815=,¢8) 1t — .

where ¢ denotes the classical ¢ function. It then remains to show that

IS

which implies existence of Z.=" as the limit limp| ¢ fp Z. To this end, at the price
of adding / subtracting P U P’, we can assume without loss of generality that P’
refines P. In particular, then |P| V |P’| = |P| and

/ / (Eu’v - /’P’ﬂ[u,v] E) '

[u,v]€P

sup
PC[s,t]

ase ] 0, 4.14)

\Plv\P'Ks

But then, for any P with |P| < £ we can use the maximal inequality to see that

| <2%CB)Z], Y. lw—ul” =0(P|Pt) =0 ).
[u,v]€P

This concludes the Young argument (with no hidden tedium left to the reader). O

Remark 4.3. The first argument ultimately suffered from the tedium of checking
the additivity property 6Z= = 0. In some situations this extra step can be avoided,
notably in the case where all one wants are uniform rough path estimates for classical
Riemann-Stieltjes integrals. More precisely, consider the case that X : [0,7] — V'
is smooth, X = f X ®dX, and one is only interested in an error estimate for second
order approximations of Riemann—Stieltjes integrals, of the form

t
/ F(X,)dX, — F(X{)Xs: — DF(X,)Xs4| <O(Jt — s[>,

uniform over all (smooth) paths X with || X ||, + [|X]|2, bounded. In the context of
the above proof, this estimate is contained in the first step, applied with (cf. the proof
of Theorem 4.4)

Es t = F(Xe )Xs,t + DF(XS)Xs,t .

But here we know already from classical Riemann integration theory that (Z=) 4,
constructed as limit of dyadic partitions of [s, t], is precisely the Riemann-Stieltjes
integral f F(X,)dX, and therefore additive. (The contribution of DF'(X )X effec-

tively constltutes a higher-order approximation and surely does not affect the limit,
as can be seen from the estimate |X,, ,| < |v — u[?, thanks to smoothness of X.)

We now apply the sewing lemma to the construction of (4.6).

Theorem 4.4 (Lyons). Let X = (X,X) € €*([0,T],V) for some T > 0 and
a > % andlet F: V — L(V,W) be a C¢ function. Then, the rough integral defined
in (4.6) exists and one has the bound
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t
| / F(X,)dX, — F(X.) X, — DF(X,)X,,
3 3a
S 1PNz (XT3 + 1X 1 IX 0 )1t = s 4.15)
where the proportionality constant depends only on o. Furthermore, the indefinite

rough integral is a-Holder continuous on [0, T| and we have the following quantita-
tive estimate,

/' F(X)dX

0

< CIIF g (IXlla v IXIY ), (4.16)
«

where the constant C' only depends on T and o and can be chosen uniformly in
T < 1. Furthermore, |X|o = || X||,, + /X[y, denotes again the homogeneous
a-Holder rough path norm.

Remark 4.5. We will see in Section 4.4 that the map (X,X) € €* — [, F(X)dX €
C® is continuous in a-Holder rough path metric.

Proof. Let us stress the fact that the argument given here only relies on the properties
of the integrand Y = F'(X) collected in Lemma 4.1 above. In particular, the general-
isation to “extended” integrands (Y, Y"”), which replace (F(X), DF(X)), subject to
(4.7), will be immediate. (We shall develop this “Gubinelli” point of view further in
Section 4.3 below.)

The result follows as a consequence of Lemma 4.2. With the notation that we just
introduced, the classical Young integral [ You36] can be defined as the usual limit of
Riemann sums by

t
/ YodX, = (I5),,. Su=YiXu.

Unfortunately, this definition satisfies the identity

so that, except in trivial cases, the required bound (4.8) is satisfied only if Y and
X are Holder continuous with Holder exponents adding up to 8 > 1. In order to
be able to cover the situation @ < %, it follows that we need to consider a better
approximation to the Riemann sums, as discussed above. To this end, we use the
notation from Lemma 4.1, namely

Y,:=F(X,), Y/:=DF(X,) and R, :=Y,,—Y/X,,,

and then set =5, = Y, X, ; + Y, X, ;. Note that, for any u € (s,t), we have the
identity
65t =—RY, Xuy — Y Xuy -

Thanks to the a-Holder regularity of X, Y’ and the 2c-regularity of R, X, the triangle
inequality shows that (4.8) holds true with the given « > 1/3 and 8 := 3a: > 1. The
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fact that the integral is well-defined, and the bound

t
/ VX ~ YoXo — Yi%er| S (1K1l BY [0 + 1Kl 1Y 1)1 — s

4.17)
then follow immediately from (4.11). Upon substituting the estimate obtained in
Lemma 4.1, we obtain (4.15).

We now turn to the proof of (4.16). Writing Z = [ F'(X)dX and using the triangle
inequality in (4.15) gives

| Zst| < IF|loo| Xl + | DF| o[ Xl
+ ClIF ez (1X IS + X[ 1X 50 ) 1t = 5
< O||F | [Al\t 8| At — s + Aslt — s|3“} :
with A; < ||X||a, for 1 < i < 3. Allowing C to change, this already implies
1Z1 < ClIF ez (IXla v IXIZ)

which is the claimed estimate (4.16) in the limit v |, 1/3. However, one can do better
by realising that the above estimate is best for |¢ — s| small, whereas for ¢t — s large
it is better to split up |Zs | into the sum of small increments. To make this more
precise, set ¢ := || X||, and write (hide factor C = C(a, T) in < below)

|Zot| S ot = s + 0%t — s** + %t — s

< 3|t — s|* for o'/t — 5| < 1.

Increments of Z over [s,t] with length greater than h := o~ '/ are handled by
cutting them into pieces of length h. More precisely (cf. Exercise 4.5) we have
1Z]| ., < 30 which entails

1], < 30(1v2h~0=) < 6(ov o).

At last, we note that C = C'(«, T') can be chosen uniformly in 7’ < 1. O

4.3 Integration of controlled rough paths

Motivated by Lemma 4.1 and the observation that rough integration essentially relies
on the properties (4.7) we introduce the notion of a controlled path Y, relative to
some “reference” path X, due to Gubinelli [Gub04]. For the sake of the following
definition we assume that Y takes values in some Banach space, say W. When
it comes to the definition of a rough integral we typically take W = L(V,W);
although other choices can be useful (see e.g. Remark 4.12). In the context of rough
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differential equations, with solutions in W = W, we actually need to integrate
f(Y"), which will be seen to be controlled by X for sufficiently smooth coefficients
W = LV, V).

Definition 4.6. Given a path X € C*([0,7],V), we say that Y € C*([0, 7], W) is
controlled by X if there exists Y € C*(]0,T], L(V, W)) so that the remainder term
RY given implicitly through the relation

Yoe =Y/ X1 +RY,, (4.18)
satisfies || RY ||z < o0o. This defines the space of controlled rough paths,
(YV,Y") € 23([0, T, W).

Although Y” is not, in general, uniquely determined from Y (cf. Remark 4.7 and
Section 6 below) we call any such Y’ the Gubinelli derivative of Y (with respect to
X).

Here, RY, takes values in W, and the norm || « |24 for a function with two
arguments is given by (2.3) as before. We endow the space 23> with the seminorm

def

1Y, Y [lx .20 = 1Y lla + 1R [|2a - (4.19)

As in the case of classical Holder spaces, 23 is a Banach space under the norm
YY) — |Yo| + |Y5| + |Y, Y| x 2. This quantity also controls the a-Holder
regularity of Y since, uniformly over X bounded in a-Ho6lder seminorm,

Y lla < 1Y locllXlla + TR |l2a < Y5l X[la + T {IY lall Xlla + 1 BY |20}

< (141 Xa) (Vo + TY, Y x 20) S Yol + TN Y I x 20 - (4.20)

Remark 4.7. Since we only assume that ||Y'||, < oo, but then impose that || RY |2, <
00, it is in general the case that a genuine cancellation takes place in (4.18). The
question arises to what extent Y determines Y. Somewhat contrary to the classical
situation, where a smooth function has a unique derivative, too much regularity of
the underlying rough path X leads to less information about Y. For instance, if Y is
smooth, or in fact in C2*, and the underlying rough path X happens to have a path
component X that is also C2, then we may take Y’ = 0, but as a matter of fact
any continuous path Y’ would satisfy (4.18) with || R||2o. < oo. On the other hand,
if X is far from smooth, i.e. genuinely rough on all (small) scales, uniformly in all
directions, then Y is uniquely determined by Y, cf. Section 6 below.

Remark 4.8. Tt is important to note that while the space of rough paths ¢’“ is not
even a vector space, the space 232 is a perfectly normal Banach space for any given
X = (X,X) € €. The twist of course is that the space in question depends in a
crucial way on the choice of X. The set of all pairs (X; (Y, Y")) gives rise to the total
space

w7 = | | (X} x 23,

Xee~
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with base space € and “fibres” 2%*. We will see in Exercise 4.9 that € x
22“ is actually a “trivial” infinite-dimensional fibre bundle in the sense that it is
homeomorphic to € x (C2* @ C%), albeit not in a canonical way. (At least when
o # %.) At the intuitive level, this clashes with the results of Chapter 6 which suggest
that, the rougher the underlying path X, the “smaller” is 23%.

Remark 4.9. While the notion of “controlled rough path” has many appealing fea-
tures, it does not come with a natural approximation theory. To wit, consider
(X,X) € €2([0,7],R?) as limit of smooth paths X, : [0,7] — R in the sense
of Proposition 2.8. Then it is natural to approximate Y = F(X) by V;, = F(X,,),
which is again smooth (to the extent that F' permits). There is no obvious analogue
of this for controlled rough paths. However, there is a non-canonical approximation
result, based on the Lyons—Victoir extension, which the reader is invited to explore
in Exercise 4.8.

We are now ready to extend Young’s integral to that of a path controlled by
X against X = (X,X). Recall from Lemma 4.1 that Y = F(X), with Y’ =
DF(X), is somewhat the prototype of a controlled rough path. The definition of the
rough integral [ F'(X)dX in terms of compensated Riemann sums, cf. (4.6), then
immediately suggests to define the integral of Y against X by®

1
YdXZ lim Y, Xot 4+ Y/ Xs4),
/O 'P‘*O[St]ep( o+ Y X ) 421)

where we took W = L(V, W) and used the canonical injection L(V, L(V,W)) —
L(V ® V,W) in writing YXj ;. With these notations, the resulting integral takes
values in W.

With these notations at hand, it is now straightforward to prove the following
result, which is a slight reformulation of [Gub04, Prop.1]:

Theorem 4.10 (Gubinelli). Let T > 0, let X = (X, X) € €([0,T],V) for some

a € (3,3], andlet (Y,Y') € 23*([0,T), L(V,W)). Then there exists a constant
C depending only on « such that

a) The integral defined in (4.21) exists and, for every pair s, t, one has the bound

t
RIS

< C(IX NlallBY |20 +1X[|2a/lY o) [ = 51> .

(4.22)
b) The map from 932 ([O, T], L(V, W)) 10 93 ([0, 7], W) given by
Y, Y') s (2,2') = (/.Ytht,Y>, (4.23)
0

6 Note the abuse of notation: we hide dependence on Y which in general affects the limit but is
usually clear from the context.
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is a continuous linear map between Banach spaces and one has the bound’

12, Z' | x 20 <Y lla + Y |oolXll2a + CT* (I X [lall BY ll2a + [IX]|20[IY"]la) -

Proof. Part a) is an immediate consequence of Lemma 4.2, as already pointed out in
the proof of Theorem 4.4. The estimate (4.22) was pointed out explicitly in (4.17).

It remains to show the bound on ||Z, Z'|| x 2. Splitting up the left-hand side
of (4.22) after the first term, using the triangle inequality, gives immediately an o
Holder estimate on f: Y. dX, = Zs,,sothat Z € C*. (Z' =Y € C* is trivial,
by the very nature of Y since it is controlled by X.) Similarly, splitting up the
left-hand side of (4.22) after the second term, gives a 2a-Holder type estimate on
fst Y dX, - Y X1 =Zs —Z. X5 1 =: Rit, i.e. on the remainder term in the sense
of (4.18). The explicit estimate for || Z, Z'|| x 20 = ||Y |la + [|RZ||24 is then obvious.
O

Remark 4.11. One actually obtains better information than just (Z,2') € 2%,
namely one has control up to order 3« in the sense that

Zs7t - Y;X&t - Y;IXSJ‘ S_, |t - 3|3a 5

see (4.34). Similar consideration will lead to the more general concept of modelled
distribution in the theory of regularity structures, see in particular Definition 13.10.

Remark 4.12. As in the above theorem, assume that (X,X) € ¥*([0,7],V) and
consider Y and Z two paths controlled by X. More precisely, we assume (Y,Y”) €
222([0, T, L(V,W)) and (Z, Z") € 22*([0,T), V'), where of course V, V, W are
all Banach spaces. Then, in terms of the abstract integration map Z (cf. the sewing
lemma) we may define the integral of Y against Z, with values in W, as follows,

t
/ YydZy, = (I2)ssr Suw=YuZuo+Y.Z Xy . (4.24)

Here, we use the fact that Z/, € £(V, V) can be canonically identified with an opera-
torin £L(V®V,V®V) by acting only on the second factor, and Y,! € L(V, L(V,W))
is identified as before with an operator in £(V @ V, W). The reader may be helped
to see this spelled out in coordinates, assuming finite dimensions: using indices ¢, j
in W, \_/respectively, and then k, [ in V:

(Zun)' = (Vo) (Zuw) + (V) (Z0)] (Kuo)™.

A short computation, similar to the one that justified the application of the sewing
lemma for the construction of the rough integral introduced in (4.21), gives

*&Es,u,t = RZuZu,t + )/;/Xs,uRiu + }/;/Xs,uZ;uXu,t + (Y/Z/)s,uXu,t .

7 As in (4.20), this implies || Z, Z'|| x,2a < Y|+ T|Y, Y| x,24, uniformly over bounded X.
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It immediately follows that [|§5]|3, < oo so that, since 3w > 1, the right-hand
side of (4.24) is well defined. The sewing lemma furthermore yields the following
generalisation of (4.22), with =" as given in (4.24),

t
/ YdZ — 2,
S

and additional term

SR 2all Zlla + () + 1Y Z'[lal|Xl2a) [t = sI>*, (425)

() = 1Y lloo | X la (1R |20 + 12" |/l X [la) -

Note that () duly vanishes when Z = X and Z’ is the identity operator, since then
RZ =0 and Z’, constant in time, has vanishing a-Holder seminorm. In that case, we
recover precisely the previously obtained estimate for the rough integral introduced
in (4.21). Furthermore, in the smooth case, one can check that we again recover the
usual Riemann/ Young integral.

Remark 4.13. If, in the notation of the proof of Theorem 4.4, = and Z are such that

E-Fe¢ Cg for some 5 > 1, i.e.

thenZZ =Z=. Indeed, it is immediate that

Y Buw — Zuel =O(PIPY)

[u,v]€P

which converges to 0 as |P| — 0. (This remains true if O(|t — s|?) with 3 > 1/is
replaced by o(|t — s]).)

This also shows that, if X and Y are smooth functions and X is defined by (2.2),
the integral that we just defined does coincide with the usual Riemann—Stieltjes
integral. However, if we change X, then the resulting integral does change, as will be
seen in the next example.

Example 4.14. Let f be a 2a-Hélder continuous function and let X = (X, X) and
X = (X, X) be two rough paths such that

X=X, oo =Xan + f(t) = f(5) -
Let furthermore (Y,Y”) € 23" as above. Then also (Y,Y”) := (Y,Y') € 2%
However, it follows immediately from (4.21) that

t t t
[ veaxo= [ voax,« [ v (4.26)

Here, the second term on the right-hand side is a simple Young integral, which is
well-defined since o + 2 > 1 by assumption.
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Remark 4.15. As we will see in Section 5.2 below, (4.26) can be interpreted as a
generalisation of the usual expression relating Itd integrals to Stratonovich integrals.

Remark 4.16. The bound (4.22) does behave in a very natural way under dilations.
Indeed, the integral is invariant under the transformation

(VY X,X) = (A, A 72Y7 0 X, 02X . 4.27)

The same is true for the right-hand side of (4.22), since under this dilation, we also
have RY — M\ 1RY.

4.4 Stability I: rough integration

Consider X = (X, X), X = (X,X) € € with (Y,Y’) € 3%, (Y, Y') € 2% As
earlier, we consider a fixed time horizon [0, T]. Although (Y,Y”) and (Y,Y”) live,
in general, in different Banach spaces, the “distance”

VY37,V Iy g 20 2 [V =Y, + IR = BY |, (4.28)

will be useful. Even when X = X, it is not a proper metric for it fails to separate
(Y,Y') and (Y 4 ¢X 4 &Y' + ¢) for any two constants ¢ and & When X # X,
the assertion “zero distance implies (Y,Y”) = (Y, Y”)” does not even make sense.
(The two objects live in completely different spaces!) That said, for every fixed
(X, X) € €, one has (with th =Y+ —Y/X, as usual), a canonical map

wx (YY) eCx = (Y ,RY) eCc*aC3™.

Given Y, = &, this map is injective since one can reconstruct Y by ¥; = £+ Y5 X0, +
Rgf, ;- From this point of view, one simply has

154l x % 20 = llex (4) = e ()l 20 -

and one is back in a normal Banach setting, where ||+, +||qa.20 = || * [|a + || * [|2a i @
natural seminorm on C & C3%; cf. Exercise 2.7. Elementary estimates of the form

|lab—ab| < |a| |b—b] + |a — a| |b| (4.29)
then lead to, with a constant C' = Cp,

Yor = Yo = ‘(Yo/,s —Y§) X+ (V0 + Y9) Ko + RY, — R,

< Ot = s (|¥5 = V| + X = K|, + |1¥s. = ¥ |l + | B~ &7,

< Clt— s (¥ = Y| + 11X = K[|, + 72 (|Y" = V||, + 1R = B, ))
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provided |Yy |, [|Y']| ., [| Xl and also with tilde, are bounded by R. It follows that
v =¥, <c(Ix =X, + ¥ = G+ T Y37Vl 500 ) - 430)

An estimate of the proper a-Holder norm of ¥ — Y (rather than its seminorm) is
obtained by adding |Y0 - YO| to both sides.

Theorem 4.17 (Stability of rough integration). For o € (%, %} as before, consider
X = (X,X), X = (X,X) € ¢, (YY) € 7%, (f/,f”) € 9)230‘ in a bounded

set, in the sense
Yol + 1Yol + 1YY Ix 20 <M, 0a(0,X) = [ X, + X[y, <M,

with identical bounds for (X, X), ()7, f”),for some M < oc. Define

(2,2 = (/ YdX, Y> € 9%,
0
and similarly for (Z 7 ) Then, the following local Lipschitz estimates holds true,

12,252, 2| % 50 < €02 (X.X) + Y] = V| + TNV, Y57, ¥l 5 20 )
(4.31)
and also

122l < € (a(X,X) + [Yo = Yo| + [¥§ = F| + TNV, Vs V¥l x % 0 )
(4.32)
where C = Cyy = C(M, «) is a suitable constant.

Proof. (The reader is advised to review the proofs of Theorems 4.4, 4.10.) We first
note that (4.30) applied to Z, Z (note: Z}, — Zo = Yy — Y) shows that (4.32) is an
immediate consequence of the first estimate (4.31). Thus, we only need to discuss
the first estimate. By definition of dy ¢ ,,, we need to estimate

12" = Z'||, + |RZ = RZJou = |[Y — 7|, + ||RZ - RZ|,,.

Thanks to (4.30), the first summand is clearly bounded by the right-hand side of
(4.31). For the second summand we recall

—- !
st st + }/;Xs,t

t
Ry =Zsy— Z\Xsy = / YdX - Y, X, = (I2)

where =, = Y, X, + Y/X, , and similar for RZ. Setting A = £ — =, we use
(4.11) with = 3« and = replaced by A, so that

RS = B = |(Z4),, — Autl + [ViXoy - VK,

s,t
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< OlI5A| ot = s + ¥, = VIR,

where 6 A s = Rzuf(w —RY, Xy +1~/S’,u§§w —Y/ ,Xq,¢. We then conclude with
some elementary estimates of the type (4.29), just like in the proof of Theorem 4.10.
O

4.5 Controlled rough paths of lower regularity

Recall that we showed in Section 2.3 how an a-Holder rough path X could be defined
as a path with values in the free step-V nilpotent Lie group G™) (R%) ¢ T(M)(R?),
with N = |1/«]. It does not seem obvious at all a priori how one would define a
controlled rough path in this context. One way of interpreting Definition 4.6 is as a
kind of local “Taylor expansion” up to order 2c. It seems natural in the light of the
previous subsections that if &« < 1, a controlled rough path should have a kind of
“Taylor expansion” up to order Na.

As a consequence, if we expand X ; =

w
Xs,t = E Xs,t Cw »

|w|<N

X' ®X; as

where |w| denotes the length of the word w, one would expect that a controlled rough
path should have an expansion of the form

§Yyy = Z YUXY, +RY, . (4.33)
fwl<N -1
with |RY | < [t—s|*. Here, given a word w = wy - - - wy, with letters in {1, ..., d},

we write e,, = €1 @ ... ® ey, for the corresponding basis vector of 7N) (Rd). Asin
Section 2.4, we then identify the words themselves as the dual basis of 7(V) (R%)*.
Note that ey = 1 € R ~ (R%)®0 ¢ T(M)(RY).

Recall that in Definition 4.6 we also needed a regularity condition on the “deriva-
tive process” Y’. The equivalent statement in the present context is that the Y.
should themselves be described by a local “Taylor expansion”, but this time only up
to order (N — |w|)c. A neat way of packaging this into a compact statement is to
view a controlled rough path as a 7N =1 (R?)*-valued function. Definition 4.6 then
generalises as follows.®

Definition 4.18. Let « € (0,1), let N = |1/«|, and let X be a geometric o-Holder
rough path as defined in Section 2.4. A controlled rough path is a TV =1 (R?)*-
valued function Y such that, for every word w with |w| < N — 1, one has the
bound

[(ew, Ye) — (Xt ® €4, Yo)| < CJt — 5|V 7IwDe (4.34)

8 This is for Y with values in R, but the extension to vector-valued Y is straightforward.
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We call Y alift of Y; := (e, Y;) and write P& for the space of such controlled
rough paths.

It is convenient to write Y}* instead of (e,,, Y¢). Given such a controlled rough path
Y, it is then natural to define its integral against any component X* by

t
7 = / Y,dX! = lim Z Z YU (X, 5, wi) (4.35)
0

|P|—=0
[r,s]eP |w|<N-1

where wi denotes the concatenation of w with the letter <. It turns out [Gub10, HK15]
that Z can be lifted as controlled rough path Z in the sense of Definition 4.18. It
suffices to set Z? = (eg, Z4) = Zy,

def

(ew @€, Ze) =Y¢,

and Z;" = 0 for all non-empty words w that do not terminate with the letter :.

4.6 Stochastic sewing

We saw in Theorem 4.10 that suitably controlled integrands, such as F(B), F' € C}
can be integrated against a Brownian rough path B = (B, B), as constructed in
Chapter 3. In this case (see the proof of Theorem 4.4) one applies the sewing lemma
with =(s,t) = F(Bs)Bs: + DF(B;)B,, crucially using that 6= is of order
3a = 1+¢ > 1, in the sense that [0Z,| < |t — s|'T¢ uniformly over s < u < ¢
in [0, 7). We leave it to Chapter 5 to reconcile this construction a posteriori with
classical stochastic integration. In the present section we show that stochastic and
rough analysis can also be combined a priori; the resulting stochastic sewing lemma
obtained by K. L€ in [L&18] has proved very useful in a number of recent applications.

The setting is similar as in the sewing lemma, but the to-be-sewed two-parameter
function = is now a sufficiently integrable random field. As running example,
consider the Itd left point approximation =, = F(B,)B;,. With this choice
of = (i.e. without the term DF(B;)B; ;), classical sewing fails since §=5 ,; =
—F(B)s,4 By, 1s at best of order 2cc < 1. Note however that the martingale property
of Brownian motion makes this problem disappear upon inserting a conditional
expectation. Indeed, writing E; for the conditional expectation with respect to F for
some fixed filtration F = (F; )< such that B is F-adapted we have, always with
s<u<t,

ES(SEsut - EsEuégsut - _Es (F(B)smEuBuﬂt) =0.

This is of course very similar to the reason why classical It6 integration works: even
though = , is of size about |t — s|1/ 2 50 that there is no reason a priori to believe that
Riemann sums converge, they do so thanks to the stochastic cancellations encoded in
the fact that E; = ; = 0. The idea now is to obtain a version of the sewing lemma
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which combines the “best of both worlds”: its assumptions should be strictly weaker
than those of Lemma 4.2 and it should exploit improvements from situations in which
the conditional expectation of an expression is much smaller than the expression
itself.

Throughout this section, we assume that we are working with L? random variables
on a filtered probability space (2, (F;)o<t<7,P) and we write L? for the space of
F,-measurable square integrable random variables. We also write as usual || X || ;> =
(EX?)'/2 1In fact, using the Burkholder-Davis—Gundy inequality, it is not difficult
to extend the following results to an L? setting with 2 < g < oc.

Proposition 4.19 (Stochastic Sewing Lemma). Let (s,t) — =, € L? for 0 <
s <t < T be continuous (viewed as a map with values in L?) with Ze = 0 for
all t. Suppose that there are constants 11,15 > 0 and €1,e5 > 0 such that for all
0<s<u<t<T,

165 utllze < Iift — |7t (4.36)

and
IEs0Zsutllz> < Iolt — s]*te2, (4.37)

Then there exists a unique continuous (again as a map [0, T| — L?) process t —
X; € L% with Xy = 0 and a suitable constant C' such that, forall 0 < s <t < T,

X — Xy — Zayllze < CLyjt — s|2751 4 CLyt — 't (4.38)

and

|Es(X: — Xo — Zo)||z2 < CLat — s o2, (4.39)

Proof. (Uniqueness) Assuming there are two adapted processes X, X with the stated
properties (4.38) and (4.39), we show that A; := X; — X; = 0 almost surely
for every t. Let n be a positive integer and set ¢; = ti/n. The abusive notation
X, := X, 1,,, and similarly for A and = is convenient. Note that L? estimates for
A = (X; — &) — (X, — 5)), as well as Ei, A; are immediate from (4.38) and
(4.39). We have

n—1 n—1
A=A —E A) + 3 Ep A = A 4+ AP
=0 =0

which is nothing but Doob’s decomposition of the partial sum process ), A; into
martingale and predictable component. Using the orthogonality of martingale in-
crements, L2-contraction property of the conditional expectation, and (4.38), we
have

n—1

1A% |L2=(Z||A ~E, A ||L2)%<2(ZHAHLQ)%

1/2 1 1/2+€1
< B -
<n (n> |
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Since n is arbitrary, it follows that Ail) = 0 a.s. The same conclusion for AIEQ) is
immediate from the triangle inequality and (4.39), since

2) A
A < E; A; <n-|- .
14205 < 3 LA 50 ()

(Existence) The proof follows the “dyadic refinement” proof of the sewing lemma
given earlier. Fix 0 < s < t < T and consider dyadic refinements (¢¥) of [s, ¢, so
that the kth level approximation is given by

2k_q

kE _ = 2
Is,t = E Sthtk eLi.
i=0

. . . k k; k. - . ol .
With midpoint u € [t7,t7, ] and, for fixed k, 65 := 055 ¥ 1, » We again work
with the Doob decomposition

2k_q
T (IR = AR (4.40)
=0

Arguing as in the uniqueness part, the first (resp. second) term is estimated (in L?)
with (4.36) (resp. (4.37)) and one arrives at

||I§j1 _ If,tHLQ 5 |t — S|%+512—k81 + |t _ S|1+g22_k€2 -

which implies existence of I, ; := limy_, o, I f,t in L%,uniformly m0<s<t<T,
with a local estimate of the form (4.38) with X, — X, replaced by I, ;. (By assumption
=, and hence all I”, are L?-continuous, and so is the uniform limit I.) Moreover,
since E 1 fjt(l) = 0, for all k, a better estimate, of the form (4.39), is obtained for
E I = limp_ oo EsI ft Atlast, as in the “dyadic” proof of the deterministic sewing
lemma, one needs to argue that [ is additive, a non-trivial exercise left to the reader,
and hence the increment of a unique L>?-path I started from Iy = 0 which is nothing

but the desired square-integrable process X = X (¢t,w). O

4.7 Exercises

Exercise 4.1 a) In the setting of Young integration, deduce (4.3) from (4.2).
b) Show that there is a constant C' depending only onT' > 0 and o + 3 > 1 such

that )
/ YdX
0

In fact, show that C can be chosen uniformly over T € (0, 1].

< C(\YO| + Hyllﬁ;[O,T]> 1 X M| s 0,7 (4.41)
«;[0,T]
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Solution. a) Given X on [s,t], define X : [0,1] 3 u — X(s +u(t — s)) and
verify ||XHQ;[071] = |t— s|ﬁ||XHﬁ;[sﬁt]. Proceeding similarly for Y, applying
(4.2) to X, Y then gives (4.3).

b) Write Z for the indefinite integral. From (4.3), forevery 0 < s <t < T,

|Zotl < 1Vl Xatl + CIY [l gygo | X g It = 51777
< (|Y0\ + ||YHB;[O,T]T6) | Xl + CHYHB;[(),T]HXHa;[O,T]TB‘t — /"
< (Mol + Wl o,y 721+ OV 1X oyt = 51
< V) (1+ OVl + IVl g0, | 1X ot — 517
and this entails the claimed estimates.

Exercise 4.2 Let X = (X,X) € ¢°([0,7],V), a € (3,3]. and assume that
F .V — L(V,W) is of gradient form, i.,e. F = DG where G : V. — W is

sufficiently smooth, say Cg’. Show that the relation
t
[ Peoix = 6ex) - 6(x),

holds true whenever X is a geometric rough path. (Hence, from a rough path per-
spective, integration of gradient 1-forms against geometric rough paths is trivial for
the outcome does not depend on X.) What about non-geometric rough paths?

Exercise 4.3 Complete the first “dyadic” proof of the sewing Lemma 4.2.

Solution. To show that (4.9) is valid for all intervals [s,¢] C [0, 1] it suffices to
consider s < t dyadic by continuity. As in the proof of the Kolmogorov criterion,
Theorem 3.1, we consider a (finite) partition P = (7;) of [s, t], which “efficiently”
exhausts [s, t] with dyadic intervals of length ~ 27" n > m, in the sense that no
three intervals have the same length. Note that | P| = max {|v — u| : [v,u] € P} =
27™ < |t — s| (and in fact ~ |t — s| due to minimal choice of m). Thanks to the
additivity of I and (4.9) for dyadic intervals,

|Is,t - Es,t| = ‘ Z (Iu,v - Euﬂ)) - (Esﬂf - Z Eu;u)

[u,w]€P [u,v]€P
S Z lv—ul® + <Es,t - Z Eu,v).
[u,v]eP [u,v]eP

oo
S |t - S|B + |5Es,'rg,t‘ + Z |5Es,7',(,i+1),7'_,; =+ 5571'77'1‘4-1,75
=0

bl

where the sum is actually finite. Possibly allowing equality (‘“7; = 7;41” for some ),
we may assume |7;41 — 7| = |T,Z- — T_(H_l)’ < 1/2™F so that
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oo (oo} ) )
t—7il =D I =7l S Y 1/27H ~1/2m
j=i =i

and similarly, |[7_; — s| < 1/2™%. As a consequence, one obtains

o0
Z ‘655”&(1'4-1):7—1‘ + 55T¢,Ti+1,t’ 5 2 Z (1/2n)ﬂ ~ l/zmﬂ ~ ‘t - S|I8 >
=0 n>m

sothat |I,; — 55| S|t — s|?, as required.

Exercise 4.4 Adapt the proof of Theorem 4.4 to obtain Young’s estimate (4.3).

Exercise 4.5 Fix o € (0,1],h > 0 and M > 0. Consider a path Z : [0,T] -V
and show that

Zs
1Zlq;n = sup | ”t|a <M = |Zllop0m < M(IV%%FQ))
T g<s<t<r |t — 5 5[0,
t—s<h

Solution. By scaling it suffices to consider M = 1. Fix 0 < s <t < T, we need
to show |Z, ;|/|t — s|” is bounded by 1 V 2h*~L. There is nothing to show for
[t — s| < h. We therefore assume h < |t — s| and define t; = (s + ih) A ¢, for
i=20,1,... noting that t y = ¢ for N > |t — s|/h and also t; 1 — ¢; < h for all 4.
It then suffices to estimate

|Z87t| < Z |Zti»ti+1|

0<i<|t—s|/h
<h*(1 4|t —s|/h) = A L (h + |t —s]|) < 27|t — s].

# Exercise 4.6 (Lyons extension theorem) a) Let X € C'([0,7T],V), so that the
Lipschitz seminorm || X ||1 is finite, and consider the n-fold iterated (Riemann—
Stieltjes) integral with values in V ®",

)

XQ?:/ dX®-- ®dX .
s<ti1<..<tp,<t

Show that, with Cl' = X, and for all 0 < s <t < T,
XY < Cull Xt~ s

b) Show an analogous result in the Young case i.e. when X € C*([0,T],V),a > 1.

¢) Fix X = (X,X) € €*([0,T],V),« € (3, 3], and define Xg"t) e VO any
n > 1, by the right-hand side above, via iterated integration of controlled rough
paths. Noting (XM, X)) = (6 X, X), define the T™) (V)-valued extension of
X by

X := (1, XM x@ x® XMy,
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for any integer N > Léj = 2. Show the validity of Chen’s relation, i.e. X, ; =
Xsu ®Xyt, 0<s<u<t<T, asequation in T(N)(V), and the estimate

X% < Coa

IX[lalt = |,

Jfor0 < s <t<Tandn =1,...,N. Show that these properties uniquely
determine X, called (level-N) Lyons lift of X. Show that Lyons’ extension map

X — X is continuous in the appropriate rough path spaces. Is X geometric when
X is?

Hint: Use induction for the analytic estimate. To get started, note (X;., X,.) €
23 ([s, t]) and, with all norms on [s, t], one has || X5 ., Xs.|l2a.x = [| X5/l +
[R* |20 = [| X [la + [X|20. Then

t 1 1
x®) = / X,. ®dX = / Xor ® dX, = c3/ Xo.r @ dX,
s 0 0

in terms of X : 7+ X(§+T(t— S)A) noting | X/ asjo.1] = X[l ass,e) [t —5[% =t ¢,
and then “unit size” X = 0,,.X, with “< 1-estimate” for the final rough
integral.

Remark: One knows that C; , is of order 1/(na)! = 1/I'(na+1) as a consequence
of the Lyons—Hara—Hino neo-classical inequality [Lyo98, HHI10]. For continuity of
the extension map, uniform over n. € N, see also [LX13]. For extensions to branched
rough paths see [Gubl0, Boel8].

Exercise 4.7 Show that the assumption on' Y € 93%* can be weakend to'Y €
229 o < q, provided o + 20/ > 1, and reformulate Theorem 4.10 accordingly.
In particular, show that the estimate (4.22) holds upon replacing the final factor
It — s by |t — s|*"*, and |[Y'||a (resp. [|RY ||20) by | Y ||ar (resp. | RY [|2ar).

x+ Exercise 4.8 (Approximation of controlled rough paths) Ler o € (£,1). As-
sume X € C® and (Y,Y') € 22 Consider smooth approximations X. such
that X. — X in C®. Show that there then exist smooth paths

(Yo, Y]) € 2%

such that (Y2, Y!) = (Y, Y") uniformly with uniform bounds in 2%". By interpola-
tion, for any o/ < a,

HYE/ - Y/”a’ + HRYE - RY”Qa’ — 0.

(Such an approximation result was first suggested in [GHI19, Rem 5.5], for a general-
isation to modelled distributions in the theory of regularity structures see [ST18].)

Solution. Let® : C* x C* — C2* be the map constructed in part a) of Exercise 2.14.
Set Z := (Y, X) € C2* and also Y := Z,. € C*. From the properties of @
(“Chen’s relation”)
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Yt = Yé + Y:g/Xs,t + Zs,t
which shows (Y,Y”) € 222, On the other hand, (Y,Y’) € 23 means that Y; =

Yo + Y/ X1+ Rgft with remainder of order 2. Upon taking the difference we see
that I" := RY — Z € C3* can be written as

Yt*)/s*(ift*)?s)zlﬁs,t

which identifies I" as the the increment of a path; we write I € C2% accordingly. Let
1. be an approximation of the identity so that

Y=Y x4 € C™

converges uniformly, with uniform «-Holder bounds, to Y”. (By interpolation, this
entails convergence in C® .) On the other hand, thanks to part c) of Exercise 2.14,

Yo :i=®(Y/,X.)o,. €C',

and also, thanks to the first part of that theorem, with R® := &(Y., X.), uniformly
in C2©,
Yo(t) = Yo(s) + Y. (s)Xo(s,t) + RS, -

By continuity of @, it is clear that R° — ®(Y”, X) € C2%, uniformly, with uniform
2a-Holder bounds. (As before, this entails C3% -convergence.) It remains to deal with
the (mostly cosmetic) problem that Y. is not smooth. But then Y, := Y, x ¢, € C*®
converges uniformly with uniform 1~ -Hd6lder bounds and from

RS, =Yo(s,t) = Y/(s)Xc(s,t) = Ry, + Yo(s,t) — Ye(s, )

we see that R — R — 0 uniformly, also with uniform 1~-Holder bounds (and
hence R — &(Y', X) with uniform 2a-Holder bounds).

Exercise 4.9 For a € (3, 3), consider the space € x 2** as in Remark 4.8
endowed with the distance

d(X, (Y, Y/); X, (Y7 YI)) = 0a(X, X) + Y, Y’ Y/v ?I”X,X,Za ’

see (4.28). Show that this space is homeomorphic to €% x (C** & C%). (Here, C**
denotes the usual space of 2a-Holder functions in one variable. See also [TZ18,
BH19] for generalisations of this statement.)

Solution. As in the solution to the previous exercise, we can use the Lyons—Victoir
extension theorem (see Exercise 2.14), to find a continuous map Z: €< x C* — C¢
with the property that Z = Z(X,Y’) satisfies (Z,Y’) € 23%*. (One should think
of Z(X,Y”) as being a “plausible candidate” for [ Y, dX,, which is of course
ill-defined since we do not assume that Y is controlled by X.)

In particular, the map Z: (X,Y,Y") — (X, Y +Z(X,Y"), Y’) is continuous
from € x (C%* @ C%) to € x 2. Its inverse map is given by
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(X7 Y7 Y/) = (X7 Y - I(Xv Y/)v Y/) 5

which concludes the proof. Note that this construction is far from being canonical
due to the lack of a canonical map Z having these properties.

Exercise 4.10 (Rough Fubini) Ler X = (X,X) € €*([0,7],V),a > % and con-
sider a measurable map from some measure space (£2, F, j1) to 93, so that

{we Y[+ 1Y, (V) [l2a,x} € LN (2, F, ).

With a pointwise definition of the pi-integrated controlled rough path on the right-hand
side, show that both sides are well-defined and equality holds,

/Q ([(W,(Y“)’)dx)u(dw) ZAT(/Q(Y“’,(Y“)’)M(dw))dX

Exercise 4.11 (Rough Fubini d’apres [GH19])

a) As a warmup, consider a real-valued cadlag path X of bounded variation on
[0, T, so that integration of caglad integrands against dX can be understood
equivalently in Lebesgue or Riemann—Stieltjes sense. Write [X|; for the sum-
square of all jumps at times in (0,t]. Given two real-valued caglad paths Y, Y,
set Zgy := Ys?t and show

T t T T T
/ / Zs,thstt = / / Zs,ththS + / Zt,td[X]t.
0 0 0 s 0

Hint: Apply the integration by parts formula for bounded variation paths to the
indefinite integrals of Y and Y against X.

b) Let now X = (X,X) € €°([0,T)) for some o > 1/3, and (Y,Y"),(Y,Y") €
D3, Set Zs y := Y5 @ Y. Show that

T T T T
/ / Zs1dXsdXy = / / Zs 1 dXdX s +/ Z1d[X]y,
o Jo 0 Js 0

where the final integral is a Young integral against [X] € C?®, the bracket
introduced in Exercise 2.11.

Hint: [f X is the canonical lift of some smooth X, then both [ X| and [X] vanish
and the equality follows from part a) and consistency of rough with Riemann—
Stieltjes integration in case of smooth integrators. Treat the case of X € ¢*
with the approximation result of Exercise 4.8 and then X € € as “second level
perturbation”, as in Exercise 2.11.

Exercise 4.12 (Singular rough paths, improper rough integration [BFG20])

a) (Young case) Consider 0 < o < 1 and n < «aand a path'Y defined on (0, T].
Show that
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. Y, —
Yl “ su 7|t Yl < 00
I m = p

0<s<t<T 8Tt — s]@

if and only if ||Y || ;e 1) = O("%) as € | 0, and write Y € C*"((0,T1) for
the resulting class of “singular” Holder paths. Fix X € C*([0,T]),a > 1/2
and assume n + o > 0, n # 0. Show that the improper Young integral

t t
Z, = YdX"éflim/ YdX, 0<t<T,
o+ el0 Je

exists and defines a singular Holder path Z € C*""0F<((0,TY).

Hint: For a start, apply the Young estimate

t
y/ YdX| < |Ye||t — s

a;s,T) |t - S|2a

with s = 2= tD ¢ = 97" and show that I, = fZT,n YdX is a Cauchy
sequence.

b) (Rough path case) Let X = (X,X) € €%(]0,T)) for some o > 1/3, and let
(Y,Y') be defined on (0, T so that, for some n < 2a,

1Y, Y|l x 205e,1) = O("72%), € L 0.

Show that this estimate is equivalent to finiteness of

ef Y, —-Y! Y. —Y. -YV'X
I,V xoan 2 sup Yol gy Fiz¥o Vool
T ogs<esr ST — 5|2 sn—2at — g[2a

0<s<t<T
and write (Y,Y') € @)2(0"7’ for the resulting class of singular controlled rough
paths. Show that under this condition, provided that —a < n < 2a and n # 0,
the improper rough integral

Zy = de “ lim / YdX,
el0
exists and deﬁnes a singular Holder path Z € C*""\9%2((0,T)). In fact, show
that (Z,2') := ([, YdX,Y) € € 23T (Such singular controlled rough

paths are examples of singular modelled distributions in the theory of regularity
structures, [Hail4b, Ch. 6].)

Exercise 4.13 Check that Definition 4.18 is consistent with Definition 4.6 in the case
when o € (3, 2] Check also that if one takes w = @, the empty word, then (4.34)
reduces to (4.33) with |RY | < |t — s|V.

Exercise 4.14 (From [Lé18]) Let B be a Brownian motion. Assume F' is bounded
and e-Holder continuous for some € > 0. Apply the stochastic sewing lemma with
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Zs.1 = F(Bs)Bs, and identify the resulting process X as the indefinite It6 integral
J F(B)dB.

Exercise 4.15 (Hybrid stochastic rough integral) Let B be a Brownian motion
and X = (X,X) € €%([0,T),V) a (deterministic) rough path, « € (%, 1]. Apply
the stochastic sewing lemma with

Es,t = F(Bs + Xs>Xs,t + DF(BQ + Xs)Xs,t

to define the stochastic rough integral
/F(Bt + X)dX; .

Detail the assumptions on F. Since [ F (B, + X,)dB, is automatically well-defined
as Ito integral this settles integration against “B + X”.

Exercise 4.16 (Mild sewing, [GT10, GH19]) Consider a strongly continuous semi-
group (St)i>0 acting on a scale of Hilbert spaces (H, : o € R) with H, C Hg
densely whenever « > f3, such that, for all « > 8 and v € [0, 1], one has

ISeullm, S 7 ullm, . Seu—ullm,, S Elulm, . (4.42)

uniformly overt € (0,1] and w € Hga. (This situation is typical when S is an analytic
semigroup, for example generated by a self-adjoint operator, cf. Section 12.2.2.) We
define C3'" ([0, T], Hy) as functions = from the simplex {0 < s < t < T} into H,
such that R

IZ1ly + 105 < 00,
where we used the modified second order increment operator

—

5= - S .= =
—su,t +— —s,t = Pu,t—su - —u,t -

a) Let 0 < v < 1 < p. Show that there exists a unique continuous linear map

<
T:CY™([0,T], Hy) — C([0,T), Hy) such that (T=)o = 0 and
(ZZ) st — Setllm, S|t —s|™ (4.43)

Hint: (IE)S,t = 11m|7>“>0 Z[u,v]ep StfvEu,lh
b) If in addition 6=, 1y = Sy—mZu,m,v for some H-valued function = =
E(u,m,v), with0 < u < m < v < T, for which there exists M > 0 with

Héu,m,v”Ha < Mfv — m|u—1|v —u

, (4.44)
then for every 3 € [0, u) the following inequality holds:

IZZ5t = SsitlHars S Mt —s[*~7. (4.45)
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Exercise 4.17 (Rough convolution, [GT10, GH19]) We continue in the Hilbert/
semigroup setting of Exercise 4.16 and fix o« € R. Consider a rough path X =
(X,X) € €7([0,T],R?) for some v € (1/3,1/2] and take d = 1 for notational
simplicity only. In the semigroup setting of the previous exercise, write Y € C"H, if
Y 1 [0,T] = Hg with |[Y|]).,, := sup % < o0, where 85y =Y, — S;_ Y.

We say that (Y,Y') € @;:’X([O, T), H,) and call it a mildly controlled rough path if
(Y,Y') € C"H, x C'H, and

RY, :=0Ysy — S Y/ Xss, (4.46)

belongs to C3" H,. With |, Y% 2y = 1Y 150 + | RY ||2:0 @ seminorm is
defined on 9;7)(. We show that mildly controlled rough paths are stable under rough
convolution.

a) Apply the modified sewing lemma of Exercise 4.16 to show existence of the rough
convolution integral

t
/ Sy_uYudX, = im > S W (YaXuw + VX, (4.47)
S

1
P|—0
[u,v]€P

exists as an element of C'H, and satisfies for every 0 < 8 < 3~:

t
H / St—uYuqu - St—s}/sXs,t - St—sYZXs,t (448)

‘HaJrB

< (IR N2yl X lly + 1Y 150 X2y ) [ = 27

b) Show that the map (Y,Y') = (Z,2') := ( [, S.—uYudX,,Y) is continuous
Sfrom 927)(([0, T|,H,) to 927)(([0, T), H,) and one has the bound:

||Z7 ZIHS\(,Z'y;a S.z ||Y||<\/,a + (||}/O/HHC¥ + H(Y7 Y/)”;\(,Q'y;a)(HX”“/ + ||XH2’Y)
(4.49)
¢) Make the (notational) adjustment to handle general d € N.

Exercise 4.18 (Integration against step-N rough paths) Any path X : [0,T] —
Tl(N) (Rd) gives rise to increments XS_1 ®Xy =: X, 1 s0 that Chen’s relation becomes
a tautology. Assume also |(Xs,w)| < |t — s|1®l|w| < N = [1/a. (These
are the naive higher order rough paths introduced in Section 2.4.) Show that the
rough integral ['Y dX defined as in (4.35) is well-defined and detail its structure.
(Naive rough paths are ill-suited to integrate f(Y) with regular but non-linear f, in
Section 7.6 this is resolved for geometric rough paths.)
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4.8 Comments

Young integration [ You36], which can be seen as level-1 rough integration, was a key
inspiration for the analytical aspects of Lyons’ rough integration [Lyo94, Lyo98],
and has remained the “entrance test” for every subsequent (re)interpretation of rough
integration, including [Gub04, FALPO06, Pic08, HNO09, GIP15, GIP16, FS17]. From
a harmonic analysis perspective, the here presented Young integration in Holder
scale implies that the product of smooth functions extends naturally to C® x C~
into D’(R) if and only if 3 > «. Similar statements, replacing one-dimensional
space ([0,7] C R, “time”) by R? are well known, cf. e.g. [BCD11, Thm 2.52]
and Theorem 13.18 later on in the book. Young (and later rough) integration is
naturally formulated in p-variation scale, examples with p < 2 are plentiful and
range from Schramm-Loewner trace [Wer12, FT17], fractional Brownian motion (cf.
Section 10.3) with Hurst parameter H > 1/2 to Lévy processes and homogenisation
problems [CFKM19]. Of course, p = 27 is the correct scale for semimartingales,
also in the cadlag setting, see Section 3.8. The sewing lemma, obtained independently
by Feyel-De La Pradelle (in an early version of [FALP06]) and Gubinelli [Gub04],
formalises abstract Riemann—Young integration and is a flexible real analysis lemma,
with many variations found in [FDMOS, GT10, BL19, Yas18, GH19, GHN19] and
also [FS17, FZ18] for a sewing lemma, and subsequent integration theory, with
jumps. An application of sewing to level sets in the Heisenberg group is given
in [MST18]. The applications of L&’s important stochastic sewing lemma [LE18],
Section 4.6, include regularisation by noise [L&18], the construction of rough Markov
diffusions [FHL20] by solving hybrid Itd6-rough differential equation in the spirit
of Section 12.2.1, and an averaging result for SDEs driven by fractional Brownian
motion [HL19].

Integration of one-forms against continuous p-variation geometric rough paths for
any p € [1,00) was developed by Lyons [Lyo98]; see also [LQ02, LCL07, FV10b,
LY15]. For a careful discussion of the integration of weakly geometric rough paths
in infinite dimensions we refer to Cass et al. [CDLL16].

Rough integration against controlled paths is due to Gubinelli, see [Gub04]
where it is developed in an a-Holder setting, o > % Loosely speaking, it allows
to “linearise” many considerations (the space of controlled paths is a Banach space,
while a typical space of rough paths is not). This point of view has been generalised
to arbitrary « (both in the geometric and the non-geometric setting) in [Gub10],
see also [HK15, FZ18]. Rough convolution, Exercise 4.17, follows [GT10, GH19],
crucial for “mild” RPDE solution, cf. Section 12.5.

The controlled rough path integration point of view can be pushed even further
and, as a matter of fact, the theory of regularity structures developed in [Hail4b] and
exposed in Chapter 13 onwards, provides a unified framework in which the Gubinelli
derivative and the regular derivatives are but two examples of a more general theory
of objects behaving “like Taylor expansions” and allowing to describe the small-scale
structure of a function and/ or distribution in terms of “known” objects (polynomials
in the case of Taylor expansions, the underlying rough path in the case of controlled
paths).



Chapter 5
Stochastic integration and It6’s formula

In this chapter, we compare the integration theory developed in the previous chapter
to the usual theories of stochastic integration, be it in the It6 or the Stratonovich
sense.

5.1 1to6 integration

Recall from Section 3 that Brownian motion B can be enhanced to a (random) rough
path B = (B, B). Presently our focus is the case when B is given by the iterated Itd
integral !

t
B, = ]Ba};f)t il / By, ®dB,

and the so enhanced Brownian motion has almost surely (non-geometric) a-Holder
rough sample paths, for any a € (1, 1). Thatis, B(w) = (B(w),B(w)) € € for
every w € N7 where, here and in the sequel, N;,7 = 1,2, ... denote suitable null
sets. We now show that rough integrals (against B = B'®) and It6 integrals, whenever

both are well-defined, coincide.

Proposition 5.1. Assume (Y (w),Y'(w)) € 9]23‘@) for every w € N§. Set N3 =
Ny U Ns. Then the rough integral

n—oo

T
/ YdB = lim > (YuBu,+Y,Buy)
0 [u,v]E€P,

exists, for each fixed w € N§, along any sequence (Py,) with mesh |P,| 1 0. If Y, Y’
are adapted then, almost surely,

T T
/ YdB = / YdB .
0 0

! The case when BB is given via iterated Stratonovich integration is left to Section 5.2 below.

89
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Proof. Without loss of generality 7' = 1. The existence of the rough integral for
w € Ng under the stated assumptions is immediate from Theorem 4.10, applied
to Y (w), controlled by B(w), for w € N fixed. Recall (e.g. [RY99]) that for any
continuous, adapted process Y the Itd integral against Brownian motion has the
representation

1
YdB = lim Z YyBy., (in probability)

0 n—oo
[u,v]€P,

along any sequence (P,,) with mesh |P,| | 0. By switching to a subsequence, if
necessary, we can assume that the convergence holds almost surely, say on V. Set
N5 := N3 U N4. We shall complete the proof under the assumption that there exists
a (deterministic) constant M > 0 such that

sup [V (w)],, < M .
wENE

(This is the case in the “model” situation Y = F(X),Y’ = DF(X) where F was
in particular assumed to have bounded derivatives; the general case is obtained by
localisation and left to Exercise 5.1.)

The claim is that the rough and It6 integral coincide on Ng. With a look at the
respective Riemann-sums, convergent away from N, basic analysis tells us that

Vwe N¢: T lim Y YiBu,,
" [ualep,

and that this limit equals the difference of rough and Itd integrals (on N¢, a set of
full measure). Of course, |P,| | 0, and to see that the above limit is indeed zero (at
least on a set of full measure), it will be enough to show that

> YiBuo

[u,v]€P

—o(|P]) . (5.1)

2
L2

To this end, assume the partition is of the form P = {0 =79 < --- < 73 =1}
and define a (discrete-time) martingale started at Sy := 0 with increments Sy1 —
Sk = Y] B, 1., Since By, -,,|7. is proportional to |7441 — 7%|?, as may be
seen from Brownian scaling, we then have

2 N-—1 2 N-—1
S ViBuo| =3 Sk —SK)| =D 1Sk — Skl
[u,v]€P L2 k=0 Lz k=p
N—-1
<MY By |7, = O(P))
k=0

as desired. O
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5.2 Stratonovich integration

We could equally well have enhanced Brownian motion with

t
. s 1
B = / By ®0dB, =B, + 5(t —s)I.

Almost surely, this construction then yields geometric a-Holder rough sample paths,
forany o € (%, %) Recall that, by definition, the Stratonovich integral is given by
T T 1
/ YodB< | YdB+ Z[Y,B],
0 0 2

whenever the It6 integral is well-defined and the quadratic covariation of Y and
B exists in the sense that [Y, B, := lim|p|_, Z[ Yi0Bu,v exists as limit in
probability.

In complete analogy to the It case, we now show that rough integration against
Stratonovich enhanced Brownian motion coincides with usual Stratonovich integra-
tion against Brownian motion under some natural assumptions guaranteeing that
both notions of integral are well-defined.

u,v]€P

Corollary 5.2. As above, assume Y = Y (w) € Cy,, for every w € Ng. Set
N3 = Ny U Ny. Then the rough integral of Y against B = BS™" exists,

T
YdB = lim > (V,By,+YB).

O n—oo
[u,v]€PR

Moreover, if Y,Y' are adapted, the quadratic covariation of Y and B exists and,

almost surely,
T

T
YdB:/ Y odB.
0 0

Proof. B = BY, + f.+ where f(t) = %1d. This entails, as was discussed in
Example 4.14,

1 1 1
/ Y dBS"™ = / Y dB" + / Y'df.
0 0 0

Thanks to Proposition 5.1, it only remains to identify 2 fol Y'df = [, 01 Y/ dt with
[Y, B];. To see this, write

S VuuBuw= Y. ((Yi,Buw)Buw+ RuwBuy)
[u,v]€P [u,v]€P

- ( Z Yii,v(Bu,v & Buﬂ))) +O(|rp|30z—1) 7
[

w,v]EP
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where we used that Y Ry, , By, = O(\P\ga_l) thanks to R € C3% and B € C°.
Note that

Buw ® By =2 Sym (B™) =2 Sym (B\°,) + (v — u)1.

We have seen in the proof of Proposition 5.1 that any limit (in probability, say) of

l 1o
Z Yu,u]Bu,v
[u,v]eP

1t6
uU,v

must be zero. In fact, a look at the argument reveals that this remains true with B
replaced by Sym (B, ). It follows that

1
g, 32 Vaobeom (35 vi0-w) = [
[u.v]€P [u,v]€P 0

thus concluding the proof. 0O

5.3 Ito’s formula and Follmer

Given a smooth path X : [0,7] — V andamap F : V. — W in C}, where V, W are
Banach spaces as usual, the chain rule from classical “first order” calculus tells us
that

t
F(X;) = F(Xy) +/ DF(X,)dX,s, 0<t<T.
0

Unsurprisingly, the same change of variables formula holds for geometric rough
paths X = (X, X), which are essentially limits of smooth paths, and it is not hard
to figure out, in view of Example 4.14, that a “‘second order” correction, involving
D?F, appears in the non-geometric case. In other words, one can write down Itd
formulae for rough paths.

Before doing so, however, an important preliminary discussion is in order. Namely,
much of our effort so far was devoted to the understanding of (rough) integration
against 1-forms, say G = G(X) and indeed we found

/G(X)dX ~ > (G(Xs)Xs,t +DG(X5)Xs,t)
[s,t]eP

in the sense that the compensated Riemann-Stieltjes sums appearing on the right-
hand side converge with mesh |P| — 0. Let us split X into symmetric part, S5 ; :=
Sym (X ;), and antisymmetric (“area”) part, Anti (X, ;) := A, ;. Then

DG(XS)XS’t == DG(XS)SS’t + DG(XS)ASJ
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and the final term disappears in the gradient case, i.e. when G = DF'. Indeed, the
contraction of a symmetric tensor (here: D2 F') with an antisymmetric tensor (here:
A) always vanishes. In other words, area matters very much for general integrals
of 1-forms but not at all for gradient 1-forms. Note also that, contrary to A, the
symmetric part S is a nice function of the underlying path X. For instance, for Itd
enhanced Brownian motion in Rd, one has the identity

t
s = [ Bldni =5 (BBl - 090 -9) . 1<ig<d.

These considerations suggest that the following definition encapsulates all the data
required for the integration of gradient 1-forms.

Definition 5.3. We call X = (X,S) a reduced rough path, in symbols X &
%>([0,T1,V), if X = X, takes values in a Banach space V, S = S, ; takes values
in Sym (V ® V'), and the following hold:

i) a “reduced” Chen relation
Ss,t - Ss,u - Su,t = Sym (Xs,u 0y Xu,t) s 0 < 57ta u < T s

ii) the usual analytical conditions, X,; = O(|t — s|*), Sy, = O(|t — s|**), for
some o > 1/3.

Clearly, any X = (X,X) € ¢%([0,T],V) induces a reduced rough path by
ignoring its area A = Anti (X). More importantly, and in stark contrast to the general
rough path case, a lift of a path X € C* to a reduced rough path can be trivially
obtained via its square-increments %X st @ X +. We have the following result.

Lemma 5.4. Given X € C° o € (1/3,1/2], the “geometric” choice S,; =

%XS,t ® X, yields a reduced rough path, i.e. (X, S) € 6. Moreover, for any
2a-Hélder path ~ with values in Sym (V ® V'), the perturbation

- 1

Ss t = Ss,t + 5

)

1
<7t - '73) = §(Xs,t ® Xs,t + ’7871‘,)

also yields a reduced rough path (X,S). Finally, all reduced rough path lifts of X
are obtained in this fashion.

Proof. A simple exercise for the reader. 0O

The previous lemma gives in particular a one-one correspondence between S and
7. We thus formalise the role of ~.

Definition 5.5 (Bracket of a reduced rough path). Given X = (X,S) € €~(V),
we define the bracket

X]:[0,7] = Sym(V ® V)

def

t— [X], = Xot ® Xot — 280, -
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Note that, as consequence of the previous lemma, [X] € C?®. Furthermore, if one
defines
def

[X]s,t = Xst ®Xgp— 2554,
then one has the identity [X], , = [X], , — [X], , for any two times s, .

Remark 5.6. We already encountered [X] as a way to decompose X € € into a
geometric rough paths plus extra information (Exercise 2.11). Our motivation here is
different in that we explore that the fact that [X] requires no knowledge of the area
Anti (X) := A, a central object for rough path theory.

Remark 5.7. While this notion of bracket does not rely on any sort of “quadratic
variation”, it is consistent with the product (a.k.a. integration by parts) formula from
Itd calculus. Indeed, for any semimartingale X = X (¢,w), with Xy = 0 say, we
have

t t ‘ o
/ XldX7 + / XIdXi = X} X] — (X', XY, ; (5.2)
0 0
from a rough path perspective, the left-hand side is precisely Xéjt + X{)zt = QSé’ﬁ.
Proposition 5.8 (Ité6 formula for reduced rough paths). Let F' : V. — W be of
class C} and let X = (X,S) € €2([0,T],V) with o > 1/3. Then
t 1t
F(X;) = F(Xo) +/ DF(X)dXs + 5/ D*F(X,)d[X],, 0<t<T.
0 0

Here, writing P for partitions of [0, t), the first integral is given by*

t
/ DF(Xs)dXSﬁl 7ylm (DF(Xy,) Xy, +D*F(X,)Suu), (5.3)
0 —0

[u,v]€P

while the second integral is a well-defined Young integral.

Proof. Consider first the geometric case, S = S, in which case the bracket is zero. The
proof is straightforward. Indeed, thanks to a-Holder regularity of X with o > 1/3,
we obtain

F(Xr) - F(Xo)= Y (F(X,) - F(X.))

[u,v]eP
= 3 (PP X + g DPF(X) (X Xo)
[u,v]€P
+o(jv — u|))
-y (DF(XU)Xu,v + D2F(X,),Su + o(|v — u|)) .
[u,v]eP

2 Note consistency with the rough integral when X € €.
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We conclude by taking the limit [P| — 0, also noting that 3, ,1cp o(Jv — u[) = 0.
For the non-geometric situation, just substitute

= 1
Su,v = Su,v + Q[X]

Since D?F is Lipschitz, D F(X.) € C and we can split-up the “bracket” term and

note that
2p 2p
Y D2FR(X,) uﬁ/D X,)d[X], .

[u,v]eP

where the convergence to the Young integral follows from [X] € C?. The rest is
now obvious. O

Example 5.9. Consider the case when X = B, It6 enhanced Brownian motion. Then
Xis given by iterated It6 integrals and, thanks to the It6 product rule (5.2),

t
2% = /O (BidB’ + BYdB') = BiB] — (B', BY),
The usual It6 formula is then recovered from the fact that
[B]t BO t o t Séjt = <Bz B]> ="t

We conclude this section with a short discussion on Follmer’s calcul d’It6 sans
probabilités [F181]. For simplicity of notation, we take V = R%, TV = R® in what
follows. With regard to (5.3), let us insist that the compensation is necessary and one
cannot, in general, separate the sum into two convergent sums. On the other hand,
we can combine the converging sums and write

F(X)oe = Jim > (DF(Xu)Xuw + DF(Xu)Sus
[ v]eP
+5 Y DPRXIX,,) (5.4)
[u,v]€P
1
= lim (DF(Xu) X0+ 5 D2 F(X0) (X Xu))
|P|—0 uolep 2

We now put forward an assumption that allows to break up the above sum.

Definition 5.10. Let m = (P,),,-, be a sequence of partitions of [0, 7] with mesh

|P.| — 0. We say that X : [0, 7] — R? has finite quadratic variation in the sense of
Follmer along 7 if, for every t € [0,7] and 1 < 4, j < d the limit

[Xian]: = nlin;o Z (XZ;At - Xi/\t) (Xi/\t - Xz{mt)
[u,v]EPn
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exists. Write [ X, X|™ for the resulting path with values in Sym (Rd ® Rd), i.e. the
space of symmetric d X d matrices.

Lemma 5.11. Assume X : [0,T] — R? is continuous and has finite quadratic
variation in the sense of Follmer, along = = (Py),~,. Then the map t
(X, X7 is of bounded variation on [0,T) and, for any continuous G : [0,T] —
L£®(R? x R?,R?),

t
Tim Y ) (K Xu) = /0 G(u)d[X, X]" € R .
[um]etpn
u<

Proof. For the first statement, it is enough to argue component by component. Set
[X]™ .= [X?, X" By polarisation,

x4, X9]7 = L [X 4 X)X - (X0

Since each term on the right-hand side is monotone in ¢, we see that ¢ — [X i, X7 ]:
is indeed of bounded variation.

Regarding the second statement, it is enough to check that, for continuous g :
[0,7] — Rand Y of finite quadratic variation, with continuous bracket ¢ — [V},

t
. 2 T
n11_>moo E g(u)Yu’v_/O g(u)d[Y],. (5.5)
[u,v]et'Pn
u<

Indeed, we can apply this for each component, with g = Gf ; and
Ye{(X'+X7), X" X},
which then also gives, by polarisation,
> GEi(u) —>/ GFi(wd[X", X"
[u,v]€P,
u<t

To see that (5.5) holds, write 37, 1cp, ot 9(U Y2, f[o " w)dpiy, (u) with

Hn = Z YuQ,U 5u

[u,v]€Pn,u<t
Note that i, is a finite measure on [0, ¢) with distribution function

F()—Mn Z

[u,v]€P,
u<s
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Asn — 00, Fy,(s) — [Y]] forany s < ¢ by continuity of Y. Pointwise convergence
of the distribution functions implies weak convergence of the measures ., to the
measure d[Y]" on [0, ¢), with distribution function the right-continuous modification
of [Y]™. Since g|jo+ is continuous, (5.5) follows. O

Combination of the above lemma with (5.4) gives the lt6—F6llmer formula,

F(X;) = F(Xo) /DF $)dX + = /D2 )X, X],, 0<t<T

(5.6)
where the middle integral is given by the (now existent) limit of left-point Riemann-
Stieltjes approximations

lim_ Z DF(X u,,_/DF
[u,v]€P,

In fact, we encourage the reader to verify as an exercise that this formula is valid
whenever X : [0,T] — R? is continuous, of finite quadratic variation, with ¢ —
(X, X ]: continuous. Note, however, that Follmer’s notion of quadratic variation (and
the above integral) can and will depend in general on the sequence (P,).

5.4 Backward integration

Given a Brownian motion B = By (w), one can define the backward Ito-integral
/ ftdBt :—hm Z feB st s
[s,t]€Pn

whenever |P,,| — 0 and this limit exists, in probability and uniformly on compact
time intervals, and does not depend on the sequence of partitions (P,,) of [0, T']. For

instance,
T
— 1 T
B,dB; = =B} + —.
/0 I L
In many applications one encounters integrands f = f;(w) that are backward

adapted in the sense that each f; is measurable with respect to the o-field 7/ :=
0(Byw 1t <u <wv <T).Forexample,
T T
— — 1 T
/ (Br — By) dB; :B%—/ B;dB; = ~B% — —
and we note (in contrast to the previous example) the zero mean property, which
of course comes from a backward martingaleA structure. Indeed, B; = Bpr — Br_,
is a standard Brownian motion, adapted to F; := }'77:_,5 and sois f; = fr_;. The
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backward integral can then be written as classical (forward) Itd integral

T T o
/ frdB; = / frdB,=1im > fBy,. (5.7)
0 0 n

[s,t]ePm

Also, by analogy with its forward counterpart, the backward Stratonovich integral is
defined as the backward It6 integral, minus 1/2 times the quadratic variation of the
integrand.

The purpose of this section is to understand backward integration as rough integra-
tion. To this end, recall that the “forward” rough integral of (Y,Y”) € 23* against
X = (X, X) was given in Theorem 4.10 by

T
/ YdX = lim VX + Y/ X, (5.8)
0 |P|L0 )
[s,t]eP

where P are partitions of [0, 7] with mesh-size | P|. Clearly, some sort of “left-point”
evaluation has been hard-wired into our definition of rough integral. On the other
hand, one can expect that feeding in explicit second order information makes this
choice somewhat less important than in the case of classical stochastic integration.
The next proposition, purely deterministic, answers the questions to what extent
one can replace left-point by right-point evaluation. In fact, it provides the natural
analogue of (5.7)* but without any need of “backward” rough integration: both rough

integrals which appear in the following proposition are “forward” in the sense of
(5.9).

Proposition 5.12 (Backward representation of rough integral). Given a rough
path X = (X,X) € € with o > 1/3 and (Y,Y') € 23 we have, for all
r e [0,7],

T
Y,Y)dX = li Y, X, Y/ (X — X, X, 5.9
/T ( ) \7;}?0 [S%P( i Xsp + Y (X bt ® ,t)) (5.9

T—r
— _ lim (ViXoo + Y/%; ) = _/ ¥, V14X
0
with ?(t) = X(T — t) and similar for Y and Y.

Proof. Tt is clear from (5.8) the rough integral is given as (compensated) Riemann—
Stieltjes limit

T

/ YdX = lim (YoXoe + YKo + (%))

” |P|40 v
[s,t]leP

3 With regard to (5.7), no(te_that dB = —d§ where %t = Bt — By, not be mixed up with the
backward Ito differential dB.
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whenever (%), , = 0 in the sense that (x), , = O(|t — s**) = o([t — s[), so that it
does not contribute to the limit. (Recall (4.21) and Lemma 4.2.) But then

YSXS7t + YVS/XS,IS = }/th,t - }/s,thﬂf + YS/XS)t
~ thXs,t — }/;/Xs,t ® X5$t + Ys/Xs,t
~ }/;Xs,t + Y;/(Xs,t - Xs,t ® Xs,t) s

which settles the first equality in (5.9). The second one follows from X ; = — X 4
and, from Chen’s relation, X, ; + X; s + X5+ ® X; s = X, s = 0. For the final
equality, note that every partition P of [r,T] induces a time-reversed partition %
of [0, T — r], with each [s, t] replaced by [T' — ¢, T — s]. By Exercise 2.6, the (time
T) time-reversal of X is again a rough path, € ¥“, and since (easy to see)
(Y,Y') € 9% ifandonly (Y, Y"') € @%O‘, we obtain the final equality. O

Remark 5.13 (Backward geometric integration). For X € €,([0, T}, R%), it was seen
in Exercise 2.4) that X; , = XTIt then follows from (5.9) that*

T
/ (Y,Y")dX = 1im] (Vi Xs — (V) Xyy) (5.10)
0

At this stage, one could rephrase the defining condition for (Y, Y”) € 23 in terms

of a “backward” controlledness condition for (Y, V") := (Y, —(Y")T), together with
a “backward” rough integral given by’

N N T
lim (Y}Xm + Y}Xs,t) =: / (Y,Y")dX . (5.11)
[P1L0 0

[s,t]eP
However, this is no different than the “forward” integral [(Y,Y")dX. Comparing
(5.8) with (5.11), one changed left- to right-point evaluation, followed by twisting

the meaning of controlled rough path, to make sure nothing happened!

As should be clear at this point, a naive backward rough integral of (Y, Y’) € 23~
against X € ([0, T],R%), with left- replaced by right-point evaluation in (5.8),

lim (VX + Y/ Xss)
)
[s,t]eP

is, in general, not well-defined. In fact, in view of Proposition 5.12, existence of this
limit is equivalent to existence of (either)

lim }/t/ (Xs,t ® Xs,t) = lim Yg/ (Xs,t ® Xs,t) .
P10 [s,tleP [s,t]eP

4 . . _ i, _ i it .. .
In coordinates: (Y'X)* = (Y’)f’jX Ivs. (YNTX = (Y’)?’iX 7 with implicit summation

overi,j =1,...,d.

> Not to be confused with a standard “forward” rough integral [(.. )d{i seen in (5.9).
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There is no reason why, for a general path X € C?, the above limits should exist. On
the other hand, we already considered such sums in the context of the [t6—Follmer
formula, cf. Lemma 5.11. The appropriate condition for X was seen to be “quadratic
variation (in the sense of Follmer, along some (P,,))”. And under this assumption,

T
S V/(Xer ® Xoy) - / Y/dIX]" . 5.12)
[s,t]ePn 0

Of course, with probability one, d-dimensional standard Brownian motion has
quadratic variation in the sense of Follmer, along dyadic partitions, for instance, with
[B, B|T = t1d. These remarks are crucial for proving the following.

Theorem 5.14. Define the random rough paths BS™ = (B, BS"™) gnd B*** £
(B7 Bback) by
i (! |
BS < / B, ®odB, =B, + 5Id(t —s),

t
. = 5
BY%k < / Byr ®dB, =BY, +1d(t — ) .

Then, the following statements hold.

i) Assume (Y (w),Y'(w)) € @1296(!@ a.s. andY,Y' are adapted as processes. Then,
with probability one, for all t € [0,T],

t t 1 t t
/ Y dBS"™ = / YidB, + 5 / Y/1dds = / Y, 0 dB,,
0

0 0 0
t t t

Y dB"** = / Y.dB, + / Y/1dds .
0 0 0

ii) Assume (Y (w),Y'(w)) € -@1236(2;) as. and Y,,Y, are FI'-measurable for all
t < T. Then with probability one, for all r € [0,T],

T T T T
— 1 —
/ YdBS"a‘:/ YtdBtfif Yt’Iddt:/ Y, 0dBy,

T T
%
Y dBP*k = / Y, dB; .

r

Proof. Regarding point i), it follows from the definition of the rough integral (see
also Example 4.14) that

t t t
/ Y dBP*k = / YdB"™ + / Y'Idds .
0 0 0

The claim then follows from Proposition 5.1. The Stratonovich case is similar, now
using Corollary 5.2.
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We now turn to point ii). Thanks to the backward presentation established in
Proposition 5.12,

n—0o0

T
/ YdB™* = lim Y Y;B,,+Y/(BY +1d(t — s) — By @ B,
r [s,t]eP™

= lim Y VB +Y/BLS - YI(By © Bey —1d(t — 5)
[s,t]lePm

using Y (X5 ® X, ¢) =~ 0and Y{,Id(t — s) = 0. (As before (*)s; ~ 0 means
(%)s,t = o(]t — s]).) Now we know that with probability 1, B(w) has finite quadratic
variation [B]] = 1dt, in the sense of Follmer along some sequence 7 = (P™). As a
purely deterministic consequence, cf. (5.12), on the same set of full measure,

T
lim > Y/B.i®B.y= /O Y/d[B]] = lim_ > Yd(t - s).
[s,t]ePm [s,t]ePm

It follows at once that

T
/ Y dB"** () = lim > YiB.:+Y/BS.
r [s,t]eP™

Since IB%S‘; is independent from /! and Y;, Y, are F;-measurable, a (backward)
martingale argument shows that

lim > Y/BY =o0.
[s,t]ePm

As a consequence, with probability one,
T bk T
ac _ 3 —
/T Y dB"**(w) _n11_>rrgo[ ;P Y; B, + _/T YdB.
S, e n

The (backward) Stratonovich case is then treated as simple perturbation,

T
[ ovams = tim S0 (VB Y/ (B +1d(t - 5) ~ By 9 B)
r [s,t]ePn

1
— SY/1d(t - s))
T T
1
:/ thﬂgt_f/ Y/ddt
0 2 0

thus concluding the proof. O
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5.5 Exercises

Exercise 5.1 Complete the proof of Proposition 5.1 in the case of unbounded Y.

Solution. It suffices to show the convergence of (5.1) in probability; to this end, we
introduce stopping times

™ défmax{t eP:|Y/| < M} €[0,T]U {400}

and note that limy;_, o, 72y = oo almost surely. The stopped process S™ is also a
martingale, and we see as above that, for every fixed M > 0,

> YiBu.

[u,v]eP
u<Tn

= O(P)).

2
L2

The proof is then easily finished by sending M to infinity.

Exercise 5.2 (Applications to statistics [DFM16]) Let B be a d-dimensional Brow-
nian motion. Consider a d x d matrix A, a non-degenerate volatility matrix o of the
same dimension and a sufficiently nice map h : R? — R? so that the Ité stochastic
differential equation

dY, = Ah(Y;)dt + 0dB, (5.13)

has a unique solution, starting from any Yo = yo € R% (As a matter of fact, this
SDE can be solved pathwise by considering the random ODE for Z; = Y; — 0 By.)
We are interested in the maximum likelihood estimation of the drift parameter A over
a fixed time horizon [0, T}, given some observation path Y =Y (w). Recall that this
estimator, AT(w), is based on the Radon—Nikodym density on pathspace, as given
by Girsanov’s theorem, relative to the drift free diffusion.

a) Let d = 1, h(y) = y. Show that the estimator A can be “robustified” in the
sense that Ar(w) = Ar(Y (w)) where

i Y7 —yg —o’T
Jo vz dt

is defined deterministically for any non-zero'Y € C([0, T, Rd), and continuous
with respect to uniform topology.

b) Take again h(x) = x, but now in dimension d > 1. Show that A admits a
robust representation on rough path space, i.e. one has Ar(w) = Ap(Y(w))
where A = Ar (Y) is deterministically defined and continuous with respect to
a-Hdolder rough path topology for any fixed o € (1/3,1/2). Here, Y(w) is the
geometric rough path constructed from Y by iterated Stratonovich integration.
Explain why there cannot be a robust representation on path space (as was the
case when d = 1). What about more general h?
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Exercise 5.3 (Rough vs. anticipating Skorokhod integration) We have seen that
It6 integration coincides with rough integration against Bltﬁ(w), subject to natural
conditions (in particular: adaptedness of (Y,Y') which guarantees that both are
well-defined). A well-known extension of the It6 integral to non-adapted integrands
is given by the Skorokhod integral, details of which are found in any textbook on
Malliavin calculus, see for example [Nua06].

a) Let B denote one-dimensional Brownian motion on [0, T']. Show that the Sko-
rokhod integral of Br against B over [0, T), in symbols fOT BrdB,, is given by
B2 —T.

b) Set Yi(w) := Br(w), with (zero) increments (trivially) controlled by B with
Y’ := 0. (In view of true roughness of Brownian motion, cf. Section 6, there is no
other choice for Y'). Show that the rough integral of Y against Brownian motion
over [0, T) equals B3.. Conclude that Skorokhod and rough integrals (against
It6 enhanced Brownian motion) do not coincide beyond adapted integrals.

Exercise 5.4 (Rough vs. anticipating Stratonovich integration [CFV07]) In the
spirit of Nualart—Pardoux [NP88], define the Stratonovich anticipating stochastic
integral by

t t
o dB} (w
/ u(s,w) o dBy(w) £ lim u(s, w)ﬁ ds,
0 n—oo Jq ds
where B" is the dyadic piecewise linear approximation to a (d-dimensinoal) Brown-
ian motion B, whenever this limit exists in probability and uniformly on compacts.
Consider (possibly anticipating) random 1-forms, u(s,w) = F,,(Bs) € CZ, for a.e.
w. Show that with probability one,
. Strat . 4 dB:L (w)
F,(B;s)dB"™(w) = lim F,(Bs)——=ds
0 n—oo Jg ds
where the limit on the right-hand side exists in the almost sure sense. Conclude that
in this case rough integration against BS"™ coincides almost surely with Stratonovich
anticipating stochastic integration, i.e.

| B ) = [ Fu(B) o db.)

0 0

Hint: I1 is useful to consider the pair (BS"™, B"), canonically viewed as (geometric)
rough paths over R*¢, followed by its rough path convergence to the “doubled”
rough path (BS™ , B3"™) (which needs to be defined rigorously).

Remark. Nualart—Pardoux actually define their integral in terms of arbitrary
deterministic (not necessarily dyadic) piecewise linear approximations and demand
that the limit does not depend on the choice of the sequence of partitions. At the
price of giving up the martingale argument, which made dyadic approximations easy
(Proposition 3.6), everything can also be done in the general case; see Exercises 10.1
and 10.2 below.
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Exercise 5.5 Fix t > 0 and a sequence of dissections (P,) C [0,t] with mesh
|Pn| — 0. Consider the Ito—Fdllmer integral given by

n—oo

t
/ DF(X)dX £ lim > DF(X,) Xuu,
0

[u,v]€P,

whenever this limit exists. Show that this limit does not exist, in general, when
X = BH, a d-dimensional fractional Brownian motion with Hurst parameter
H<1/2

Hint: Consider the simplest possible non-trival case, namely d = 1 and F(x) = z°.

Solution. Assume convergence in probability say along some (P,,) for the approxi-
mating (left-point) sum,
> XuXu..

[u,v]EP,

We look for a contradiction. Elementary “calculus for sums” implies that the mid-
point sum converges, i.e. where X, above is replaced by X, + X, ,,/2. It follows
that convergence of the left-point sums is equivalent to to existence of quadratic
variation, i.e. existence of

lim ) | Xl
n—oo
[u,v]EP,

Note that E| X, ,|> = (1/27)* 50 that the expectation of this sum equals 27125
which diverges when H < 1/2. In particular, quadratic variation does not exist as L*
limit. But is also cannot exist as a limit in probability, for both types of convergence
are equivalent on any finite Wiener—It6 chaos.

Exercise 5.6 In Proposition 5.8, replace the assumption that X = (X,S) €
€>(]0,T],V) with a > 1/3, by a suitable p-variation assumption with p < 3.
Show that [X] has finite p/2-variation and that [ D*F (X)d[X], as it appears in It0’s
formula for reduced rough paths, remains a Young integral.

# Exercise 5.7 Prove Proposition 1.1.

Solution. Without loss of generality, we consider the problem on the interval [0, 27].
Assume by contradiction that there is a space B C C([0, 27]) which carries the law y
of Brownian motion and such that (f, g) — [ f dg is continuous on B. By definition,
the Cameron—Martin space of z is H = W,"*([0, 1]), which has an orthonormal
basis {e;, }nez given by

t sin kt 1 —cos kt

6(](t)=E, er(t) = W e_g(t) e

for k > 0. It follows from standard Gaussian measure theory [Bog98] that, given
a sequence &, of i.i.d. normal Gaussian random variables, the sequence Xy =
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ny:f ~ €n &n converges almost surely in 53 to a limit X such that the law of X is p.

Write now Yy = Zﬁ[:—zv sign(n)e, &,, so that one also has Yy — Y with law of
Y given by pu.

This immediately leads to a contradiction: on the one hand, assuming that (f, g) —
| f dg is continuous on B, this implies that f027r Xn(t)dYn(t) converges to some
finite (random) real number. On the other hand, an explicit calculation yields

27

N 2 2
& &t &0
Xn(t)dYn(t) = = _—.
A N (1) dYn(t) 5 T n§f1 "
It is now straightforward to verify that this diverges logarithmically, thus concluding
the proof.

5.6 Comments

Rough integrals of 1-forms against the Brownian rough path (and also continuous
semimartingales enhanced to rough paths) are well known to coincide with stochastic
integrals, see [LQO02, FV10b] and the references therein, [FS17, CF19] for the case
of cadlag semimartingales. Chouk and Tindel [TC15] discuss, from a rough path
view, Skorohod and Stratonovich integration in the plane. Pathwise integration a la
Follmer is revisited and extended by Ananova, Cont and Perkowski [AC17, CP19].

Sharp rough path type p-variation and integrability estimates on martingale trans-
forms (and then stochastic integrals against general cadlag semimartingales) are given
by Friz and Zorin-Kranich [FZK20], this extends and unifies the relevant parts of
[Lep76, FV08a, KZK19], see also [DOP19] for the use of such an estimate. recently
led to the notion of rough semimartingale [FZK20], which leads to a simultaneous
development of (cadlag) rough and stochastic integration. A parallel development
[FHL20], in a Holder setting, is based on stochastic sewing (Section 4.6), see also
Exercise 4.15.






Chapter 6
Doob-Meyer type decomposition for rough paths

A deterministic Doob—Meyer type decomposition is established. It is closely related
to the question to what extent Y is determined by Y, given that (Y,Y”’) € 23*. The
crucial property is true roughness of X, a deterministic property that guarantees that
X varies in all directions, all the time.

6.1 Motivation from stochastic analysis

Consider a continuous semimartingale (S; : ¢ > 0). By definition (e.g. [RY99, Ch.
IV]) this means that S = M + A where M € M, the space of continuous local
martingales, and A € V, the space of continuous adapted process of finite variation.
Then it is well known that the decomposition S = M + A is unique in the following
sense.

Proposition 6.1. Assume M, M e M, vanishing at zero, and A, A €V such that
M + A= M + A (i.e. the respective processes are indistinguishable). Then

M=M and A=A.

Furthermore, if S = M + A = 0 on some random interval [0, 7) where T is a
stopping time, then (M) = 0o0n [0,7) and A =0 0n [0, 7).

Proof. Assume M +A = M+ A. Then M — M € V, and null at zero. By a standard
result in martingale theory, see for example [RY99, 1V, Prop 1.2], this entails that
M — M = 0. But then A = A and the proof is complete.

Regarding the second statement, consider the stopped semimartingale, S™ =
MT™ + A™ where M] = M, and similarly for A. By assumption S™ = 0 and
hence, by the first part, M, A™ = 0. This also implies that the quadratic variation of
MT, denoted by (M), vanishes. Since (M) = (M)™ (see e.g. [RY99, Ch. IV]) it
indeed follows that (M) =0on [0,7). O

107



108 6 Doob-Meyer type decomposition for rough paths

The above proposition applies in particular when M is given as multidimensional
(say R®-valued) stochastic integral of a suitable L(Rd, Re)-valued integrand Y
(continuous and adapted will do) against d-dimensional Brownian motion B, while
A is the indefinite integral of some suitable R®-valued process Z (again, continuous
and adapted will do). We then have

Corollary 6.2. Let B be a d-dimensional Brownian motion and let Y, Z, Y, Z be
continuous stochastic processes adapted to the filtration generated by B. Assume, in
the sense of indistinguishability of left- and right-hand sides, that

/YdB+/ Zdtz/ f/dB+/ Zdt  onl0,T). (6.1)
0 0 0 0

ThenY =Y and Z = Z on |0, T).

Proof. We may take set the dimension to e = 1 by arguing componentwise. Also, by
linearity, it suffices to consider the case Y =0,Z=0. By the second part of the
previous proposition

(fram)= <i/o Y’de'“> =0on[0.7].

On the other hand, since (B*, B'); = t if k = [, and zero otherwise,

d .
<Z/ kaBk> = /Yde (B*. B /kat
k=170 L k=1

It follows that Y = 0 as claimed. By differentiation, it then follows that also Z = 0.
O

Clearly, the martingale and quadratic (co-)variation —i.e. probabilistic — properties
of B play a key role in the proof of Corollary 6.2. It is worth noting that, with S
a scalar Brownian motion and B! = B? = [ the conclusion fails; try non-zero
Y! = —Y?2, Z = 0. It is crucial that d-dimensional standard Brownian motion
“moves in all directions”, captured through the non-degeneracy of the quadratic
covariation matrix (B*, B'),.

Surprisingly perhaps, one can formulate a purely deterministic decomposition
of the form (6.1): the stochastic integrals will be replaced by rough integrals, the
relevant probabilistic properties of B by certain conditions (“roughness from below’,
in all directions”) on the sample path.

! As opposed to Holder regularity which quantifies “roughness from above”, in the sense of an upper
estimate of the increment.
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6.2 Uniqueness of the Gubinelli derivative and Doob—Meyer

Here and in the sequel of this section we fix o € (%, %], arough path X = (X, X) €
%*([0,7],V) and a controlled rough path (Y,Y"’) € 23%*. We first address the
question to what extent X and Y determine the Gubinelli derivative Y. As it turns
out, Y is uniquely determined, provided that X is sufficiently “rough from below, in
all directions”. A Doob—Meyer type decomposition will then follow as a corollary.
Let us first consider the case when X is scalar, i.e. with values in V' = R. Assume
that for some given s € [0, 7)), there exists a sequence of times ¢,, | s such that

| Xt |/|tn — s)** = oo, ie.

T |Xs t|
lim ———5—- = +o0.

tls |t _ 8‘20

Then Y/ is uniquely determined from Y by (4.18) and the condition that || RY ||z, <
oo. In fact, one necessarily has X, € R\ {0} for n large enough and so, from the
very definition of RY,

Y/ — Ys,tn _ RZtn, |tn - 5‘2[1
® Xs,tn |tn — 8‘20 XSJn

which implies that lim,,_, o, Y51, /X ¢, exists and equals Y. The multidimensional
case is not that different, and the above consideration suggests the following defini-
tion.

Definition 6.3. For fixed s € [0,T) we call X € C*([0,T],V) “rough at time s” if

* * FEPN |U*(X3 t>|
Yo*r e V\{0}: lim——— =0
\O)

If X is rough on some dense set of [0, T'], we call it truly rough.

This definition is vindicated by the following result.

Proposition 6.4 (Uniqueness of Y'). Let X = (X,X) € ¢°, (Y,Y') € 22%, so
that the rough integral 'Y dX exists. Assume X is rough at some time s € [0,T).
Then

Vie=0(t —s**) astls = Y/=0. (6.2)

As a consequence, if X is truly rough and (Y, Y’ ) € D32 is another controlled rough
path (with respect to X) thenY' =Y.

Proof. From the definition of (Y,Y’) € 22*, we have
Vii =YX +0(|t —s|*) .

Hence, fort € (s,s + ¢),



110 6 Doob-Meyer type decomposition for rough paths

Yi X Yo
|t75|204 = |t75‘2a +O(1) :0(1) ?

where the second equality follows from the assumption made in (6.2). Now, Y/X 4
takes values in W, the same Banach space in which Y takes its values. For every
w* € W*, themap V 3 v — w*(Y/v) defines an element v* € V* so that

0" (Xs)| _

|t_8|2a -

w* (VX5 1)

|t_ s|20¢

=0(1)ast] s;

Unless v* = 0, the assumption that “X is rough at time s” implies that, along some
sequence t, | s, we have the divergent behaviour |v*(Xs s, )|/|tn — s[** — oo,
which contradicts that the same expression is O(1) as t,, | s. We thus conclude that
v* = 0. In other words,

Yw* e W*,veV: w*(Yv) =0,

S

and this clearly implies Y/ = 0. This finishes the proof of the implication stated in
(6.2). O

The following result should be compared with Corollary 6.2.
Theorem 6.5 (Doob—Meyer for rough paths). Assume that X is rough at some
time s € [0,T) and let (Y,Y') € 93*. Then

t
/ YdX =0(t —s|**) astls = Y,=0. (6.3)

As a consequence, if X is truly rough, (}7, 37’) € 9% and 7,7 € C([0,T],W),

then the identity
/ YdX + / Zdt = / YdX + / Zdt (6.4)
0 0 0 0

on [0, T] implies that (Y,Y') = (Y,Y") and Z = Z on [0, T).

Proof. Recall from Theorem 4.10 that (I,1') := (f YdX, Y) is controlled by X,
ie. (I,I') € 9)2(“. The statement (6.3) is then an immediate consequence of (6.2).

The claim is now straightforward. Pick any s € [0,T") such that X is rough at
time s. From (6.4), and forall 0 < s <t < T,

¢ ¢
/ (Y -Y)dX = / (Z, — Z,) dr = O(|t — s|) = O(|t — s|**) ,
where the last inequality is just the statement that |t — s| = O(|t — s|2a) ast | s,

thanks to & < 1/2. We then conclude using (6.3) that Y, = Ys. If we now assume
true roughness of X, this conclusion holds for a dense set of times s and hence, by
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contingity of Y and f/, we have Y = Y. But then, by Proposition 6.4, we also have
Y’ =Y’ and so ' )
/ YdX = / YdX .
0 0

(Attention that the above notation “hides” the dependence on Y” resp. Y”.) But then
(6.4) implies

t t
/Z,,drz/ Zydr  forte[0,T],
0 0

and we conclude by differentiation with respectto t. O

6.3 Brownian motion is truly rough

Recall that (say, d-dimensional standard) Brownian motion satisfies the so-called
(Khintchine) law of the iterated logarithm, that is

— |B
Vt>0: P lim%z\/ﬁ = 1. (6.5)
0 p3(Inlnl/h)"

See [McK69, p.18] or [RY99, Ch. II] for instance, typically proved with exponential
martingales. Remark that it is enough to consider ¢ = 0 since (Bt7t+h :h>0)is
also a Brownian motion.

Theorem 6.6. With probability one, Brownian motion on V.= R% is truly rough,
relative to any Holder exponent o € [1/4,1/2).

Proof. 1t is enough to show that, for fixed time s, and any 6 € [1/2, 1),

— |v*(B,
P VU*GV*,|U*|:1:IimM:+oo =1.
ths |t — g

(Then take s € Q and conclude that the above event holds true, simultaneously for
all such s, with probability one.)

To this end, set h2 (Inln 1/h)1/2 = ¢ (h). We need the following two conse-
quences of (6.5). There exists ¢ > 0 (here ¢ = v/2) such that for every fixed unit dual
vector v* € V* = (R?)” and every fixed s € [0, T)

Pl (Bl -9 2 ¢) =1,
- |Bs,t| _

Take K C V™ to be any dense, countable set of dual unit vectors. Since K is
countable, the set on which the first condition holds simultaneously for all v* € K
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has full measure,
]P’<Vv* c K: ?W*(Bs,t)\/w(t —s) > c> =1.

On the other hand, every unit dual vector v* € V* is the limit of some (v})) C K.
Then

[0n(Bs.e)| _ [v"(Bs,r)] | Bs¢]

W(t—s) = Plt—s) ot - s)

so that, using lim (|a| 4 [b|) < lim (|a|) + lim (|b]), and restricting to the above set
of full measure,

+ |vp = vy

_ |p* Bs — * Bs _ Bs
¢ < fim 2n(Ba)] < iml el lvp = vy i Betly
ths P(t — s) tls P(t — s) ths Yt — s)
Sending n — oo gives, with probability one,
0<ec< il (Bso)|
tls P(t — s)

Hence, for a.e. sample B = B(w) we can pick a sequence (t,,) converging to s such
that [v*(Bs ., )| /1 (tn, — s) > ¢ — 1/n. On the other hand, for any § > 1/2 we have

0" (Bs,t, (@) _ [0 (Bt (W) 9t = 5)

It — 5|’ Yltn —8)  |t, —s|°
> (c—1/n)|tn — 8|2 Lty — s) = 00,

with L(7) = (Inln 1/7-)1/2, where in the borderline case # = 1/2 (which corre-
sponds to o = 1/4) this divergence is only logarithmic. 0O

6.4 A deterministic Norris’ lemma

We now turn our attention to a quantitative version of true roughness. In essence, we
now replace 2« in Definition 6.3 by 6 and quantify the divergence, uniformly over
all directions.

Definition 6.7. A path X : [0,7] — V with values in a Banach space V is said to
be 0-Holder rough for 6 € (0,1), on scale (smaller than) €y > 0, if there exists
a constant L := Ly(X) := L(0,e9,T; X) > 0 such that for every v* € V*, s €
[0,T] and € € (0, &¢] there exists ¢ € [0, T] such that

[t —s|<e, and [v*(Xsy)| > Lo(X) %0 . (6.6)

the largest such value of L is called the modulus of 0-Hélder roughness of X.
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Observe that, indeed, any element in C* which is 6-Holder rough for 0 < 2«
is truly rough. (We shall see in the next section that multidimensional Brownian
motion is -Holder rough for any 6 > 1/2.) The following result can be viewed as
quantitative version of Proposition 6.4.

Proposition 6.8. Let (X,X) € €*([0,T],V) be such that X is 0-Holder rough for
some 0 € (0,1]. Then, for every controlled rough path (Y,Y') € 23*(0,T],W)
one has,

Ve € (0,e0] : Le?|| Y|, < osc(Y,e) + ||RY’|2a€2a . (6.7)

As immediate consequence, if § < 2a, Y' is uniquely determined from 'Y, i.e. if
(Y,Y') and (Y,Y") both belong to 93" andY =Y, thenY' =Y.

Proof. Let us start with the consequence: apply estimate (6.7) with Y replaced by
Y —Y = 0 and similarly Y’ replaced by Y' — Y. Thanks to L > 0 it follows that

' =¥ = 0"

and we send € — 0 to conclude Y’/ = Y”. The remainder of the proof is devoted to
establish (6.7). Fix s € [0, 7] and ¢ € (0, &¢]. From the definition of the remainder
RY in (4.18), it then follows that

sup VX4l < sup ([Yaul +[RY,]) < ose(Yie) + [RY [aac™ . (6.8)
[t—s|<e [t—s|<e

Let now w* € W* be such that |w*| = 1. Since X is §-Holder rough by assumption,
there exists u = u(w*) € [0,T] with |u — s| < ¢ such that

" (V/Xo)| = (7)) 07) (Xo)| > LD wr] . (69)

(Note that one has indeed (Y)*: W* — V*.) Combining both (6.8) and (6.9), we
thus obtain that

Lel (YD) *w*| < osc(X,€) + | RY [|2a €2 .

Taking the supremum over all such w* € W* of unit length and using the fact that
the norm of a linear operator is equal to the norm of its dual, we obtain

Le? V]| < osc(Y,e) + || RY |20 €2 .
Since s was also arbitrary, the stated bound follows at once. O

Remark 6.9. Even though the argument presented above is independent of the di-
mension of V, we are not aware of any example where L = L(6,X) > 0 and
dim V' = oco. The reason why this definition works well only in the finite-dimensional
case will be apparent in the proof of Proposition 6.11 below.

This leads us to the following quantitative version of our previous Doob—Meyer
result for rough paths, Theorem 6.5. As usual, we assume that o € (1/3,1/2).
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Theorem 6.10 (Norris lemma for rough paths). Let X = (X, X) € €*([0,T],V)
be such that X is 6-Holder rough with 6 < 2c. Let (Y,Y") € 23%([0,T], L(V,W))
and Z € C*([0,T], W) and set

t t
It:/ stxs+/ Zds.
0 0

Then there exist constants v > 0 and q > 0 such that, setting
Ri=1+4Lo(X) ™ + X[l + IV, Y| x:20 + Yol + Y + 12|, + 1 Zo]

one has the bound

Yl + 12l < MR ,
for a constant M depending only on «, 6, and the final time T.

Proof. We leave the details of the proof as an exercise, see [HP13], and only sketch
its broad lines.

First, we conclude from Proposition 6.8 that I small in the supremum norm
implies that ||Y|| is also small. Then, we use interpolation to conclude from this
that (Y,Y”) is small when viewed as an element of 22¢ for & < a, thus implying
that ['Y dX is necessarily small. This implies that [ Z ds is itself small from which,
using again interpolation, we finally conclude that Z itself must be small in the
supremum norm. O

6.5 Brownian motion is Holder rough

We now turn to Holder-roughness of Brownian motion. Our focus will be on the unit
interval T = 1, and we consider scales up to €9 = 1/2 for the sake of argument.

Proposition 6.11. Let B be a standard Brownian motion on [0, 1] taking values in
RY. Then, for every 6 > % the sample paths of B are almost surely 8-Holder rough.
Moreover, with scale €y = 1/2 and writing Lo(B) for the modulus of 6-Holder
roughness, there exist constants M and c such that

P(Ly(B) <) < M exp(—cs72),

foralle € (0,1).

The proof of Proposition 6.11 relies on the following variation of the standard
small ball estimate for Brownian motion:

Lemma 6.12. Let B be a d-dimensional standard Brownian motion. Then, there
exist constants ¢ > 0 and C > 0 such that

P( inf sup |{p, B(t))| < g) < Cexp(—cde?) . (6.10)
lel=1te(0,5]
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Proof. The standard small ball estimate for Brownian motion (see for example
[LSO01]) yields the bound

sup P( sup |(p, B(t))| < g) < Cexp(—cde?) . 6.11)
lel=1 ‘te[0,]

The required estimate then follows from a standard chaining argument, as in [Nor86,
p. 127]: cover the sphere || = 1 with e~2(4=1) balls of radius £2, say, centred
at ;. We then use the fact that, since the supremum of B has Gaussian tails, if
SUP;e(o,5] |(¢is B(t))| < ¢, then the same bound, but with ¢ replaced by 2¢ holds
with probability exponentially close to 1 uniformly over all ¢ in the ball of radius &2
centred at ;. Since there are only polynomially many such balls required to cover
the whole sphere, (6.10) follows. Note that this chaining argument uses in a crucial
way that the number of balls of radius £2 required to cover the sphere ||¢|| = 1 grows
only polynomially with ¢ ~*.

It is clear that bounds of the type (6.10) break down in infinite dimensions: if we
consider a cylindrical Wiener process, then (6.11) still holds, but the unit sphere of a
Hilbert space cannot be covered by a finite number of small balls anymore. If on the
other hand, we consider a process with a non-trivial covariance, then we can get the
chaining argument to work, but the bound (6.11) would break down due to the fact
that (¢, B(t)) can then have arbitrarily small variance. O

Proof (Proposition 6.11). With T = 1,e9 = 1/2, a different way of formulating
Definition 6.7 is given by

) 1
Ly(X) =inf sup *9|<807Xs,t>\~

t:|t—s|<e €

where the inf is taken over |p| = 1,5 € [0,1] and & € (0, 1/2]. We then define the
“discrete analog” Dy(X) of Ly(X) to be given by

Dy(X) =inf sup 2"9|<<p7X37t>

[l

s,t€l n
where I, = [%:1, £ ] and the inf is taken over [¢| = 1, n > 1 and k < 2". We
first claim that 11
Lo(X) > == Dy(X). 6.12
0( ) =9 29 9( ) ( )

To this end, fix a unit vector ¢ € V*, s € [0,1] and € € (0,1/2]. Pick n > 1 :
g/2 < 27" < e. It follows that there exists some k such that I} ,, is included in the
set {t : |t — s| < €}. Then, by definition of Dy, for any unit vector ¢ there exist two
points t1,t € Iy, such that

‘<<)07Xt1,t2>| Z 27”0D9(X)'

Therefore, by the triangle inequality, we conclude that the magnitude of the difference
between (¢, X ) and one of the two terms (@, X¢,),7 = 1,2 (say t1) is at least
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and therefore

|<<p7XS7t1>| 127 0
gt = 2 gt

Since s, € and ¢ were chosen arbitrarily, the claim (6.12) follows.
Applying this to Brownian sample paths, X = B(w), it follows that it is sufficient
to obtain the requested bound on P(Dy(B) < ¢). We have the straightforward bound

B;
P(Dy(B) <¢) < P( inf inf inf sup M < 5)
lell=1n=1h<2 s per, 277

e}
< Z ZP( inf  sup |{p,Bsy)| < 2‘"%) .

lell=1s ter .

Trivially supg ;e 7, - [(¢; Bst)| = supycp, | [{9, Br,e)|, where r is the left boundary
of the interval I ,,, we can bound this by applying Lemma 6.12. Noting that the
bound obtained in this way is independent of k, we conclude that

P(Dy(B) <¢) < MZZ” exp( 02(29 Dng )< MZ —cne~
n=1 n=1

Here, we used the fact that as soon as 6 > %, we can find constants K and ¢ such that
nlog2 — 220-Une=2 < K —ine=?,

uniformly over all € < 1 and all n > 1. (Consider separately the cases €2 € (0,1/n)
and €2 € [1/n, 1).) We deduce from this the bound

P(Dy(B) <¢) < M(eiﬁfrz + /oo exp(—ée*x) da:) ,

which immediately implies the result. O

Note that the proof given above is quite robust. In particular, we did not really
make use of the fact that B has independent increments. In fact, it transpires that all
that is required in order to prove the Holder roughness of sample paths of a Gaussian
process W with stationary increments is a small ball estimate of the type

P( sup |[Wy — Wyl < 5) < Cexp(—co®e™Py,
t€[0,4]

for some exponents «, 5 > 0. These kinds of estimates are available for example for
fractional Brownian motion with arbitrary Hurst parameter H € (0, 1).
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6.6 Exercises
Exercise 6.1 Show that the QQ-Wiener process (as introduced in Exercise 3.4) is truly
rough.

Exercise 6.2 Prove and state precisely: multidimensional fractional Brownian mo-
tion BE, H € (1/3,1/2], is truly rough.

Exercise 6.3 In (6.7), estimate osc(Z,€) by 2||Y ||, (or alternatively by ||Y|| )
and deduce the estimate

, l . —0 A 2a—0
12l < 7 _dnf (27 1Y Nl + [|B7[|50% 7).

Carry out the elementary optimisation, e.g. when g = T/2, to see that

4|lY £ _6 _
12 < s (87 v ),

Exercise 6.4 (Norris’ lemma for rough paths; [HP13]) Give a complete proof of
Theorem 6.10.

6.7 Comments

The notion of #-roughness was first introduced in Hairer—Pillai [HP13], which also
contains Proposition 6.8, although some of the ideas underlying the concepts pre-
sented here were already apparent in Baudoin—Hairer [BHO7] and Hairer—Mattingly
[HM11]. A version of this “Norris lemma” in the context of SDEs driven by fractional
Brownian motion was proposed independently by Hu-Tindel [HT13]. The simplified
condition of “true” roughness (which may be verified in infinite dimensions), targeted
directly at a Doob—Meyer decomposition, is taken from Friz—Shekhar [FS13]; the
quantitative “Norris lemma” is taken from Hairer—Pillai [HP13]. These results also
hold in “rougher” situations, i.e. when o < 1/3, see [FS13, CHLT15].






Chapter 7
Operations on controlled rough paths

At first sight, the notation [ Y dX introduced in Chapter 4 is ambiguous since the
resulting controlled rough path depends in general on the choices of both the second-
order process X and the derivative process Y. Fortunately, this “lack of completeness”
in our notations is mitigated by the fact that in virtually all situations of interest, ¥’
is constructed by using a small number of elementary operations described in this
chapter. For all of these operations, it turns out to be intuitively rather clear how the
corresponding derivative process is constructed.

7.1 Relation between rough paths and controlled rough paths

Consider X = (X, X) € €*([0,T],V). It is easy to see that X itself can be inter-
preted as a path “controlled by X”. Indeed, we can identify X with the element
(X,1d) € 2%, where 1d is the identity matrix (more precisely: the constant path
with value Id for all times).! Conversely, an element (Y,Y”’) € 222([0,T], W) can
itself be interpreted as a rough path again, say Y = (Y, Y). Indeed, with the interpre-
tation of the integral in the sense of (4.24), below fully spelled out for the reader’s
convenience, we can set

it
Ys,t = / Ys,r ® dY, = lim ) 5 Eu,v = )/u & }/u,v + Yu/ & Y;:Xu,,v .
s "P‘—)O P

where Y,/ @Y, € L(VQV,W@W)is given by (Y. ®Y,)(v&d) = (Y. (v))2(Y,(?)).
The fact that ||Y]|2,, is finite is then a consequence of (4.25). On the other hand, the
algebraic relations (2.1) already hold for the “Riemann sum” approximations to the
three integrals, provided that the partition used for the approximation of Y ; is the
union of the one used for the approximation of Y ,, with the one used for Y, ;.

11t can also be useful to consider t — Xg_+ as a path “controlled by X, resulting in the controlled
rough path (X, X); cf. Exercise 4.6.

119
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We summarise the above consideration in saying that for every fixed X &
€¢“([0,T],V), we have a continuous canonical injection

220, T], W) < €*([0,T),W) .

Furthermore, this interpretation of elements of @)2(0‘ as elements of €% is coherent in
terms of the theory of integration constructed in the previous section, as can be seen
by the following result:

Proposition 7.1. Let (X,X) € €°, let (Y,Y') € 2%, and let Y = (Y,Y) € €~
be the associated rough path constructed as above. If (Z, Z') € 93°, then (Z,Z') €
D3, where Zy = Zy and Z, = Z]Y/. Furthermore, one has the identity

t t
/stysz/ Z.dYs . (7.1)
0 0

Here, the left-hand side uses (4.24) to define the integral of two controlled rough
paths against each other and the right-hand side uses the original definition (4.21)
of the integral of a controlled rough path against its reference path.

Proof. By assumption, one has Y ; = Y/ X, ; + O(|t — s/**) and stt = Z;Ys,f, +
O(|t — s|>¥). Combining these identities, it follows immediately that

Zsr = ZY[ Xy +O(It = 5°*) = ZXs + O(It = 5) ,

sothat (Z,2") € 93 as required. Now the left-hand side of (7.1) is given by Z= ;
with =, = Z,Ys + ZIY/X, 1, whereas the right-hand side is given by I:;o_,t,
where we set és,t = ZJ{M + Z;Ysi. Since |Y; — Y/V/X | < Ct — s[> by
(4.22), the claim now follows from Remark 4.13. O

Remark 7.2. 1t is straightforward to see that if % < B < a, then €% — &P and, for

every X € €, we have a canonical embedding @)2(“ — @)2([3 . Furthermore, in view
of the definition (4.10) of Z, the values of the integrals defined above do not depend
on the interpretation of the integrand and integrator as elements of one or the other
space.

7.2 Lifting of regular paths.

There is a canonical embedding ¢: C2* < 222 given by 1Y = (Y, 0), since in this
case R;; = Y, does indeed satisfy || R||2o < co. Recall that we are only interested
in the case a < 3. After all, if Y, ; = O(|t — s[**) with @ > 3, then Y has a
vanishing derivative and must be constant.
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7.3 Composition with regular functions.

Let W and W be two Banach spaces and let ¢: W — W be a function in C2. Let
furthermore (Y,Y”) € 23*([0,T], W) for some X € C*. (In applications X will
be part of some X = (X, X) € €* but this is irrelevant here.) Then one can define a
(candidate) controlled rough path (o(Y), o(Y)") € 232%([0,T], W) by

(V)i =p(Ys), oY), = Dp(Y1)Y, . (7.2)

It is straightforward to check that the corresponding remainder term does indeed
satisfy the required bound. It is also straightforward to check that, as a consequence
of the chain rule, this definition is consistent in the sense that (¢ o ¢)(Y,Y”’) =
©(1(Y,Y”)). We have the following result. Note that, since ¢ (and its derivatives)
are only evaluated in a compact set (namely Y ([0,T]) C W), there is no loss in
generality in assuming ¢ (and its derivatives) bounded.

Lemma 7.3. Let ¢ € C2,(Y,Y') € 23*([0,T), W) for some X € C* with |Y{| +
1V, Y |l < M € [1,00). Let (¢(Y), p(Y)) € 23%(0,T), W) be given by
(7.2). Then, there exists a constant C depending only on T > 0 and o > % such that
one has the bound

lo ), 007 |y 20 < Cot Mllplica (14 1X1,)° (151 + 1Y,V L 20 )
At last, C can be chosen uniformly over T € (0, 1].
Proof. We have (¢(Y), p(Y)") = ((Y.), Dp(Y.)Y!) € 23 Indeed,

le(Y)lle < IDell 1Yo
e[|, < IDLE oYl + 1Y o I DY)l
< DY)l Y o+ 1Y Nl [ D (Y| Y-l -

which shows that o(Y), o(Y))" € C*. Furthermore, R = R*(Y) is given by

R, = o(Yy) — o(Ys) — Do(Y)Y! Xy
= o(Y;) — ¢(Ys) — Dp(Yy)Ys s + Do(Y:)RY,

so that,
1R oo < 51026l IVIE + 1D [[RY [
It follows that
)07 Ly 50 < 1D lI¥ + 1Y | D200 Y,
+ 31D VI + 1Dl | B L,

2
< llellez (7 o+ 1Y I I¥- L + YIS + 1)
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2
< Caligllep (1 + X122 (14 Y] + 1YY x 24
% (151 + 1YYl 0 )

where we used in particular (4.20). O

It follows immediately that one has the following “Leibniz rule”, the proof of
which is left to the reader:

Corollary 7.4. Let (Y,Y') and (Z,Z") be two controlled paths in D3 for some
X € C“. Then the path U =Y Z, with Gubinelli derivative U' =Y Z' + ZY' also
belongs to D3.

7.4 Stability II: Regular functions of controlled rough paths

In Lemma 7.3 we showed that controlled rough paths composed with (sufficiently)
regular functions are again controlled rough paths. We shall be interested to quantify
the continuity of this operation. As a useful warm-up, we start with the case of Holder
paths.

Lemma 7.5. Assume ¢ € CE W, W) and T < 1. Then there exists a constant Cy, i
such that for all X, Y € C*([0, T], W) with | X || ;0 775 1Y | a0, < K € [1,00),

190X) = ¢V laorry < Carclllies (1Ko = Yol + I1X = Yl o1y -
Proof. Consider the difference

(X)), — oY), = (p(Xe) — 0(Yy)) — (p(Xs) — ¢(Y5)).

)

The idea is to use a division property of sufficiently smooth functions. In the present
context, this simply means that one has

1
o(x) —e(y) = g(z,y)(x —y) with g(z,y) = /O Do(tz + (1 —t)y)dt,

where g : W x W — L(W, W) is obviously bounded by || D¢||~ and in fact
Lipschitz with ||g||Li;p < C|/D?p||l« for some constant C' > 1 relative to any
product norm on W x W, such as |(z,y)|y . w = |x| + |y|. It follows that

(g, y) = 9(&,9)) < llgllLipl(x — T,y = §)| < CID*¢loo (& — &| + |y — 7))

Setting A; = X; — Y, then allows to write

(X)), — oY), | = 9(Xe, Vi) A — g(X,, Y7) A
= |g(Xt7Yt)(At - As) + (g(XhYt) - 9(X57Y$))As|
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< Ngllool Kot = Yool + gl inl (Ko 0 Yot o [ Xs = Y5
< 1Delloo| Xyt — Yol + C||D2§0||OC(|XS,t| + Yo DIX — YHOO;[(),T]
<1t = 3 (1Dl X = Ylla + K D2l X — Vo io70) -

Since T' < 1 we can also estimate || X — Y'|[ .o 7y < |Xo = Yo[ + [|[X = Y| .07y

)

and the claimed estimate on p(X) — ¢(Y') follows immediately. O

We can now show the analogous statement for controlled rough paths, using
notation previously introduced in Section 4.4.

Theorem 7.6 (Stability of composition). Ler X X € ¢c(0,T)) with T < 1,
(V,Y') e 2%, (Y,Y') € _@)22“. For ¢ € C} define

(2,Z") = (oY), Dp(Y)Y') € 75 (1.3)

and similarly for (Z Z ’). Then, one has the local Lipschitz estimates
12,212, 2" x 2,20 < Ot (IX = Xlla + [Yo — Yo + [¥ — Y4
FIV Y5V x 0) (74)
as well as

12 = 2|, < Car (11X = Kl + [¥o = Yol + Y7 = ¥5| + 1V, Y5V, ¥'llx x50 )
(7.5)
for a suitable constant Cpy = C(M, o, ).

Proof. (The reader is urged to revisit Lemma 7.3 where the composition (7.3) was
seen to be well-defined for p € Cg.) Similar as in the previous proof, noting that

12~ 23| = |De0)Y; — Dp(50) 53] < Car (¥ | + %3 - ¥4

it suffices to establish the first estimate, for (7.5) is an immediate consequence of
(7.4) and (4.30). In order to establish the first estimate we need to bound

DY = Do(V)Y'| + |R* — B,

Write Cis(ex + €0 + €( + €) for the right-hand side of (7.4). Note that with this
notation, from (4.30),

HY—YHagex—i—ag—&—e::sy,

and also HY — ?Hw[o 7] < g¢ + ey (uniformly over T' < 1). Since Dy € C?, we
know from Lemma 7.5 that

[Do(Y) = De(Y)| e = [D(Yo) = De(Yo)| + || Do (Y) = Dp(Y)]|,,
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< C(eo +ey)

where C' depends on the C3-norm of ¢. Also, ||V — Y’ | co <€y + e Clearly then
(C* is a Banach algebra under pointwise multiplication), we have, for a constant C,
| De(Y)Y' = Dp(Y)Y'||, < Cu(eo + ey +e)+¢)
S,OM(EX +€0+86—|—€) .

To deal with RZ — RZ, write

RZ, = o(Ys) — p(Ys) — Do(Y,)Y! X,
= o(¥3) — o(Yy) — Do(Ys)Ys s + D(Ys)RY .

Taking the difference with R? (replace Y, Y’, RY above by Y,Y”, R{/) leads to the
bound |RZ, — RZ,| < Ty + T where

Ty = (V) — p(Ya) — Dp(Ya)Yay — (p(Vi) — 0(Va) — Dop(V:) Vi)
— /O1 (D2<p(Ys +0Ys 1) (Yer, Yr) — D%o(Ys + 0Ys 1) (Yer, y/s’t)> (1— 6)do
Ty == Dg(Y,)RY, — Dip(V:) RY, .
As for the second term, we know RY, — RY, < (e} + &)[t — s|**, for all 5, , while
[Do(¥a) = De(¥y)| < [[D%]|  [¥: = Yal < [[D%]| (20 +2v).

By elementary estimates of the form |ab — dg‘ < ’a‘ |b — 5| + |a — d’ ‘B| it then
follows immediately that one has Ty < C/(ex + ¢ + €} + )|t — s>*.

One argues similarly for the first term. This time, we consider the expression
under the above integral [(...)(1 — 0)d6 for fixed integration variable 6 € [0, 1].
Using Y — Y in a-Holder norm, we obtain

D2 (Fi +0¥,0) = DPe(Ye +0%,0)| < D] (IFs = Vel o = Yo
<3Pl ¥ - ¥ S0 ter

noting that this estimate is uniform in s,¢ € [0,7] and 6 € [0, 1]. It then suffices
to insert/ subtract D?p(Y; + 0Y; ¢) (K,t, Yst) under the integral [ ...(1—6)df
appearing in the definition of 7% and conclude with the triangle inequality and some
simple estimates, keeping in mind that |[Y — Y|, < ey and ||Y[|a, |V ]la < Car.
O
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7.5 1to’s formula revisited

Let X = (X,X) € ¢, with o € (
following It6 formula

%, 5| as usual. In Proposition 5.8 we derived the

F(X;) = F(Xo) /DF )dXs + = /D2 dX],, (7.6

and now ask for a similar formula for F(Y;), when (Y,Y”) € 23" is a controlled
rough path. It turns out that we need to be more specific and assume

t
Yt:YO+/YS’dxs+Ft, (7.7)
0

with (Y, Y") € 232, such as to have a well-defined rough integral; some flexibility
is added in form of a “drift” term I", assumed regular in time. Such paths arise
naturally as rough integrals of 1-forms, cf. Section 4.2, and also if Y is the solution
to a rough differential equation driven by X to be discussed in Section 8.1. In analogy
with similar Itd6 formulae from stochastic calculus, we expect

F(Y,) = F(Yy) /DF L)Y dX, +/DF L) dl

/ D*F YY) dX], . (7.8)

Before going on, we note that the right-hand side above is indeed meaningful: the last
two integrals are Young integrals and the first is a bona-fide rough integral. Indeed,
by Lemma 7.3 and Corollary 7.4, the integrand Z’ := DF(Y)Y” is controlled by X,
with Gubinelli derivative Z” = D?F(Y)(Y',Y') + DF(Y)Y", so that the rough
integral, following Theorem 4.10,

t t
/DF(YS)YS’dXS:/Z;dXS ‘llm > (2L Xuw+ ZiXuw) . (19)
0 0

|—>0[ ep

is well-defined. (The extra structure (Y, V") € 9% was crucially used.)

We note that, when X = Bha(w), Itd enhanced Brownian motion, and Y, Y’ Y
are all adapted, then so is (Z’, Z") and the rough integral in (7.9) becomes, by
Proposition 5.1, a classical It6 integral.

Theorem 7.7 (Ité formula II). Let F : V — W in C3, X = (X,X) € €“ and
(Y,Y') € 9% a controlled rough path of the form (7.7) for some controlled rough
path (Y',Y") € 2% and some path I' € C**. Then the the 1t6 formula (7.8) holds
true.

Proof. Assumption (7.7) implies that increments of Y are of the form
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Yar =Y!Xoy + Y"1+ Toy +o([t — s]) . (7.10)
Thanks to (7.6), we know that F(Y;) — F(Yp) equals

lim (DF (Y)Y, + D*F(Y,)Y, ) + lim Z D2F(Yu)[Y]u,v
PI=0 [u,v]eP [u,v]eP
(7.11)
where Y, , = f: Y,,. ® dY in the sense of Remark 4.12, noting that Y, , =
Y Y X, + o(Jv — ul). Also,

(Y], , = Yuo® Yy, —2Sym (Y,.)
=Y, Y ( Xuyw ® Xuo —2Sym (Xy ) + o(jv — ul)

=Y Y [X],,+o(v—ul).

u,v

u,v

Let us also subtract/add DF(Y,,)Y,/X,, , from (7.11). Then F(Y;) — F(Yp) equals

lim (DF(Y,)(Yuo — Y'Xuw) + DF (Y)Y, Xyo + D*F (Y)Y Y Xy 0)
|P|—0 wo]eP
+ lim D*F(Y,)Y!Y![X
lm 3 DPFYLYIYIX,,
[u,v]€P
= lim Y DF(Y,)Y, Xy, + (DF(Y.)Y, + D*F(Y,)Y,Y;) X,
|P|—0
[u,v]€P
t
+ lim DF(Y )T, + / D*F(Y,)Y. Y, d[X], .
PI=0 [u,v]eP 0

In view of (7.9), also noting the appearance of two Young integrals in the last line,
the proof is complete. 0O

It is worth having a different perspective on this It6 formula and take I" = 0 for
an unobstructed view. Then assumption 7.7 means exactly that (Y, Y’ Y") € 23>
in the sense (cf. Definition 4.18)

Y1 2Y. X5+ Y X5 4, (5YS’)t 2Y/" X4, (5YS’)’t =0. (7.12)
If we furthermore restrict to X geometric, so that [X] = 0, [td’s formula takes the
form of a classical chain rule,
t
F(Y,) —F(Y,)=Zs; = / ZldX, & Z Xt + Z0Xs 1
On the other hand, (Z', Z") € 23* means exactly 627, 2 Z!X,, 6Z!, = 0.
This discussion leads us to the following.

Proposition 7.8. Let F € C3 and Y = (Y,Y',Y") € D% with geometric X =
(X, X) € €. Then
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2=(2,7,2"):= (F(Y),DF(Y)Y',DF(Y)Y" + D*F(Y)(Y',Y"))
is also an element in Z3*. By abuse of notation, we write Z = F(Y).

Remark 7.9. The conclusion Z € @%a can be “itemised”, similar to (7.12). The ka
estimates (k = 1, 2, 3) are then uniform over F' € Cg’, in analogy with the estimate
for elements in 22, as was detailed in Lemma 7.3.

Proof. We give a direct proof, without intermediate use of rough integrals (and in
fact no need for @ > 1/3) to emphasise the analogy with our previous Lemma 7.3
on composition of elements in 23 with regularity functions. By Taylor’s theorem,

1
F(Yy) 2 F(Ys) + DF(Y) (Y] X0 + V)X 0) + §D2F(Yg)(1@¢, Yeu)-

Note that Yy ® Y;¢ 22 (Y/X,;)®? and by geometricity 3 X7 = X, so that the
second order term in the Taylor expansion can be replaced by

D2F(YS)(Y£, YS/)XS,t :
The remaining details are left to the reader. O

As will be discussed in the next section, similar composition formulae can be
obtained for arbitrary Y € Z{ as long as v > 0.

7.6 Controlled rough paths of low regularity

Let us conclude this section by showing how these canonical operations can be lifted

to the case of controlled rough paths of low regularity, i.e. when o < % Recall

from Section 4.5 that basis vectors in 7'V) (Rd) are of the forme, = e;1 ® ... ® e,
for words of the form w = wy - - - wy, with letters in {1, ..., d}, whereas we words
themselves are identified via the dual basis of 7(\) (R?)*,

*
W <> €y -

Controlled rough paths Y are 7(N—1) (Rd)*—valued functions, which are controlled
by increments of X in the sense of Definition 4.18.

This suggests that, in order to define the product of two controlled rough paths
Y and Y, we should first ask ourselves how a product of the type X ijt for two
different words w a w can be rewritten as a linear combination of the increments of
X. It was seen in Section 2.4 that such a product is described by the shuffle product
of words.

With this definition at hand, we saw that for any (weakly) geometric rough path X
satisfies the identity

X4 th = XZ’;"“D .
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Also, TV)(R%)* becomes a commutative algebra, the shuffle algbera, via

er ke =er o -
This strongly suggests that the “correct” way of multiplying two controlled rough
paths Y and Y is to define their product Z by

Zt:Yt*Yt .

It is possible to check that Z is indeed again a controlled rough path. Similarly, if F' is
a (sufficiently) smooth function and Y is a controlled rough path, we abuse notation
and define F'(Y) by

N—
FY,2F Zki F®O(YPy Yk (7.13)
k=1

def

where F(*) denotes the kth derivative of F' and Y; = Y, — Y? is the part describing
the “local fluctuations™. It is again possible to show that F(Y) is a controlled rough
path if Y is a controlled rough path and F is sufficiently smooth (class C? will do).
This is nothing but the natural generalisation of the Itd formula in the formulation of
Corollary 7.8. (The detailed verification of this is left to the reader in Exercise 7.5.)

Remark 7.10. A generalisation of (7.13) in the context of regularity structures is
given in Proposition 14.8.

7.7 Exercises

t Exercise 7.1 Verify that X, ; = fst X5, ®dX, where the integral is to be interpreted
in the sense of (4.24), taking (Y,Y") to be (X, I). In fact, check that this holds not
} st = Jp 5. Compare

this with formula (2.26), obtained in Exercise 2.4.

Exercise 7.2 Let o: W x [0,T] — W be a function which is uniformly C? in its
first argument (i.e. ¢ is bounded and both D, and D? ' are bounded, where D,
denotes the Fréchet derivative with respect to the first argument) and uniformly C 20
in its second argument. Let furthermore (Y,Y') € 9%%([0,T|,W). Show that

e(Y): = o(Yi,t), oY) = Dyp(Yi, )Y/ .

defines an element (p(Y), 0(Y)") € 232([0,T), W). In fact, show that there exists
a constant C, depending only on T, such that one has the bound

le(¥)lx,20 < C(ID%eNoo + [0lloo + [@ll20:0) (1 + 1 X]1a)* (1 + 1V [1x,24)°

where we denote by ||pl|2a;¢ the supremum over y of the 2a-Holder norm of ¢(y, -).
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Exercise 7.3 (Composition with smooth functions; from [GH19]) We return to
the Hilbert/ semigroup setting of Exercise 4.16. Let o € R and let F € C*(Hg, Hp),
consistently for every B > «, with derivatives up to order 2 bounded. Let X =
(X,X) € €7([0,7),R?) fory € (1/3,1/2] and (Y,Y") € 237([0, T, Ho). More-
over assume that in addition Y € L>([0,T], Hot2) and Y’ € L>([0,T], Hot2~).
Show that (Zy, Z]) = (F(Y:),DF(Y:) o Y)) defines an element (Z,Z') €
.@;7)(([0, T), H,,) with the quantitative bound

1(Z, Z)lIx 27,0 S 1+ X [)? A+ Y loo,a2y + 1Y loo.at2y + (Y. Y ) 1 x,29) %

(7.14)
The proportionality constant depends on the bounds on F' and its derivatives. It also
depends on time T, but is uniform over T' € (0, 1].

Exercise 7.4 (Rough product formula) Assume Y = Y + JY',Y")dX + I as
in Theorem 7.7, and similarly for Y. Assume X is geometric, so that the bracket [X]
vanishes. Then the following product formula holds

t

t
V¥ =Yolo+ [ QLM+ [ (LY. +YidL)
0 0
with M, =Y!'Ve+ Y.V, M =YV, + V'V 4+ Y.V .

(IfY,Y take values in a Banach space V, the formula is understood as an identity in

VeVv.)
Hint: Apply Theorem 7.7 with F (y,q) = yg (or y @ g).

Exercise 7.5 a) Consider a controlled rough path (Y,Y') € 9%, with X € C®,
and verify that the composition formula (7.13), with p = 2, is consistent with
Lemma 7.3.

b) Consider then a controlled rough path (Y,Y',Y") € 93%, withX = (X,X) €
%', and verify that the composition formula (7.13), with p = 3, is consistent
with Corollary 7.8.

7.8 Comments

Stability of controlled rough paths under composition with regular functions goes
back in Gubinelli [Gub04], also in an «-Holder setting o > % similar to our
Sections 7.3 and 7.4. Extension to lower order regularity and then the “branched”
setting are given by in [Gub10, HK15, FZ18], see also [BDFT20, Thm 2.11] for a
concise proof in the geometric setting and connections to a multivariate Faa di Bruno
formula.

Our discussion of 1t6’s formula, Section 7.5, expands on a similar section of the
first edition (2014), and makes more explicit the point that It6’s formula is really a
composition formula for higher order controlled rough paths. Assuming o > % for
the sake of argument,
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Such formulae are sometimes directly given for RDE solutions, in which case
the equation dictates a particular controlled structure, as seen spelled out directly in
Davie’s approach, Section 8.7. This is also a natural way to define manifold valued
RDE solutions, similar to the definition of manifold valued semimartingales. See
also comment Section 12.5 for some pointers to [td formulae in the context of rough
and stochastic PDEs.



Chapter 8
Solutions to rough differential equations

We show how to solve differential equations driven by rough paths by a simple Picard
iteration argument. This yields a pathwise solution theory mimicking the standard
solution theory for ordinary differential equations. We start with the simple case of
differential equations driven by a signal that is sufficiently regular for Young’s theory
of integration to apply and then proceed to the case of more general rough signals.

8.1 Introduction

We now turn our attention to (rough) differential equations of the form
dY, = (V) dX,, Yo=(eW. 8.1)

Here, X : [0,T] — V is the driving or input signal, while Y : [0, 7] — W is the
output signal. As usual V and W are Banach spaces, and f : W — L(V, W). When
dimV = d < oo, one may think of f as a collection of vector fields (f1,..., f4) on
. As usual, the reader is welcome to think VV = R and W = R™ but there is really
no difference in the argument. Such equations are familiar from the theory of ODEs,
and more specifically, control theory, where X is typically assumed to be absolutely
continuous so that d.X; = Xt dt. The case of SDEs, stochastic differential equations,
with d X interpreted as It6 or Stratonovich differential of Brownian motion, is also
well known. Both cases will be seen as special examples of RDEs, rough differential
equations.

We may consider (8.1) on the unit time interval. Indeed, equation (8.1) is invariant
under time-reparametrisation so that any (finite) time horizon may be rescaled to [0, 1].
Alternatively, global solutions on a larger time horizon are constructed successively,
i.e. by concatenating Y|[0}1] (started at Yy) with Y|[1,2] (started at Y7) and so on.
As a matter of fact, we shall construct solutions by a variation of the classical
Picard iteration on intervals [0, 7], where T' € (0, 1] will be chosen sufficiently
small to guarantee invariance of suitable balls and the contraction property. Our key

131
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ingredients are estimates for rough integrals (cf. Theorem 4.10) and the composition
of controlled paths with smooth maps (Lemma 7.3). Recall that, for rather trivial
reasons (of the sort |t — 5|>* < |t — 5|, when 0 < s <t < T < 1), all constants in
these estimates were seen to be uniform in 7" € (0, 1].

8.2 Review of the Young case: a priori estimates

Let us postulate that there exists a solution to a differential equation in Young’s sense
and let us derive an a-priori estimate. (In finite dimension, this can actually be used
to prove the existence of solutions. Note that the regularity requirement here is “one
degree less” than what is needed for the corresponding uniqueness result.)

Proposition 8.1. Assume X,Y € C?([0,1],V) for some 3 € (1/2,1] such that,
given & € W, f € CL(W, L(V,W)), we have

dYy = f(Y)dXe,  Yo=¢,

in the sense of a Young integral equation. Then

/B
1Y, < c[(nfnc;nxnﬁ) v (Il 1X15) }

Proof. By assumption, for 0 < s <t <1,Y;; = ff f(Y;)dX,. Using Young’s
inequality (4.3), with C = C(f),

Yar — F(Va)Xon| = / (F(¥,) = F(Ya))dX,

2
S CIDfll oY 1,5, 1 X M 515,71t — 51 ’

so that

Yt t—s|”.

/1t =5 <11l X5 + CUDF oY a1 X N e

Write [[Y| 5.5, = sup [Ys,¢|/|t — s|” where the sup is restricted to times s, ¢ € [0, 1]
for which |t — s| < h. Clearly then,

Y|

g S WFlcl Xl + CUD o 1Y 1155 1 X 1| 517

and upon taking h small enough, s.t. 6h% < 1, with § = || X|

5> more precisely s.t.
CIDfll o IX N0 < 0(1 - Hfllcg)HXHBhﬁ <1/2

(we will take h such that the second < becomes an equality; adding 1 avoids trouble
when f = 0)
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1
¥ lgin < 1F eI X M-
It then follows from Exercise 4.5 that, with h ||X||L§1/B,

¥l < IV g (1V 702 < x5 (1v 270=)

= (X, v IXIY?) .

Here, we have absorbed the dependence on f € C} into the constants. By scaling
(any non-zero f may be normalised to || f]| i = 1at the price of replacing X by

IIf Hcg x X) we then get immediately the claimed estimate. O

8.3 Review of the Young case: Picard iteration

The reader may be helped by first reviewing the classical Picard argument in a
Young setting, i.e. when 3 € (1/2,1]. Given £ € W, f € CZ(W,L(V,W)), X €
CA([0,1],V) and Y : [0,T] — W of suitable Holder regularity, T € (0, 1], one
defines the map M by

M) = (s+ fvdx, 1€ 0.17])

Following a classical pattern of proof, we shall establish invariance of suitable balls,
and then a contraction property upon taking 7" = T small enough. The resulting
unique fixed point is then obviously the unique solution to (8.1) on [0, Tp]. The
unique solution on [0, 1] is then constructed successively, i.e. by concatenating the
solution Y on [0, Tp], started at Yy = &, with the solution Y on [Tp, 27p] started
at Y7, and so on. Care is necessary to ensure that T can be chosen uniformly;
for instance, if f were only C? (without the boundedness assumption) one can still
obtain local existence on [0, T7], and then [T}, T3], etc, but the resulting maximal
solution (with respect to extension of solutions) may only be exist on [0, 7), for some
lim,, T, = 7 < T = 1. In finite dimension, 7 can be identified as explosion time,
see also Exercise 8.4. (The situation here is completely analogous to the theory of
Banach valued ODEs.)

We will need the Holder norm of X over [0, T to tend to zero as T' |, 0. Now, as
the example of the map ¢ — ¢ and 5 = 1 shows, this may not be true relative to the
B-Holder norm; the (cheap) trick is to take e € (1/2, 8) and to view M as map
from the Banach space C*([0, T'], W), rather than C#([0, T, W), into itself. Young’s
inequality is still applicable since all paths involved will be (at least) a-Holder
continuous with & > 1/2. On the other hand,

1X oo,y < TP~ X

B;[0,T] »
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and so the a-Holder norm of X has the desired behaviour. As previously, when no
confusion is possible, we write || - ||, = [|- || 1,0, 7-

To avoid norm versus seminorm considerations, it is convenient to work on
the space of paths started at &, namely {Y € C*([0,T],W) : Yy = £}. This affine
subspace is a complete metric space under (Y, f/) — HY — ?Ha and so is the closed
unit ball

Br = {Y € C®([0,T),W): Yo = & ||, < 1} .

Young’s inequality (4.41) shows that there is a constant C' which only depends on «
(thanks to 7" < 1) such that for every Y € By,

[Mz(Y)llo < CUFXo) + IF )X

< CUF©+ DALY IIIXIL
< C(floo + DI, < Clflea I1X [ 7772 .

Similarly, for Y, Y € Br, using Young, f(Yo) = f(}}o) and Lemma 7.5 (with
K=1

[ Ma(v) = Ma(7)

/'f(Ys)dXs —/'f(ifs)dxs

0 0

@ a

< O(l70%) = 1@+ £ = £, )11
< C)fllea IX N7y =Y, -

It is clear from the previous estimates that a small enough Ty = To(f, o, 3, X) < 1
can be found such that M, (Br,) C Br, and, forall Y, Y € By,

||MT0 <Y> - MTO ()7) Ha;{O,To] S

Therefore, M, (-) admits a unique fixed point Y € By, which is the unique solution
Y to (8.1) on the (small) interval [0, T]. Noting that the choice Ty = Ty (f, , 8, X)
can indeed be done uniformly (in particular it does not change when the starting point
& is replaced by Y7,), the unique solution on [0, 1] is then constructed iteratively, as
explained in the beginning.

8.4 Rough differential equations: a priori estimates

We now consider a priori estimates for rough differential equations, similar to Sec-
tion 8.2. Recall that the homogeneous rough path norm | X]|, was introduced in
(2.4).

Proposition 8.2. Let £ € W, f € CZ(W, L(V,W)) and a rough path X = (X,X) €
€ with o € (1/3,1/2] and assume that (Y,Y') = (Y, f(Y)) € 23" is an RDE
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solution to dY = f(Y') dX started at Yy = £ € W. That is, for all t € [0,T],

t
Y, =¢ +/ f(Ys) dXs, (8.2)
0

with integral interpreted in the sense of Theorem 4.10 and (f(Y), f(Y)') € 2%
built from' Y by Lemma 7.3. (Thanks to C3-regularity of f and Lemma 7.3 the above
rough integral equation (8.2) is well-defined.")

Then the following (a priori) estimate holds true

1/«
1Y, < c[(|f||cg 1Kl ) v (11 21X ) ]

where C' = C(«) is a suitable constant.

Proof. Consider an interval I := [s,t] so that, using basic estimates for rough
integrals (cf. Theorem 4.10),

Ry, = \Yst = [ (Y5) Xsul

V)dX — f(Ye) Xt — Df(Ye) f(Ye)Xs s

+[DF(Yo) f(Ye)Xsul

3
< (X st By 1 i Ol ) = 1

11X [t — 5177 (8.3)
Recall that || - ||, is the usual Holder seminorm over [0, 7], whlle I|-l,.; denotes
the same norm, but over I C [0, 7], so that trivially || X||,.,; < [|X]|, Whenever

notationally convenient, multiplicative constants depending on « and f are absorbed
in <, at the very end we can use scaling to make the f dependence reappear. We
will also write || - [|,,.,, for the supremum of | - [| ,.; over all intervals I C [0, 7] with
length |I| < h. Again, one trivially has X s < | X ||,,., whenever || < h. Using
this notation, we conclude from (8.3) that

HRYH2a;h SJ ||XH20¢;h + <||X||a;hHRf(Y)H2a;h

() logn ) 1

We would now like to relate Rf(Y) to RY . As in the proof of Lemma 7.3, we obtain
the bound

R = f(v)) — F(Y)) = DF(Y.)Y! X,y
= f(Y3) — f(Ys) — Df(Ys)Ys + Df(Y:)RY,

~

so that,

[RFO < SID2E LY I + DA [

ol

! Later we will establish existence and uniqueness under C§ -regularity.
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2 Y
5 HY||a,h+ HR ||2a;h'

Hence, also using || f(Y)||,.,, S [IYll,., there exists c1 > 0, not dependent on X or
Y, such that

1B [laain < e1lXlgqn + e X lan b IV 1150 (8.4)
+ C1 HX”(xyhhaHRYHQa’h + C1 ||XH2avhha||Y||a’h .

We now restrict ourselves to h small enough so that || X||,h® < 1. More precisely,
we choose it such that

1 1
allX[ah* < 5. el Klpaht < 5

Inserting this bound into (8.4), we conclude that

1 1
IR Lo < 11X zagn + 51 1200+ 5B o + IXISE2NY N

This in turn yields the bound

2 1/2
1B e < 2611 K, + 1Y 1125 + 213021 o
< ol Xllgq +21Y 12, - (8.5)

with ¢a = (2¢1 + 1). On the other hand, since Y, ; = f(Ys) X5+ — Rz’t and f is
bounded, we have the bound

HYH()(;}L S ||XHO( + HRYHQa;hha :
Combining this bound with (8.5) yields

2
1Y [l < el X1y + sl Xllpnnh® + esllY ]2,
1/2 2
< sl XN, + eallXl502 + esllY N2 ,he

for some constants c3 and c4. Multiplication with csh® then yields, with ¢, =
c3l|Y || ,.ph® and Ay = c5]|X[|oh* — 0as h — 0,

Un < A YR

Clearly, for all h small enough depending on Y (so that ¢, < 1/2) b, < A\, +1p/2
implies ¥y, < 2y and so
1Y [l < collXlla-

To see that this is true for all ~ small enough without dependence on Y, pick hg
small enough so that A\, < 1/4. It then follows that for each h < hg, one of the
following two estimates must hold true
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Y2y =+ — 2>

1 1
2 2
1 1 1
7/)1L§¢—E§— 1_/\h:§(1—\/1—4)\h)N)\haShi().

(In fact, for reasons that will become apparent shortly, we may decrease h further to
guarantee that for i < hg we have not only v, < 1/2 but ¢, < 1/6.) We already
know that we are in the regime of the second estimate above as i | 0. Noting that
¥p(< 1/6) < 1/2 in the second regime, the only reason that could prevent us from
being in the second regime for all i < hyg is an (upwards) jump of the (increasing)
function (0, ho] 2 h — vy. But ¢y, < 3limgyy, 14, as seen from
HYHoz,h < 3||Y||a;h/3 < 31;1{1};1 ||Y||o/,g ’

(and similarly: limg s, 704 < 31)) which rules out any jumps of relative jump size
greater than 3. However, given that 15, > 1/2 in the first regime and v, < 1/6 in the
second, we can never jump from the second into the first regime, as h increases (from
zero). And so, we indeed must be in the second regime for all h < hg. Elementary
estimates on 1_, as function of Aj then show that

Yl < collXlla s

forall h < hg ~ ||X||~*/*. We conclude with Exercise 4.5, arguing exactly as in the
Young case, Proposition 8.1. O

8.5 Rough differential equations

The aim of this section is to show that if f is regular enough and (X, X) € ¢# with
8> % then we can solve differential equations driven by the rough path X = (X, X)
of the type

dYy = f(Y)dX.

Such an equation will yield solutions in 2%* and will be interpreted in the corre-
sponding integral formulation, where the integral of f(Y") against X is defined using
Lemma 7.3 and Theorem 4.10. More precisely, one has the following local existence
and uniqueness result. (The construction of a maximal solution is left as Exercise 8.4.)

Theorem 8.3. Given £ € W, f € C3(W, L(V,W)) and a rough path X = (X,X) €
¢P([0,T),V) with B € (%,3), there exists 0 < Ty < T and a unique element

YY) e 9)2(’8([0, Tol, W), withY' = f(Y), such that, for all 0 < t < Ty,

t
Yi—g+ [ pax.. (8.6)
0
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Here, the integral is interpreted in the sense of Theorem 4.10 and f(Y') € @)Qf is
built from'Y by Lemma 7.3. Moreover, if f is linear or f € C3, we may take Ty =T,
and thus global existence holds on [0, T.

Remark 8.4. The condition Y’ = f(Y) (and then f(Y)’ = Df(Y)Y’ by Lemma 7.3)
is crucial for uniqueness. To see what can happen, consider the canonical lift of
X €CtoX = (X, [ X ® dX), in which case any choice of f(Y)" € C” yields a
pair (f(Y), f(Y)') € 23. (Indeed, thanks to | X, ;| < |t — s/, the term f(Y), X, ;
can always be absorbed in the 23-remainder.) On the other hand, regardless of the
choice of Y’, or f(Y)’, the rough integral in (8.6) here always agrees with the
Riemann-Stieltjes integral [ f(Y)dX, so that (8.6) is satisfied whenever Y solves
the ODEY = f(Y)X, with Yj = €.

Proof. With X = (X,X) € €7 C ¢*, 5 < a < Band (Y,Y') € 2% we know
from Lemma 7.3 that

(Z2,.2) = (f(V), f(YV)) = (f(Y), DF(Y)Y') € 75" .

Restricting from [0, 1] to [0, 7], any T' < 1, Theorem 4.10 allows to define the map
Mp(YV,Y') = (g+/ ESdXS,E> € 93 .
0

The RDE solution on [0, T'| we are looking for is a fixed point of this map. Strictly
speaking, this would only yield a solution (Y,Y”) in 2. But since X € 47, it
turns out that this solution is automatically an element of 9)2(13 . Indeed, |Y§t\ <
Y| oo | Xt + || RY ||, It — s|**, so that Y € C#. From the fixed point property it
then follows that Y/ = f(Y) € C? and also RY € C2”, since X € C2” and

t
RY = [Yer =YX = | [ (00 = pv)ax,
<Y 0| X t| +O(|t — 5>¥) .

Note that if (Y,Y”) is such that (Y, Yy) = (&, f(£)), then the same is true for
M7 (Y,Y"). Therefore, M1 can be viewed as map on the space of controlled paths

started at (&, f(£)), i.e.
{(V.Y") € 232([0, T, W) : Yo = £, Y5 = f(§)} -

Since %" is a Banach space (under the norm (Y, Y”) — [Yo| 4 [Yg| + ||V, Y| x 54)
the above (affine) subspace is a complete metric space under the induced metric. This
is also true for the (closed) unit ball By centred at, say

t= (& + f(§)Xou £(£))-

(Note here that the apparently simpler choice ¢t — (5 f (f)) does in general not
belong to Z3%.) In other words, Br is the set of all (Y,Y’) € 22%([0,T],W) :
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Yo zfaYO/ = f(g) and
Yo =&+ Y5 = FOI+ 1Y = (€ + () X0,), Y = F(©)llx 20
=[|(Y = f(§) X0, Y = f(E)llx 20 < 1.

In fact, [|(Y — f(€)Xo,, Y/ = f(E)l x 20 = [IY: Y| x 24 @s a consequence of the
triangle inequality and [|(f(€)Xo,+ £(€))y 0 = I/ (€], + 10]l3, 0. s0 that

Br = {(V,Y") € Z3(0,TLW) : Yo = €.Y0 = (€)1 (V.Y x0 < 1.
Let us also note that, for all (Y,Y”) € By, one has the bound
Y|+ 1V, Y ) x 20 < |floe +1=: M € [1,00). (8.7)

We now show that, for T small enough, M leaves Br invariant and in fact is
contracting. Constants below are denoted by C, may change from line to line and
may depend on «, 8, X, X without special indication. They are, however, uniform
in T € (0,1] and we prefer to be explicit (enough) with respect to f such as to
see where Cj-regularity is used. With these conventions, we recall the following
estimates, direct consequences from Lemma 7.3 and Theorem 4.10 , respectively,

I1Z, Zlx 20 < CM I fllez (V5] + 1Y, Y| x 20)

/ Z,dX,, =
0

< NEls + 1E M0 X124
X2«

+ O(IX W1 BZ (| + 1XM201Z710)
<NENo +C(1Z01+ 12, E M x 20) (X [l + 11Xl
<E N0+ CUZ+ 152 x ) TP
Invariance: For (Y,Y”) € By, noting that || Z||, = || f(Y)][, < ||f||c; Y]], and
that | Zp| = |Df(Yo)Yg] < | fl|¢;» we obtain the bound

Ml V)= [ ZuiX 2

X2«
<Zll, + CUZ5 + 15,2 | x00) TP

< I flleg 1Y Nl + C (U713 + CMIFllgz (Y] + 1Y, Y 1 50) ) TP
< I flley (11l + DT~ + CM (11 + 1 ez (1l + 1) TP,

where in the last step we used (8.7) and also [|Y'|[ . 7 < CyTP~, seen from

Vel SV | Xt

R |yt = s
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2
< (Y51 + IV NX N glt = sI” + | RY [ It = s .

Then, using 7% < TP~ and | RY ||, < [IY, Y| x 5o <1, we obtain the bound

¥ llao,ry < (VST + Y5 Y 00 IX T2 + [[RY ||, 777 (8.8)

< ((f e + DX 5 +1)TP
In other words, Mz (Y,Y")[lx 50 = [IM7(Y,Y")llx 900,07 = O(T77%) with
constant only depending on a, 3, X and f € C?. By choosing T' = Tp, small enough,
we obtain the bound || M, (Y, Y") | x 24.10.7,) < 1 s0 that M, leaves By, invariant,

as desired. ~
Contraction: Setting A, = f(Y;) — f(Y5) as a shorthand, we have the bound

Mz (YY) = Mz (V,Y)]| o = H/ ASdXS,AH
0

X,2a
<Al + CAY] + 1A, Al p0) TP~

<ClfllezllY =Y, +CIA Al x 5a T .

The contraction property is obvious, provided that we can establish the following
two estimates:

[y -y, <cTe|ly - Y. Y - Y|, . (8.9)
14,4y 5 <CIIY =YY" =Y7|| - (8.10)
To obtain (8.9), replace Y by Y — Y in (8.8), noting Yy — }70’ = (, and this shows
[y =Y, < [[¥ =V IXl,7° + | R = RV, 77
<orey STy -,

We now turn to (8.10). Similar to the proof of Lemma 7.5, f € C? allows to write
A, = G4H, where

G = g(Yb‘;Y/S) , Hs:= Ys_)}s >

and g € C with ||glc2 < C||fl|¢s. Lemma 7.3 tells us that (G, G") € 25 (with
G' = (Dyg)Y' + (D g)Y") and in fact immediately yields an estimate of the form

1G.Cllx 20 < Cllflcs -

uniformly over (Y, Y’ ), ()7, Y’ ) € Br and T' < 1. On the other hand, 2% is an
algebra in the sense that (GH, (GH)') € 23 with (GH)' = G'H + GH'. In fact,
we leave it as easy exercise to the reader to check that
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IGH, (GH) |l x 0 S (IGol +1Go| + |G, Gl x 24)
x ([ Hol + [Hg| + [ H, H'|| x ) -

In our situz}tiqn, Hy =Y, — f’o =¢ — ¢ =0, and similarly Hj = 0, so that, for all
(V,Y"),(Y,Y’) € By, we have

14, A"l o S (1Gol + 1Go] + G, Gl x o) |1 H H | 54
(Ilglloe + lgllcy (1¥5] + [75]) + CllFllea) [V =¥, Y" = Y| o

HY - Yvyl - Yﬂ“x,m >

[e3

S
S
S

where we made use of ||g .. lgllc; < I fllep and [Y5| = |Y5| = £(€)] < |f]-

The argument from here on is identical to the Young case: the previous esti-
mates allow for a small enough 7y < 1 such that M, (Br,) C Br, and for all
(Y, Y’)7 (Y,Y’) € Brp,:

-~ 1 - -
! / ! !
HMTO (Y’Y ) — Mo, (Y7Y )Hx,za < iHY -V, =Y HX,za

and so M, (-) admits a unique fixed point (Y,Y”) € Br,, which is then the unique
solution Y to (8.1) on the (possibly rather small) interval [0, Tp]. Noting that the
choice of Tj can again be done uniformly in the starting point, the solution on [0, 1]
is then constructed iteratively as before. 0O

In many situations, one is interested in solutions to an equation of the type
dY = fo(Y, 1) dt + F(Y, 1) dX; , (8.11)

instead of (8.6). On the one hand, it is possible to recast (8.11) in the form (8.6) by
writing it as an RDE for Y; = (Y}, ) driven by X; = (X, X) where X = (X, 1)
and X is given by X and the “remaining cross integrals” of X; and ¢, given by usual
Riemann-Stieltjes integration. However, it is possible to exploit the structure of (8.11)
to obtain somewhat better bounds on the solutions. See [FV10b, Ch. 12].

8.6 Stability III: Continuity of the Ito—Lyons map

We now obtain continuity of solutions to rough differential equations as function of
their (rough) driving signals.

Theorem 8.5 (Rough path stability of the Ito—Lyons map). Let f € C} and, for
a € (3,3] let (Y, f(Y)) € D3 be the unique RDE solution given by Theorem 8.3
to

dY = f(Y)dX, Yo=(€W .
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Similarly, let (Y, f(Y)) be the RDE solution driven by X and started at £ where
X,X € €. Assuming i
IXlla: 1X]la < M < oo

we have the local Lipschitz estimates

dx 500 (Y (Y)Y, F(V)) < O (€ =& + 0a(X, X)),

and also i ~ )
1Y =7, < Cur(l€ = €l + 0a (X, X)) ,

where Cpy = C(M, «, f) is a suitable constant.

Remark 8.6. The proof only uses the a priori information that RDE solutions remain
bounded if the driving rough paths do, combined with basic stability properties of
rough integration and composition.

Proof. Recall that, for given X € %@, the RDE solution (Y, f(Y)) € 22 is
constructed as the unique fixed point of
My (YY) :=(Z,7") = <§ +/ f(YS)dXS,f(Y.)) €93,
0
and similarly for Mo (37, f (f’)) € C)Oi(. Then, thanks to the fixed point property

Y f(V) =V, Y") =(2,2) = (2, f(Y)) ,

(similarly with tilde) and the local Lipschitz estimate for rough integration, Theo-
rem 4.17, and writing (=, Z') 1= (f(Y), f(Y)') for the integrand, we obtain the
bound

dX,f(,Qa (K Y/; Y/a Y//) = dX,f(,Qa (Za Z/Q Z, Z/)
S 0a(X,X) + [¢ — €] + Ty 50, (5,25 5. 2),

Thanks to the local Lipschitz estimate for composition, Theorem 7.6, uniform in
T<1,

dx,)”(,2a(575/3é7‘:;/) S 0a (Xvi) + ‘5 - é‘ +dy % 20 (Y, f(Y)§Y/’f<Y/>> :
In summary, for some constant C' = C'(«, f, M), we have the bound
dy 300 (VP Y, F(Y)) < Cloa(X,X) + 6 = €]
+ TadX,X,za (Yv f(Y); Y, f(f/))) .

By taking T' = To (M, v, f) smaller, if necessary, we may assume that CT < 1/2,
from which it follows that

dy 300 (Y (Y)Y (V) < 2C (0 (X,X) +]6 - £]) .
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which is precisely the required bound. The bound on ||Y — f/Ha then follows as in
(4.32), and these bounds can be iterated to cover a time interval of arbitrary (fixed)
length. O

8.7 Davie’s definition and numerical schemes

Fix f € CZ(W,L(V,W)) and X = (X,X) € €#([0,7],V) with 8 > 3. Under
these assumptions, the rough differential equation dY = f(Y")dX makes sense as
well-defined integral equation. (In Theorem 8.3 we used additional regularity, namely
C3, to establish existence of a unique solution on [0, T'].) By the very definition of an
RDE solution, unique or not, (Y, f(Y)) € 2%, i..

Yei = f(Y)Xes +O(|t — 5)%)

and we recognise a step of first-order Euler approximation, Y; ; =~ f(Y;) X 4, started
from Y. Clearly O(|t — s|?) = o(|t — s|) if and only if 3 > 1/2 and one can show
that iteration of such steps along a partition P of [0, T yields a convergent “Euler”
scheme as |P| | 0, see [Dav08] or [FV10Db].

In the case 8 € (3,3] we have to exploit that we know more than just
(Y, f(Y)) € 257. Indeed, since Y,; = [I f(Y)dX, estimate (4.22) for rough
integrals tells us that, for all pairs s, ¢

Yoo = f(Yo) X+ (F(Y)),Xs +O(Jt — s*) . (8.12)

Using the identity f(Y) = Df(Y)Y’ = Df(Y)f(Y), this can be spelled out
further to
Ysir=f(Ys)Xss +Df(Ys)f(Ys)Xsr +0o([t — s]) (8.13)

and, omitting the small remainder term, we recognise a step of a second-order Euler
or Milstein approximation. Again, one can show that iteration of such steps along a
partition P of [0, T'] yields a convergent “Euler” scheme as |P| | 0; see [Dav08] or
[FV10b].

Remark 8.7. This schemes can be understood from simple Taylor expansions based
on the differential equation dY = f(Y)dX, at least when X is smooth (enough), or
via It6’s formula in a semimartingale setting. With focus on the smooth case, the Euler
approximation is obtained by a “left-point freezing” approximation f(Y.) =~ f(Y5)
over [s, t] in the integral equation,

Yo, = / FV)X, ~ f(Y2)Xoa

whereas the Milstein scheme, with X, ; = f St X »dX, for smooth paths, is obtained
from the next-best approximation
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f() = f(Ys) + Df(Ys)Yer
~ f(Ys) + Df(Ye)f(Ye) Xsr -

It turns out that the description (8.13) is actually a formulation that is equivalent
to the RDE solution built previously in the following sense.

Proposition 8.8. The following two statements are equivalent

i) (Y, f(Y)) is a RDE solution to (8.6), as constructed in Theorem 8.3.
ii) Y € C([0,T),W) is an “RDE solution in the sense of Davie”, i.e. in the sense
of (8.13).

Proof. We already discussed how (8.13) is obtained from an RDE solution to (8.6).
Conversely, (8.13) implies immediately Vs, = f(Y;) X, + O(|t — s|25) which
shows that Y € CP and also Y’ := f(Y) € CP, thanks to f € CZ2, so that
(Y, f(Y)) € @ff . It remains to see, in the notation of the proof of Theorem 4.10,
that Y , = (IE)s,t with

(=]
—

st = f(Y:e)Xs,t + (f(Y));Xs,t = f(Y:e)Xs,t + Df(Ys)f(Ys)Xst .

To see this, we note that trivially Y; ; = (Z:;)&t with :;8775 = Y, .. But :;87,5 =
Zs.1+ o(|t — s|) and one sees as in Remark 4.13 that Z=Z =75, O

8.8 Lyons’ original definition

A slightly different notion of solution was originally introduced in [Lyo98] by Lyons.?
This notion only uses the spaces ¥, without ever requiring the use of the spaces
D% of “controlled rough paths”. Indeed, for X = (X, X) € €%([0,7],V) and F €
C2(V,L(V,W)) we can define an element Z = (Z,Z) = Ip(X) € €*([0,T], W)
directly by

Z, = (I2) Set=F(X) Xet + DF(X)Xas

0,t°
Zss = ( Es)s,t s E =T Zuw + (F(Xu) @ F(Xy))Xu, -

It is possible to check that 5% € C5°* for every fixed s (see the proof of Theo-
rem 4.10) so that the second line makes sense. It is also straightforward to check that
(Z,Z) satisfies (2.1), so that it does indeed belong to €. Actually, one can see that

t t
Zi= [ Py Zu= [ Z,wdz,
0 s

2 As always, we only consider the step-2 a-Holder case, i.e. o > % whereas Lyons’ theory is

valid for every Holder-exponent o € (0, 1] (or: variation parameter p > 1) at the complication of
heaving to deal with |p| levels.
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where the integrals are defined as in the previous sections, where F'(X) € 2% as in
Section 7.3.
We can now define solutions to (8.6) in the following way.

Definition 8.9. A rough path Y = (Y,Y) € €*([0,T], W) is a solution in the sense
of Lyons to (8.6) if there exists Z = (Z,Z) € €“(V & W) such that the projection
of (Z,7) onto €*(V) is equal to (X, X), the projection onto €*(W) is equal to
(Y,Y), and Z = Ip(Z) where

Floy) = (f(Iy) 8) '

It is straightforward to see that if (V,Y”) € 22*(W) is a solution to (8.6) in the
sense of the previous section, then the path Z = (X,Y) € V @ W is controlled by
X. As seen in Section 7.1, it can therefore be interpreted as an element of €’“. It
follows immediately from the definitions that it is then also a solution in the sense of
Lyons. Conversely, if (Y,Y) is a solution in the sense of Lyons, then one can check
that one necessarily has (Y, f(Y)) € 23*(W) and that this is a solution in the sense
of the previous section. We leave the verification of this fact as an exercise to the
reader.

8.9 Linear rough differential equations

Let X € C'([0,1],V), A € L(W, L(V,W)) with finite operator norm || A|op = a €
[0, 00), and consider the linear differential equation dY = AY dX, with initial data
Yy € W, written in integral form as

t
Y, =Y, +/ AY.dXs.
0
Clearly |Y;| < |Yo|+a fot |Ys|d| X |5 in terms of the Lipschitz path | X |; := fot | X|ds,
and the classical Gronwall lemma gives
1Y llocsto.1) < [Yolexp(a] Xll1;0,1) »

. Xot 5 .
with || X||1;0,1] = SUPp<s<i<t ﬁ = SUpj< < | Xs|. Alternatively, one can ex-
tract from the integral formulation the estimate, valid forall 0 < s <t < 1,

Vsl < al| X[|1;10,01Y [loosfs, [t — s]-

The following lemma, applied with o = 1, then leads to a similar conclusion. More
importantly, it will be seen to be applicable in rough situations with o < 1.

Lemma 8.10. (Rough Gronwall) Assume Y € C([0,1)), « € (0, 1], and
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Yool < MY |ocifs, [t — s
whenever 0 < s < t < 1. Then there exists ¢ = c,, < 00 such that
1Y loosfo,n) < cexp(eMM®)[Yy|.

Remark 8.11. Since |Y ;| < 2[|Y[|oo;[s,4 the assumption is trivially satisfied for
“distant” times s, t such that M|t — s|* > 2. It then suffices to check the assumption
for “nearby” times with M|t — s|* < 6§ with § = 2, and in fact any 6 > 0, at the

price of replacing M by %.

Proof. For any € € [s, 1] have [Ye| < [Yi| + [Yael < [Yal + MY |locsgoalt — s/
and so
1Y Nloos s, (1 — Mt — s|*) < [Y5] .

Since e72* < 1 — z for z € [0,1/2], we have, for M|t — s|* € [0,1/2],

|a

HYHOO;[s,t] < ‘Y9|€2M|t_s < €|Yg| .

-1/«

This induces a greedy partition of [0, 1], of mesh-size (2M) and hence no more

than (2M)'/ + 1 intervals. The final estimate is then

)

Ja
1Y [|oco,ry < €M7y
so that the claimed estimate holds with ¢ = e \V 21/%. 0O

We now apply this to linear (Young and rough) differential equations, without
loss of generality posed on [0, 1]. By general theory, Theorem 8.3, we have a (non-
explosive) solution.

Proposition 8.12. Let Y solve the linear Young differential equation dY = AY dX,
started from Yy and driven by X € C*([0,1]), a > 1/2, with A of finite operator
norm a. Then there exists ¢ = c(«) € (0, 00) so that

1Y oo < cexp (e(all X llasgo, )™ ) Yol.

Proof. By scaling A, we can and will assume || X||4;10,1] = 1. Young’s inequality
gives, with a = |A| and ¢ = ¢(a),

t
Vaul < AV, X, |+ / A(Y, — Y)dX,

< afYs[|t = 5" + ca||Y]

a;[&tllt_s‘h

and 0 3 [|Y || ass,] < @lY |ooy[s,¢) Whenever calt — s|* < 1/2. Re-insert the estimate
on ||Y'||a;[s,4) (and also use calt — s|* < 1/2) above to obtain precisely

‘Ys,t| < a|YsHt - Sla + a‘y‘m;[&t]n —s5* < 2a”YHOO;[syt]‘t - 5|a
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This holds whenever ca|t — s|® < 1/2 and so we can conclude with the rough
Gronwall lemma (and the remark after it). The constant c is allowed to change of
course, but remains ¢ = c¢(a). O

A similar result also holds in the rough case.

Proposition 8.13. Let Y solve the linear rough differential equation dY = AY dX,
started from Yy and driven by X € €*([0,1]), a > 1/3, with A of finite operator
norm a. Then there exists ¢ = c(«) € (0,00) so that

1Y llscion < cexp (c(alXNasio,)* ) Yol.
Proof. By scaling A, we can again assume unit (homogeneous) rough path norm for
X. By a basic estimate for rough integrals it then holds, with ¢ = ¢(a) € [1, 00) and

a= A,

V0l < el AY, AY ||za x|t = s** < cal| Y, AY |loa x|t — s*
= ca([|AY [la + Y #|2a) |t = sI**,

using musical notation Y ; = AY, X, + + Yﬁ =AY, X+ + A?Y X5 ¢ + Y.jt. This
entails

YA < 1APY Xl + V] < @IYallt = s + (allY [l + [V #]|20)calt — s**

and so for all s < ¢ with calt — s|* < 1/2 we obtain
|- 9 a
1Y # oty < @Y gt + 2V o

Similarly, Y, ,| < [AY, X, 4+ V] < alY; lt— 5]+ a2V oo +allY ) [t~
5| and so

1 (e}
§||Y||a;[8,t] < a”YHOO;[S,t] + 2a2HYHOO;[S,t]|t - 5| < 3aHYHOO:,[S,t]'

for all s < t with a|t — s|* < 1/2. Re-inserting this and the bound for ||V, =
1Y || as s, in the above estimate for |Y 4|, we obtain

Yyol < alYsllt = s|% + 8a? Y [loosgs, 1]t — s[** < 5a]|Y [loosgs, 1]t — 5|
We conclude with the rough Gronwall lemma, just as in the Young case. O

Remark 8.14. All this can be vector-valued. Assuming X takes values in some space
V and Y takes values in W, we should view A as a linear map A: W @V — W.
The operator A%2: W ® V ® V — W should then be interpreted as A o (A ® Id).
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8.10 Stability I'V: Flows

We briefly state, without proof, a result concerning regularity of flows associated to
rough differential equations, as well as local Lipschitz estimates of the Itd—Lyons
maps on the level of such flows. More precisely, given a geometric rough path X €
€5 ([0,T7, R%), we saw in Theorem 8.3 that, for C} vector fields f = (fi,.. ., fa)
on R®, there is a unique global solution to the rough integral equation

t
Yt=y+/f(Ys)dXs, t>0. (8.14)
0

Write 7 (0, y; X) = Y for this solution. Note that the inverse flow exists trivially,
by following the RDE driven by X(t — .),

F(f)(O,';X)t_l = W(f)(o, -;X(t — ))t

We call the map y — 7(5)(0, y; X) the flow associated to the above RDE. Moreover,
if X € is a smooth approximation to X (in rough path metric), then the corresponding
ODE solution Y€ is close to Y, with a local Lipschitz estimate as given in Section 8.6.

It is natural to ask if the flow depends smoothly on y. Given a multi-index
k= (ky,...,ke) € N° write D* for the partial derivative with respect to !, ... y°.
The proof of the following statement is an easy consequence of [FV10b, Chapter 11],
combined with Theorem 8.5 (see also [CDFO13, Lemma 13]). Note that the RDE
satisfied by the tuple (Y, Dkﬂ'(f))‘k‘gn is linear in the Dkw(f) variables so doesn’t
quite satisfy the assumptions of Theorem 8.5. However, one we know that its solutions
don’t blow up in finite time, this can be circumvented by a standard localisation
argument.

Theorem 8.15. Let o € (1/3,1/2] and X, X € G, Assume [ € Cot™ for some
integer n. Then the associated flow is of regularity C"1 in vy, as is its inverse flow.
The resulting family of partial derivatives, { D ()(0,&;X), |k| < n} satisfies the
RDE obtained by formally differentiating dY = f(Y)dX.

At last, for every M > 0 there exist C, K depending on M and the norm of f
such that, whenever | X||o, | X|la < M < oo and |k| < n,

s | D*(4)(0,65X) = D¥m5) (0, € X))y < Coa(X,X),

R

sup. | D) (0,6X) 7 = DEmey (0,6 X) 71 o < Cea(X,X),
sup ]D’“w(f)(o,g;x)]a;[oyt] <K,

¢eRe
k -X) !

sup [ D¥m(p) (0,6:X) 7 0y < K-

¢ere



8.11 Exercises 149

8.11 Exercises

Exercise 8.1 a) Consider the case of a smooth, one-dimensional driving signal X :
[0,T] — R. Show that the solution map to the (ordinary) differential equation
dY = f(Y)dX, for sufficiently nice f (say bounded with bounded derivatives)
and started at some fixed point Yy = &, is locally Lipschitz continuous with
respect to the driving signal in the supremum norm on [0, T]. Conclude that it
admits a unique continuous extension to every continuous driving signal X.

b) Show by an example that no such continuous extension is possible, in general, in
a multi-dimensional situation, with vector fields f = (f1, ..., f4) driven by a
d-dimensional signal X : [0, T] — R?, with d > 2.

# ¢) Show that a continuous extension is possible for commuting vector fields, in the
sense that all Lie bracket [f;, f;], 1 < i,j < d, vanish or, equivalently, their
flows commute.

Exercise 8.2 (Explicit solution, Chen-Strichartz formula) View
f="(fi,.., fa) €C°(R% L(RLRY)),

as a collection of d (smooth, bounded with bounded derivatives of all orders) vector
fields on R°. Assume that f is step-2 nilpotent in the sense that (f;, [f;, fc]] = 0
foralli,j, k € {1,...,d}. Here, |-, -] denotes the Lie bracket between two vector
fields. Let (Y, f(Y)) be the RDE solution to dY = f(Y)dX started at some £ € R®
and assume that the rough path X is geometric. Give an explicit formula of the type
Y; = exp(...)§ where exp denotes the unit time solution flow along a vector field
(...) which you should write down explicitly.

x Exercise 8.3 (Explosion along linear-growth vector fields) Give an example of
smooth f with linear growth, and X € € so that dY = f(Y)dX started at some &
fails to have a global solution.

f Exercise 8.4 (Maximal RDE solution) We are in the setting of the local existence
and uniqueness Theorem 8.3, with C3-regular coefficients, f € C3(W, L(V,W)),
and local solution Y to (8.6) with values in the Banach space W.

a) Show that'Y can either be extended to a global solution on the whole interval
[0, T] or only on a subinterval [0, T) which is maximal with respect to extension
of solutions.

b) Show that T = 7(X) is a lower semicontinuous function of the driving rough
path, i.e lim,_,  7(X") > 7(X) whenever X" — X € €.

c) Assume f is C3-bounded on bounded sets. (This is always the case for f €
C? with W,V finite-dimensional.) If a solution only exists on [0,T), then
limy1, |Y;| = +00 and we call T € (0, T explosion time.

Remark: In infinite dimensions, there are examples of Banach-valued ODEs
with smooth coefficients, where global existence fails but the solution does not
explode. In essence, this is possible because a smooth vector field need not map
bounded sets into bounded sets.
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Exercise 8.5 Let T > 0,a € (1/3,1/2] and X,X € €°([0,T],R%. Establish
existence, continuity and stability for rough differential equations with drift (cf.

(8.6)),
dY; = fo(Ya)dt + f(Yz) dX; . (8.15)

a) First assume fy to have the same regularity as f, in which case you may solve
dY = f(Y)X with f = (f, fo) and X as (canonical) space-time rough path
extension of X. (The missing integrals f Xidt, f tdX%i=1,...,dare canoni-
cally defined as Riemann—Stieltjes integrals.)

b) Give a direct analysis for fo € C} (or in fact fo Lipschitz continuous, without
boundedness assumption).

Exercise 8.6 Let f € C? and assume (Y, f(Y)) is a RDE solution to (8.6), as
constructed in Theorem 8.3. Show that the o-term in Davie’s definition, (8.13), can
be bounded uniformly over (X,X) € Bg, any R < co, where

Bri={(X,X) € 6° : | X|l, + |Xll,5 < R}, any R < oc.

Show also that RDE solutions are [3-Holder, uniformly over (X,X) € Bpg, any
R < 0.

Exercise 8.7 Show that ||Y, f(Y); Y™, f(Y™)|| x,xn 20 — O, together with X —
X" in 6" implies that also (Y™,Y™) — (Y,Y) in €. Since, at the price of replacing
f by F, cf. Definition 8.9, there is no loss of generality in solving for the controlled
rough path Z = (X,Y), conclude that continuity of the RDE solution map (It6—
Lyons map) also holds with Lyons’ definition of a solution.

Exercise 8.8 Show that ||Y, f(Y); Y™, f(Y™)|x,xn 20 — 0, together with X —
X" in €? implies that also (Y™,Y") — (Y,Y) in €. Since, at the price of replacing
f by F, cf. Definition 8.9, there is no loss of generality in solving for the controlled
rough path Z = (X,Y), conclude that continuity of the RDE solution map (It6—
Lyons map) also holds with Lyons’ definition of a solution.

Exercise 8.9 (Lyons extension theorem revisited) Let o € (%, %} and consider

X = (X,X) € ¢°([0,T),V). Show that X = (1,X1) X® X&) X)) 1he
(level-N) Lyons lift of X from Exercise 4.6, solves a linear RDE. Use this and a
scaling argument for another proof of the estimate, 0 < s <t <T,n=1,...,N,

l «
X% S UKt — s -

n)
s,t

8.12 Comments

ODEs driven by not too rough paths, i.e. paths that are a-Hdolder continuous for some
a > 1/2 or of finite p-variation with p < 2, understood in the (Young) integral sense
were first studied by Lyons in [Lyo94]; nonetheless, the terminology Young-ODEs is
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now widely used. Existence and uniqueness for such equations via Picard iterations
is by now classical, our discussion in Section 8.3 is a mild variation of [LCL07, p.22]
where also the division property (cf. proof of Lemma 7.5) is emphasised. Existence
and uniqueness of solutions to RDEs via Picard iteration in the (Banach!) space of
controlled rough paths originates in [Gub04] for regularity o € (%, %] This approach
also allows to treat arbitrary regularities, [Gub10, HK15]. In case of driving rough
paths with jumps, one has to distinguish between forward (think It6 or branched)
and geometric (think Marcus canonical) sense, this was started in [WilO1], and the
general forward resp. geometric case completed by Chevyrev, Friz and Zhang in
[FZ18, CF19], see also comment Section 9.6.

The continuity result of Theorem 8.5 is due to T. Lyons; proofs of uniform
continuity on bounded sets were given in [Lyo98, LQ02, LCL0O7]. Local Lipschitz
estimates were pointed out subsequently and in different settings by various authors
including Lyons—Qian [LQO02], Gubinelli [Gub04], Friz—Victoir [FV10b], Inahama
[Inal0], Deya et al. [DNT12]; Bailleul [Bail5a, Bail4] and Bailleul-Riedel [BR19]
take a flow perspective, initially studied in [LQ98]. Smoothness of the Lyons—Ito
map is discussed in [LLO6, FV10b, BailSb, CL18], see also comment Section 11.5.

The name universal limit theorem was suggested by P. Malliavin, meaning con-
tinuity of the It6—Lyons map in rough path metrics. As we tried to emphasise, the
stability in rough path metrics is seen at all levels of the theory.

Lyons’ original argument (for arbitrary regularity) also involves a Picard iteration,
see e.g. [LCLO7, p.88]. In his p-variation setting, vector fields are assumed Lip”, v >
p, which agrees with our CZ;Y in finite dimensions, cf. Sections 1.4 and 1.5, with
the usual disclaimer v ¢ N (Lipschitz vs continuously. differentiable). In finite
dimensions, existence results are given for v > p — 1, see [Dav08, FV10b] for p < 3
and general p respectively. In infinite dimensions, due to lack of compactness, extra
assumptions on the vector fields are necessary; a Peano existence theorem, as in
the case of Banach valued RDEs is shown by Caruana [Car10]. On the other hand,
under local C” regularity one has a unique (in infinite dimensions: not necessarily
exploding) maximal solution, cf. Exercise 8.4. In finite dimensions, global existence
is guaranteed by non-explosion, discussed in [Dav08, FV10b, Lej12, RS17].

For regularity 1/p = a > 1/3, Davie [Dav08] establishes existence and unique-
ness for Young resp. rough differential equations via discrete Euler resp. Milstein
approximations. Step-N Euler schemes. with |p| < N, are studied in [FV08b] via
sub-Riemannian geodesics in G™) (R?), Boutaib et al. [BGLY 14] establish simi-
lar estimates in the Banach setting, Boedihardjo, Lyons and Yang [BLY15] study
N — oo.

Our regularity assumption as stated in Theorem 8.3, namely C* for a unique
(local) solution is not sharp; it is straightforward to push this to C” any v > 1/« for
o€ (%, %} (due to our level-2 exposition) in agreement with [Lyo98, Dav08]. It is
less straightforward [Dav08, FV10b] to show that uniqueness also holds for v = 1/«
and this is optimal, with counter-examples constructed in [Dav08]. Local existence
results on the other hand are available for v > (1/a) — 1. Setting o = 1, this is
consistent with the theory of ODEs where it is well known that, at least modulo
possible logarithmic divergencies and in finite dimensions, Lipschitz continuity of
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the coefficients is required for the uniqueness of local solutions, but continuity is
sufficient for their existence.

Theorem 8.3 gives global existence for f € C or (affine) linear f. Linear rough
differential equations are important (Jacobian of the flow, equations for Malliavin
type derivatives, etc) and studied e.g. in [Lyo98, FV10b, CL14], see also [HH10]
for related analysis. Solutions can be estimated by the rough Gronwall lemma
[DGHT19b, Hof18], in a sense a real-analysis abstraction of previously used argu-
ments for linear RDE solutions, [HNO7, FV10b].

The existence and uniqueness results for rough differential equations have seen
many variations over recents years. Gubinelli, Imkeller and Perkowski apply their
theory of paracontrolled distributions to (level-2) RDEs with Holder drivers [GIP15,
Sec.3], extended to Besov drivers by Promel-Trabs [PT16], revisited with “classical”
rough path tools in [FP18].

Rough/stochastic Volterra equations are discussed from a rough path point of
view in [DT09, HT19, Com19], from a paracontrolled point of view in [PT18] and
in a regularity structure context in [BFG'19, Sec.5]. Bailleul-Diehl then study the
inverse problem for rough differential equations [BD15]. For a “joint development”
of RDEs and SDEs with stochastic sewing, by a fixed point argument in a space of
stochastic controlled rough paths, see [FHL20]. Rough partial differential equations
are discussed in Chapter 12.

Last not least, we note that the point of view to construct RDE solutions by fixed
point arguments in the (linear) space of controlled rough paths, where the rough path
figures as parameter of the fixed point problem, extends naturally to the framework of
regularity structures developed in [Hail4b], cf. Chapter 13 onwards. In that context,
solutions (to singular SPDEs, say) are found by similar fixed point arguments in a
linear space of “modelled distributions™), with enhanced noise (“the model”) again
as parameter of the fixed point problem. (The question of renormalisation is a priori
disconnected from the construction of a solution and only concerns the model / rough
path. However, one would like to understand the equation driven by renormalised
noise, at least when the latter is smooth. In the setting of rough differential equations
such effects have been observed in [FO09], a systematic study in case of branched
RDE is found in Bruned et al. [BCFP19], see also [BCEF20].)



Chapter 9
Stochastic differential equations

We identify the solution to a rough differential equation driven by the Itd or
Stratonovich lift of Brownian motion with the solution to the corresponding stochas-
tic differential equation. In combination with continuity of the Ito—Lyons maps, a
quick proof of the Wong—Zakai theorem is given. Applications to Stroock—Varadhan
support theory and Freidlin—Wentzell large deviations are briefly discussed.

9.1 It6 and Stratonovich equations

We saw in Section 3 that d-dimensional Brownian motion lifts in an essentially
canonical way to B = (B, B) € ([0, 7], R") almost surely, for any o € (3, 3).
In particular, we may use almost every realisation of (B, B) as the driving signal
of a rough differential equation. This RDE is then solved “pathwise” i.e. for a
fixed realisation of (B(w), B(w)). Recall that the choice of B is never unique: two
important choices are the Itd and the Stratonovich lift, we write B'® and BS™, where
B is defined as [ B ® dB and [ B ® od B respectively. We now discuss the interplay

with classical stochastic differential equations (SDEs).

Theorem 9.1. Let f € C} (R, L(R?,R®)), let fo : R® — R be Lipschitz continu-
ous, and let £ € R®. Then,
i) With probability one, B (w) € €°, any a € (1/3,1/2) and there is a unique
RDE solution (Y (w), f(Y(w))) € @123%) to

dY = fo(Y)dt + f(Y)dB"™, Y, =¢.

Moreover, Y = (Y(w)) is a strong solution to the Ito SDE dY = fo(Y)dt +
f(Y)dB started at Yy = &.

ii) Similarly, the RDE solution driven by yields a strong solution to the
Stratonovich SDE dY = fo(Y)dt + f(Y') o dB started at Yo = &.

B Strat

Proof. We assume zero drift fo, but see Exercise 8.5. The map

153
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B|[O,t] = (RBSM)

[0, € %go’a ([O, t], Rd)

is measurable, where %90” denotes the (separable, hence Polish) subspace of €“
obtained by taking the closure, in a-Holder rough path metric, of piecewise smooth
paths. This follows, for instance, from Proposition 3.6. By the continuity of the
It6—Lyons map (adding a drift vector field is left as an easy exercise) the RDE
solution Y; € R is the continuous image of the driving signal (B,B5™)|; , €

%2 ([0,t],R?). Tt follows that Y; is adapted to

0{Bys,B,s:0<r<s<t}=0{B;:0<s<t},
and it suffices to apply Corollary 5.2. Since BY, = BS'"™ — 1 (¢ — )1, measurability
is also guaranteed and we conclude with the same argument, using Proposition 5.1.
O

Remark 9.2. In contrast to standard SDE theory, the present solution constructed
via RDEs is immediately well-defined as a flow, i.e. for all £ on a common set of
probability one. The price to pay is that of C? regularity of £, as opposed to the mere
Lipschitz regularity required for the standard theory.

9.2 The Wong-Zakai theorem

A classical result (e.g. [IW89, p.392]) asserts that SDE approximations based on
piecewise linear approximations to the driving Brownian motions converge to the
solution of the Stratonovich equation. Using the machinery built in the previous
sections, we can now give a simple proof of this by combining Proposition 3.6,
Theorem 8.5 and the understanding that RDEs driven by BS"™ yield solutions to the
Stratonovich equation (Theorem 9.1).

Theorem 9.3 (Wong-Zakai, Clark, Stroock—Varadhan). Let f, fo, ¢ be as in Theo-
rem 9.1 above. Let o < 1/2. Consider dyadic piecewise linear approximations (B™)
to B on [0,T), as defined in Proposition 3.6. Write Y™ for the (random) ODE solu-
tions to dY™ = fo(Y™)dt + f(Y™)dB™ andY for the Stratonovich SDE solution to
dY = fo(Y)dt + f(Y) o dB, all started at . Then the Wong—Zakai approximations
converge a.s. to the Stratonovich solution. More precisely, with probability one,

HY - Yn”a;[(),T] — 0.

The only reason for dyadic piecewise linear approximations in the above statement
is the formulation of the martingale-based Proposition 3.6. In Section 10 we shall
present a direct analysis (going far beyond the setting of Brownian drivers) which
easily entails quantitative convergence (in probability and L9, any ¢ < oo) for all
piecewise linear approximations towards a (Gaussian) rough path.

In the forthcoming Exercise 10.2 it will be seen that (non-dyadic) piecewise linear
approximations of mesh size ~ 1/n, viewed canonically as rough paths, converge a.s.
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in € with rate anything less than 1/2 — . As long as « > 1/3, it then follows from
(local) Lipschitzness of the Itd—Lyons map that Wong—Zakai approximations also
converge with rate (1/2 — /). Note that the “best” rate one obtains in this way is
(1/2—1/3)~ = 1/67; the reason being that rate is measured in some Holder space
with exponent 1/3%, rather than the uniform norm. The well-known almost sure
“strong” rate 1/2~ can be obtained from rough path theory at the price of working in
rough path spaces of much lower regularity, see [FR14].

9.3 Support theorem and large deviations

We briefly discuss two fundamental results in diffusion theory and explain how
the theory of rough paths provides elegant proofs, reducing a question for general
diffusion to one for Brownian motion and its Lévy area.

The results discussed in this section were among the very first applications of
rough path theory to stochastic analysis, see Ledoux et al. [LQZ02]. Much more
on these topics is found in [FV10b], so we shall be brief. The first result, due to
Stroock—Varadhan [SV72] concerns the support of diffusion processes.

Theorem 9.4 (Stroock—Varadhan support theorem). Let f, fy, & be as in Theo-
rem 9.1 above. Let a < 1/2, B be a d-dimensional Brownian motion and consider
the unique Stratonovich SDE solution'Y on [0, T to

d
dY = fo(Y)dt + Y fi(Y) o dB’ 9.1)
=1

started at Yo = £ € R®. Write y" for the ODE solution obtained by replacing odB
with dh = h dt, whenever h € H = VVO1 2 e absolutely continuous, h(0) = 0 and
h € L2([0, T],R%). Then, for every § > 0,

tim P(IY = Y"|lasory < & | 1B = hlloogor <) =1 92)
e—0

(where Euclidean norm is used for the conditioning ||B — hl|, ;o 71 < €). As a
consequence, the support of the law of Y, viewed as measure on the pathspace
C%([0, T, R®), is precisely the a-Holder closure of {y" : h € L*([0, T], R%)}.

Proof. Using Theorem 9.1 we can and will take Y as RDE solution driven by
B%"™(w). For h € H and some fixed a € (%,1), we furthermore denote by
S@(h) = (b, [h®dh) € %, the canonical lift given by computing the it-
erated integrals using usual Riemann—Stieltjes integration. It was then shown in
[FLS06]! that for every § > 0,

! Strictly speaking, this was shown for h € C2; the extension to h € H is non-trivial and found in
[FV10b].
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giﬂjp(ga;[w] (BS™, 5@ (h)) < & ‘ 1B = hllocsjo.1] < 5) —1. (93

The conditional statement then follows easily from continuity of the Ito—Lyons map
and so yields the “difficult” support inclusion: every y" is in the support of Y. The
easy inclusion, support of Y contained in the closure of {y"}, follows from the
Wong—Zakai theorem, Theorem 9.3. If one is only interested in the support statement,
but without the conditional statement (9.2), there are “softer” proofs; see Exercise 9.1
below. O

The second result to be discussed here, due to Freidlin—Wentzell, concerns the
behaviour of diffusion in the singular (¢ — 0) limit when B is replaced by e B. We
assume the reader is familar with large deviation theory.

Theorem 9.5 (Freidlin-Wentzell large deviations). Let f, fy, & be as in Theo-
rem 9.1 above. Let « < 1/2, B be a d-dimensional Brownian motion and consider
the unique Stratonovich SDE solution Y =Y < on [0,T] to

d
dY = fo(Y)dt+ Y fi(Y)oedB’ (9.4)
=1

started at Yy = € € R®. Write Y" for the ODE solution obtained by replacing oedB
with dh where h € H = W, %, Then (Y¢ : 0 < t < T) satisfies a large deviation
principle (in a-Holder topology) with good rate function on pathspace given by

J(y) =inf{I(h): Y" =y}.

Here I is Schilder’s rate function for Brownian motion, i.e. I(h) = %HhHiz([
for h € H and I(h) = 400 otherwise.

0,7],R%)

Proof. The key remark is that large deviation principles are robust under continuous
maps, a simple fact known as contraction principle. The problem is then reduced to
establishing a suitable large deviation principle for the Stratonovich lift of ¢ B (which
is exacly 6.B5"™) in the a-Holder rough path topology. Readers familiar with general
facts of large deviation theory, in particular the inverse and generalised contraction
principles, are invited to complete the proof along Exercise 9.2 below. 0O

9.4 Laplace method

We have seen that (Y7 : 0 <t <T), given as continuous images of the rescaled
Brownian rough path, Y* = @((LBS‘““), satisfies a large deviations principle (in
Holder and hence also in uniform topology) with rate function

J(y) = inf{I(h) : B(h) =y, h € H} 9.5)
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with the mild abuse of notation &(h) = @(h) where h =(h, [ h ® dh) is the canoni-
cal lift of h € H. A standard fact of large deviation theory, Varadhan’s lemma, implies
the following Laplace principle: for bounded continuous F' : C([0,T],R®) — R,

5113%52 logE[exp (—F(Y®)/e%)] = —inf{Fa(h) : h € H},

where we set F'y = F'o @ + I, for I as in Theorem 9.5. We are interested in precise
asymptotics, hence the following collection of hypotheses.

(H1) The function F' is bounded continuous on C([0, T], R®).

(H2) The function F4 attains its unique minimum at y € H.

(H3) The function F is C? in the Fréchet sense at ¢ := &(7).

(H4) The element ~ is a non-degenerate minimum of F'4 restricted to H namely,
for all h € H\{0},

D?Fa(y)(h,h) = D*(F o ®)|_(h,h) + [|h]|3, > 0

Theorem 9.6. Let Y be the unique Stratonovich SDE solution on [0, T) in the small
noise regime from Theorem 9.5. Under conditions (HI-H4), the following precise
Laplace asymptotic holds

Elexp (—F(Y*¢)/e%)] = exp (— F/;gV))(co +o0(1)) aselO, (9.6)

for some constant cq € (0, 00).

Proof. (i) Localisation around the minimiser. We regard B = B™ (and its -
dilations) as random variables in the (Polish) rough path space ¢ := ¢,>*([0,T7).
Write v := (7, [ ¥ ® dy) € € for the canonical lift of the minimiser v € . Take
now an arbitrary neighbourhood O of «v € € and decompose

Elexp (—F(Y*®)/e®)] = E[exp (—F o &(6.B) /?)]
=E[..;{.B€ O} +E[..;{6.BeO}].

Since (4.B) satisfies an LDP with good rate function, (H1) implies that there exists
d > a := Fy(v) and €9 > 0 such that for all ¢ € (0,e9)

E[exp (—F o #(6.B)/£%); {6.B € 0}°] < exp (—d/e?). 9.7)

Hence this term does not contribute to the asymptotics (9.6). In the sequel, we shall
take, for some p > 0,

0:=0,={T,X:XeC|X] <o} ={Xe?:|T_-X| <o}

(By continuity of the translation operator, this is indeed an open neighbourhood of
T,0 = ~.) We are thus left to analyse

Jy = Eexp (~F o ®(5.B)/=2); [ T_,0.B] < ]
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(i1)) Cameron—Martin shift. It is easy to see that, for Wiener a.e. w, one has
B(w + h) = T,B(w). In particular, the Cameron—Martin shift eB ~» B + v (or
w ~» w + 7/¢) induces a translation of J.B in the sense that

5.B = (EB,/EB ® d(aB)) s (EB +7, / (eB+7) ®d(eB + 7)) —T,0.B .

From the Cameron—Martin theorem, with all integrals below understood over [0, T'],

200 = (exp (171t TAUEDD) o (o PLABN, sy )
—exp (- M 220 ()i < o)

where we recognise F4(7y) in the first exponential and also set
(x) = Fo®(Ty6.B) — Fo®() + 5/"ydB .

(iii) Local analysis around the minimiser. We argue on a fixed rough path realisation
X := B(w). One checks that ¢ — &(T,.X) is sufficiently smooth so that

B(T,6.X) = B(7) + G (X) + S G2(X) + £*R.(X)

with remainder R.(X), uniformly bounded in ¢ € (0, 1]. We now use (H3) to obtain
the expansion

(F o ®)(T,5.X) = (F o ®)(y) + = DF|, (G'(X))

+ 5 [DPILE ) + DI (%), 6" (X)] +RE(X),

=:Q(X)

where (H3) requires us to take ¢ less than some £1(X), with remainder R (X),
uniformly bounded in ¢ € (0,&1). Write G* = G*(h), and similar for G2, ), when
evaluated at the canonical lift of an element h € . We note for later

82
T 022

Since «y minimises Fy = F' o @ + I, first order optimality leads precisely to

Q(h) (Fo®)(y+eh).

e=0

DF|,(G'(h)) + /»ydh =0, 9.8)

for any h € H. By continuous extension we have DF|,,(G'(B(w))) + [+4dB =0,
see Exercise 9.3 (ii), and so
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J4(6) = exp (=35 B exp (- QB2 + <R (B): 0.8 < )

We claim that, as one would expect from exchanging ¢ — 0 with expectation,

tim B[exp (~Q(B)/2 + <R (B));|3.B| < o] = Elexp(~Q(B))/2] < oc.

To see why this is so, we first show integrability and even exp [-Q(B)/2] € L'*7,
for some /3 > 0, as consequence of the non-degeneracy assumption on the minimizer.
The claimed integrability follows from the tail estimate P(—Q(B)/2 > r) < e~ ¢,
with C' > 1 and for sufficiently large . Now (@) is “quadratic” in the precise sense
Q(6:,X) = A?Q(X), A > 0, so that upon setting r = 1/¢2, we are left to show

P(—Q(5.B) > 2) < e 9/,

Since () is seen to be continuous on rough path space, we have a good Large
Deviations Principle for {—Q(J.B) : € > 0}, and using the upper LDP bound

P(—Q(5.B)/2 2 1) < e (@7,
it remains to see 1 < C*, where, using goodness of the rate function,
C* =inf{%||n[j3, : h € H,—Q(h)/2 > 1} = %||n*||5, for some h* € H .
But this follows exactly from “D?(F o @ + I)(7y) > 0 in direction h*,

102

* * 1 * (12
1<-Q(h")/2= 2952 (—Fo®)(y+eh™) < §Hh % -

e=0

This establishes exp [-Q(B)/2] € L'*#. This additional amount of integrability,
> 0, is now used to give a uniform L*-bound on exp (—Q(B)/2 + eRE (B)) over
ll6cB]| < o, after which one can conclude by dominated convergence. To this end,
we revert to a pathwise consideration, X := B(w). We need the remainder estimate,
Exercise 9.4,

sup |RI(X)[ S 1+ X%, (9.9)
e€(0,e1]
valid whenever ¢||X]| = [|0-X]| remains bounded. It follows that, on ||§.B|| < o, we

have the (uniform in small ) estimate
RFB)| <1 B|? <1 B|? 9.10

and this estimate is uniform over ¢ € (0, 1]. By Fernique’s estimate for the (homoge-
neous!) rough path norm ||B|| of B = B(w) and by choosing ¢ = o() small enough,
we can guarantee that

. ’
e B s pi<gy < exp (CollBI?) € L7
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where 3’ < oo is the Holder conjugate of 3 > 1. Hence exp[—Q(B)/2 + ¢||B||?] €
L' serves as the uniform L'-bound we were looking for and the proof is complete.
O

9.5 Exercises

Exercise 9.1 (Support of Brownian rough path [FV10b]) Fix a € (3,3) and

B Strat

view the law i of as probability measure on the Polish space ngo o', the (closed)

subspace of %go*"‘ of rough paths X started at Xo = 0. Show that BS™ has full
support. The “easy” inclusion, supp p C CK_(;)’O“ is clear from Proposition 3.6. For the
other inclusion, recall the translation operator from Exercise 2.15 and follow the
steps below.

a) (Cameron—-Martin theorem for Brownian rough path) Lerh € [0,7] € H =
WO1 2. Show that X € supp pu implies Tj,(X) € supp .

b) Show that the support of | contains at least one point, say X e %;7“ with
the property that there exists a sequence of Lipschitz paths (h(")) so that
Ty (X) — (0,0) in a-Hélder rough path metric.

Hint: Almost every realisation of BS™ (w) will do, with —h(™ = B, the
dyadic piecewise linear approximations from Proposition 3.6.

¢) Conclude that (0,0) = lim,,— 00 Thn) (f() € supp [.

d) As a consequence, any (h, [ h ® dh) = Ty (0,0) € supp 1, for any h € H and
taking the closure yields the “difficult” inclusion.

e) Appeal to continuity of the Ito—Lyons map to obtain the “difficult” support
inclusion (“every y" is in the support of Y7 ) in the context of Theorem 9.4.

Exercise 9.2 (“‘Schilder” large deviations, see [FV10b]) Fix o € (% %) and con-
sider
5 BStral (&‘B EQBSHdt)

the laws of which are viewed as probability measures u° on the Polish space %O .
Show that (u€) : € > 0 satisfies a large deviation principle in a-Holder rough path
topology with good rate function

where X = (X,X) and I is Schilder’s rate function for Brownian motion, i.e.
I(h) = Hh”LQ([O 7] Rd)for heH= I/Vol’2 and I(h) = +oo otherwise.

Hint: Thanks to Gaussian integrability for the homogeneous rough paths norm of
BS"™ it is actually enough to establish a large deviation principle for (§.B>™ : ¢ >
0) in the (much coarser) uniform topology, which is not very hard to do “by hand”,
cf. [FVI0b].
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Exercise 9.3 In the context of Laplace asymptotics given in Theorem 9.6:

a) Detail the localisation estimate (9.7).

b) Derive the first order optimality condition (9.8) and justify its “continuous
extension”, i.e. replacing h by B(w).

¢) Show that Gy = G5(X) is continuous in rough path sense. Conclude that the
same holds for @ = Q(X).

Remark: Related results appear in [BAS8] (on path space) and [Ina06, Lemma 8.2].

Exercise 9.4 (Stochastic Taylor-like rough path expansion) We aim to show the
remainder estimate (9.9).

a) As a warmup, consider  : C([0,1],R%) — R so that &(X) = o(X), for some
@ € C3(RY). Fix v € C([0,1],R?) and establish the expansion

B(y+eX)=go+eq(X) —|—5292(X) —|—53r5(X) ,

such that |r-(X)| < | X1
bounded.

b) Show that an extra e-dependent drift, say ¢ X replaced by e X + cp for some
fixed i € C(]0,1],R%), alters the remainder estimate to |r-(X)| < 14 |X1]3.

¢) Generalise a) and b) to the situation when ® is C3-regular in Fréchet sense. (This
trivially covers the case F' o @, with another ' € c3.)

d) Prove the real thing, i.e. the remainder estimate (9.9) based on the expansion
of e — F o (T,0.X) where P is the Ito—Lyons map. (See e.g. [IKO7, Thm 5.1]
and the references therein. For a similar estimate in a slightly different setting,
see also [FGP18].)

3, uniformly in ¢ € (0,1], provided |¢X1| remains

9.6 Comments

The rough path approach to solving stochastic differential equations (SDEs) driven
by d-dimensional noise, can be seen as far-reaching extension of the works of Doss
and Sussmann [Dos77, Sus78], and the Wong—Zakai approximation result [WZ65]
(d = 1) and Clark [Cla66], Stroock-Varadhan [SV72] for d > 1. Lyons [Lyo98]
used the Wong—Zakai theorem in conjunction with his continuity result to deduce
the fact that RDE solutions (driven by the Brownian rough path B3™") coincide with
solution to (Stratonovich) stochastic differential equations. Similar to Friz—Victoir
[FV10b], the logic is reversed in our presentation: thanks to an a priori identification
of [ f(Y)dBS™ as a Stratonovich stochastic integral, the Wong—Zakai results is
obtained. Ikeda—Watanabe [IW89] present “twisted” Wong—Zakai approximation,
based on McShane [McS72], in which case an additional limiting drift vector field
appears; see also [Sus91, FO09]. Wong-Zakai type results for SPDEs (with finite-
dimensional noise) is a straight-forward consequence of continuity statements for
rough partial differential equations, as discussed in Sections 12.1 and 12.2. A version
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of the Wong—Zakai theorem for a singular SPDEs with space-time white noise via
regularity structures is established by Hairer—Pardoux [HP15].

Almost sure rates for Wong—Zakai approximations in Brownian (and then more
general Gaussian) rough path situations, were studied by Hu—Nualart [HN09], Deya—
Neuenkirch-Tindel [DNT12] and Friz—Riedel [FR14]; see also Riedel-Xu [RX13].
Let us also note that L9-rates for the convergence of approximations are not easy
to obtain with rough path techniques (in contrast to Itd calculus which is ideally
suited for moment calculations). Nonetheless, such rates can be obtained by Gaussian
techniques, as discussed in Section 11.2.3 below; applications include multi-level
Monte Carlo for SDEs and more generally Gaussian RDEs [BFRS16]. The rough
path approach to SDEs (and more generally Gaussian RDEs) leads naturally to
random dynamical systems, cf. comment Section 10.5.

The rough path approach to the Stroock-Varadhan support theorem [SV72] in
Section 9.3 goes back to Ledoux—Qian—Zhang [LQZ02] in p-variation and Friz
[FriO5] in Holder topology, simplified and extended with Victoir in [FV05, FVO07,
FV10b]; the conditional estimate (9.3) is due to Friz, Lyons and Stroock [FLS06].
We note that this strategy of proof applies whenever one has rough path stability,
which includes many stochastic partial differential equations (with finite-dimensional
noise) discussed in Chapter 12. In the case of infinite-dimensional noise, a general
support theorem for singular SPDEs was obtained via regularity structures by Hairer—
Schonbauer [HS19] and extends the paracontrolled work of Chouk—Friz [CF18], as
well as classical results such as the work of Bally, Millet and Sanz-Sole [BMSS95].

The rough path approach to Freidlin—Wentzell (small noise) large deviations in
Section 9.3 goes also back to Ledoux, Qian and Zhang [LQZ02]; in p-variation,
strengthened to Holder topology in [FV05]; Inahama studies large deviations for
pinned diffusions [Inal5], see also [Inal6a]. Once more, the strategy of proof applies
whenever one has rough path stability, and thus applies to many stochastic partial
differential equations as discussed in Chapter 12. Large deviations for Banach valued
Wiener—Itd chaos proved useful in extensions to Gaussian rough paths and then Gaus-
sian models (in the sense of regularity structures), see [FV07] and [HW15], where
Hairer—Weber establish small noise large deviations for large classes of singular
SPDE:s.

Theorem 9.6 is an elegant application of rough paths, due to Aida [Aid07], to the
classical theme of Laplace method on Wiener space, in a setting close to Ben Arous
[BAS8S]; see also Inahama [Ina06], his work with Kawabi [IK07] and [Inal3]. Our
presentation borrows from Friz, Gassiat and Pigato [FGP18]. See Friz—Klose [FK20]
for a recent extension of these works to singular SPDEs via regularity structures.
Recent applications to heat kernel expansions include [IT17].

The pathwise approach has also been useful to study mean field or McKean—Vlasov
stochastic differential equations. This goes back to Tanaka [Tan84], with pathwise
analysis of additive noise, revisited and extended by Coghi et al. [CDFM18]. The
rough path case was pioneered by Cass—Lyons [CL15], with measure dependent drift,
followed by Bailleul, Catellier and Delarue [BCD20, BCD19] to a setup that includes
the important case of measure dependent noise vector fields. Dawson—Girtner type
large deviations from the McKean-Vlasov limit of weakly interacting diffusions is



9.6 Comments 163

studied in by [Tan84, CDFM18], and also in Deuschel et al. [DFMS18] via rough
paths, always under additive noise. Coghi—Nilssen [CN19] study, from a rough path
point of view, McKean-Vlasov diffusion with “common” noise.

The Lions—Sznitman theory of reflecting SDEs [LS84] was revisited from a
purely analytic rough path perspective by Aida [Aid15] and Deya et al. [DGHT19a]
(existence) Gassiat [Gas20] shows non-uniqueness.

Homogenisation has also seen much impetus from rough path theory. After early
works by Lejay—Lyons [LLO3], we mention Bailleul-Catellier [BC17] and Kelly—
Melbourn [KM16, KM17], who pioneered applications to deterministic homogeni-
sation for fast-slow systems with chaotic noise, work continued by Chevyrev et al.
[CFKT19b, CFK ' 19a, CFKM19].

Stochastic differential equations with jumps, driven by Lévy or general semi-
martingale noise, noise are well-known [KPP95, Pro05, App09] to require a careful
interpretation: forward vs. geometric (a.k.a. Marcus canonical) sense. The pathwise
interpretation of such differential equations was started by Williams [WilO1] and
essentially completed by Chevyrev, Friz, Shekhar and Zhang [FS17, FZ18, CF19],
consistency with the corresponding stochastic theories is also shown.

Rough analysis is “strong” by nature, yet has also proven a powerful tool for
“weak” (or martingale) problems. This was pioneered by Delarue-Diehl [DD16],
using rough paths to study a one-dimensional SDE with distributional drift, with
applications to polymer measures. The extension to higher dimensions was carried
out with paracontrolled methods by Cannizzaro—Chouk [CC18a].

Bruned et al. [BCF18] construct examples of renormalised SDE solutions, par-
tially based on the “Hoff” process [Hof06, FHL16], related to It6 SDE solutions as
averaging Stratonovich solutions [LY16].






Chapter 10
Gaussian rough paths

We investigate when multidimensional stochastic processes can be viewed —in a
“canonical” fashion — as random rough paths. Gaussianity only enters through equiva-
lence of moments. A simple criterion is given which applies in particular to fractional
Brownian motion with suitable Hurst parameter.

10.1 A simple criterion for Holder regularity

We now consider a driving signal modelled by a continuous, centred Gaussian process
with values in V = R%. We thus have continuous sample paths

X(w):[0,7] — R?

and may take the underlying probability space as C ([O, T], Rd), equipped with a
Gaussian measure p so that X;(w) = w(t). Recall that y, the law of X, is fully
determined by its covariance function

R:[0,T]* — R**¢
(S7t) — E[XS ® Xt} .

In this section, a major role will be played by the rectangular increments of the
covariance, namely

S, Y\
R(s' t’) = E[stt ®XS’,t/] .

As far as the Holder regularity of sample paths is concerned, we have the following
classical result, which is nothing but a special case of Kolmogorov’s continuity
criterion:

Proposition 10.1. Assume there exists positive ¢ and M such that for every 0 < s <
t<T,

165
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‘R(ji)‘ < M|t — s|™. (10.1)

Then, for every o < 1/(20) there exists K,, € LY, for all ¢ < oo, such that
[ Xt (w)| < Ka(w)t — |
Proof. We may argue componentwise and thus take d = 1 without loss of generality.

Since

1/2

v L
|Xs,t|L2 == (E[Xs,th,t])l/Q S 'R<§ t) S M1/2|t - 'S| 2e

and | X, ¢|;, < cq|Xs,¢]; 2 by Gaussianity, we conclude immediately with an appli-

cation of the Kolmogorov criterion. 0O

Whenever the above proposition applies with ¢ < 1, the resulting sample paths
can be taken with Holder exponent o € (%, 2%), differential equations driven by X
can then be handled with Young’s theory, cf. Section 8.3. Therefore, our focus will be
on Gaussian processes which satisfy a suitable modification of condition (10.1) with
0 > 1 such that the process X allows for a probabilistic construction of a suitable
second order process!

X(w) : [0, 7] — R¥*?

which is tantamount to making sense of the “formal” stochastic integrals
t . .
/ Xg rdX] for 0<s<t<T, 1<4,j<d, (10.2)
s

such that almost every realisation X(w) satisfies the algebraic and analytical prop-
erties of Section 2, notably (2.1) and (2.3) for some o € (%, %} . We shall also look
for (X, X) as (random) geometric rough path; thanks to (2.6), only the case ¢ < j in
(10.2) then needs to be considered.

At the risk of being repetitive, the reader should keep in mind the following three
points: (i) the sample paths X (w) will not have, in general, enough regularity to
define (10.2) as Young integrals; (ii) the process X will not be, in general, a semi-
martingale, so (10.2) cannot be defined using classical stochastic integrals; (iii) a lift
of the process X to (X, X) € € for some « € (%, 3], if at all possible, will never
be unique (as discussed in Chapter 2, one can always perturb the area, i.e. Anti(X)
by the increments of a 2a-Holder path). But there might still be one distinguished
canonical choice for X, in the same way as BS" is canonically obtained as limit
(in probability) of [ B™ ® dB™, for many natural approximations B" of Brownian

motion B.

! Despite the two parameters (s, t) one should not think of a random field here: as was noted in
Exercise 2.4, (X, X) is really a path.
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10.2 Stochastic integration and variation regularity of the
covariance

Our standing assumption from here on is independence of the d components of
X, which is tantamount to saying that the covariance takes values in the diagonal
matrices. Basic examples to have in mind are d-dimensional standard Brownian
motion B with

R(s,t) = (s At)ld € R™*?

RdXd) or fractional Brownian motion B,

(here Id denotes the identity matrix in
with

1
Ry(s,t) = = [S2H FeH g s|2H] 1d € R4

2
where H € (0, 1); note the implication E[(Bf — Bf)2] = |t — s|*". The reader
should observe that Proposition 10.1 above applies with ¢ = 1/(2H); the focus on
o > 1 (to avoid trivial situations covered by Young theory) translates to H < 1/2.

We return to the task of making sense of (10.2), componentwise for fixed ¢ < j,
and it will be enough to do so for the unit interval; the interval [s, ¢] is handled by
considering (X, ,(1—s) : 0 < 7 < 1). Writing (X, )~(), rather than (X*, X7), we
attempt a definition of the form

1
/ XoudX, = lim Z XoeXs: with &€ [s,t], (10.3)
0 |PL0 (s.4]eP

where the limit is understood in probability, say. Classical stochastic analysis (e.g.
[RY99, pl144]) tells us that care is necessary: if X, X are semimartingales, the
choice £ = s (“left-point evaluation™) leads to the Itd integral; £ = ¢ (“right-point
evaluation”) to the backward Itd—and £ = (s + t)/2 to the Stratonovich integral.
On the other hand, all these integrals only differ by a bracket term (X, X ) which
vanishes if X, X are independent. While we do not assume a semimartingale structure
here, we do have the standing assumption of componentwise independence. This
suggests a Riemann sum approximation of (10.2) in which we expect the precise
point of evaluation to play no role; we thus consider left-point evaluation (but mid-
or rightpoint evaluation would lead to the same result; cf. Exercise 10.5, (ii) below).
Given a partition P of an interval and an integrand F', we set

/ FodX,:= Y F.X.,
P [s,t]€P
so that under the assumption that X and X are independent, we have
[ Xowdf, | XoudX|= 3 R 0.5) (8-t (10.4)
0,s 0,s 07 s 8/, t .

[s,t]leP
[s",t']eP’
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On the right-hand side we recognise a 2D Riemann—Stieltjes sum and set

~ 0,s\~5(s,t
/ RdR = Y R< ’ ,>R( a ,>-
PP [s.]eP 0,5 55t
[s',t'1eP’

Let us now assume that R has finite o-variation in the sense || |, 12 < 00 where
the p-variation on a rectangle I x I’ is given by

AN 1/e
57
IR s = < sup R(S, t,) ) < o0, 10.5)
7l age |\
[ ! t/]efpl

and similarly for R, with 6 = 1 /o+1/6 > 1. A generalisation of Young’s maximal
inequality due to Towghi [Tow02] states that 2

/ RdR
PxP’!

In particular, if the covariance of X has similar variation regularity as X, the condi-
tion simplifies to o < 2 and we obtain the following L2-maximal inequality.

sup |R||
PCI,

P'cI

< CO)| ]|

o Ix I SIxI"

Lemma 10.2. Let X, X be independent, continuous, centred Gaussian processes
with respective covariances R, R of finite po-variation, some ¢ < 2. Then

()

where the constant C' depends on o.

rebn < OlIR] 0,12 1Rl 0,1

We can now show existence of (10.3) as L2-limit.

Proposition 10.3. Under the assumptions of the previous lemma,

=0. (10.6)
L2

lim sup
€20 p p/clo,1]:
\7?|v|79 |<e,

/ Xo,dX, — XO LdX,

Hence, fol X07Td)~(r exists as the L2-limit offp Xo,rer as |P| | 0 and

1 2
E </ Xo,rer) 1 < CIB], o 1l 0 (10.7)
0

with a constant C = C(o).

2 This holds more generally if R is evaluated at [0, £] x [0,&’] where € € [s, ], & € [s',t'].
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Proof. At first glance, the situation looks similar to Young’s part in the proof of
Theorem 4.10 where we deduce (4.14) from Young’s maximal inequality. However,
the same argument fails if re-run with = ; = Xo,sXs,t and | - | replaced by | - |z2;
in effect, the triangle inequality is too crude and does not exploit probabilistic
cancellations present here. We now present two arguments for the key estimate (10.6).
First argument: at the price of adding / subtracting 7 N P’, we may assume without
loss of generality that P’ refines P. This allows to write

/ XO,T' dX7 - / XO,T dX'r = Z / Xu,r dX7 = T B
P’ P [u,0]€P P'Nu,v]

and we need to show convergence of Z to zero in L? as [P| = |P| V |P’| — 0. To
see this, we rewrite the square of the expectation of this quantity as

E XourdX, X dX 0
Z Z </73’ﬁ[u,v] ’ P'N[u 0] ' )

[u,v]€P [u’,v']€P

= > > / RdR.

[u,v]E€P [u’ v ]€P Ou,o]xP'N[u’,v']

Thanks to Towghi’s maximal inequality, the absolute value of this term is bounded
from above by a constant C' = C/(p) times

Y Y IRlguexewIB
[u,v]€P [u/ W' ]€EP
S0Y w(lue] x [ 0] Fa(u, o] x [, o])?

[u,v]€P [u/ W' ]€P

|| o;[u,v] X [u’,v’]

|-

where w = w([s, t] x [¢/,#']) (and similarly for @) is a so-called 2D control [FV11]:
super-additive, continuous and zero when s = ¢ or s’ = t’. A possible choice, if

finite, is
w,v\|°
R(u’:v’)‘ . (10.8)

The difference to (10.5) is that the sup is taken over all (finite) partitions Q of
[s,t] x [, '] into rectangles; not just “grid-like” partitions induced by P x P’. At this
stage it looks like one should the change assumption “covariance of finite p-variation’
to “finite controlled o-variation”, which by definition means w([0,1]%) < co. But
in fact there is little difference [FV11]: finite controlled p-variation trivially implies
finite p-variation; conversely, finite p-variation implies finite controlled o’-variation,
any ¢ > p. Since (10.6) does not depend on p, we may as well (at the price
of replacing o by ¢') assume finite controlled p-variation. The Cauchy—Schwarz
inequality for finite sums shows that @ := w'/2%1/2 is again a 2D control; the above

w([s,t] x [¢',']) = sup Z

QC[s,t]x[s",t’] [u,0] % [u’ 0" ]€Q

s
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estimates can then be continued to

EZ’ < C Z Z [, v'])*?

[u,v]€P [u’ v ]eP

<0 max ool x W) T xS B(uv] x o)

u,v]EP
e e [/ ]EP

< o(1) x @([0,1] x [0,1]) ,

where we used the facts that |P| | 0, o < 2 and super-additivity of & to obtain
the last inequality. This is precisely the required bound. The second argument
makes use of Riemann-Stieltjes theory, applicable after mollification of X,and a
uniformity property of p-variation upon mollification. Let thus denote X = X « fn
the convolution of ¢ — X, with (fn), a family of smooth, compactly supported
probability density functions, weakly convergent to a Dirac at 0. Writing R?’t =
E(Xff(f) for the covariance of X", and also S;Lt = E(Xst) for the “mixed”
covariance, we leave the fact that

sup || "

sup 15|l (10.9)

0;[0,1]%? 0;[0,1]2 = H Hg;[O,1]2 >
as and easy exercise for the reader. (Hint: Note R" = Rx (fn® fn) = R x
(0 ® fy); estimate then the rectangular increments of Rn, respectively S” to the
power o with Jensen’s inequality.)

Since X ™ has finite variation sample paths, basic Riemann—Stieltjes theory implies

/XO,Tdea/XO,TdX;’ as  |P| — 0. (10.10)
P

In fact, this convergence (n fixed) takes also place in L? which may be seen as con-
sequence of Lemma 10.2. On the other hand, pick ¢’ € (p, 2) and apply Lemma 10.2
to obtain®

< ClRx | 41,012 |Rx_%n

~ ~ 12
Sgp‘/])X07rdXT_/7;XO;TdXT L2 Q/;[O,1]2

1—e/e' (10.11)

§CHRX||,Q/;[0,1]2HRX—XnHQ/Q ||RX Xl ooi0,1)2 °

0[0,1]?

where C' = C(g). Now ¢ > g implies [|Rx|| .0 12 < [[Rx|| 40,12 (immediate

consequence of |z|, < [z|, = (o |l )1/‘-’ on R™) and thanks to (10.9) we
also have the (uniform in n) estimate

0;[0,1]2 < CQ(HR)?HQ;[OJP + 2|‘gan;[o,1]2 + HRX Q;[o,l]z)

U, v
()

[R5

3 Define | f| .19,1)2 = sup where the sup is taken over all [u, v], [u’,v'] C [0, 1].
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< 4CQHRHQ;[O,1]2 '

Since X" converges to X uniformly and in L2, it is not hard to see that R f_xn—0

uniformly on [0, 1]2. We then see that (10.11) tends to zero as n — 0o. It is now an
elementary exercise to combine this with (10.10) to conclude the (second) proof of
(10.6).

At last, the L?-estimate is an immediate corollary of the maximal inequality given
in Lemma 10.2 and L2-convergence of the approximating Riemann—Stieltjes sums.
O

Note that there was nothing special about the time horizon [0, 1] in the above
discussion. Indeed, given any time horizon [s, ¢] of interest, it suffices to apply the
same argument to the process (XHT(t,S) 0< 7L 1). Since variation norms are
conveniently invariant under reparametrisation, (10.7) translates immediately to an
estimate of the form

t 2
< / X, dX;)

first for the approximating Riemann—Stieltjes sums and then for their L2-limits.

E | R|| (10.12)

S C||R||g;[s,t]2 Q?[Sat]Q ?

Theorem 10.4. Let (X; : 0 < t < T) be a d-dimensional, continuous, centred Gaus-
sian process with independent components and covariance R such that there exists
0 € [1,2) and M < oo such that for everyi € {1,...,d} and0 < s <t <T,

[Rx:

sz < Mt —s|'/e. (10.13)

Define, for 1 <1< j<dand0<s<t<T,in L2-sense (cf. Proposition 10.3),

X5 = lim / (Xi - X1)dx],
’ [P|=0 Jp

and then also (the algebraic conditions (2.1) and (2.6) leave no other choice!)

Xy =5 (XE)" and XIj = XU+ XDXD, (10.14)

Then, the following properties hold:

a) For every q € [1,00) there exists C1 = C1(q, 0,d, T) such that for all 0 < s <
t<T,
E(| X,

20 |Xs7t|q) < O Mt — 5)e. (10.15)

b) There exists a continuous modification of X, denoted by the same letter from
here on. Moreover, for any o« < 1/(20) and q € [1,00) there exists Cy =
Cs(q, 0,d, &) such that

E(HXlliq + ||X||§a) < CoM1. (10.16)
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c) For any a < 2%, with probability one, the pair (X, X) satisfies conditions (2.1),
(2.3) and (2.6). In particular, for o € [1, %) and any o € (%, 4

3.35) we have
(X,X) € €5 almost surely.

Proof. By scaling, we can take M = 1 without loss of generality. Regarding the
first property, the “first level” estimates are contained in Proposition 10.1. Thus,
in view of (10.14), in order to establish (10.15) only E(|X}? ?) for i < j needs
to be considered. For ¢ = 2 this is an immediate consequence of (10.12) and our
assumption (10.13). The case of general g follows from the well-known equivalence
of L9- and L?-norm on the second Wiener—Itd chaos (e.g. [FV10b, Appendix D]).

Regarding the remaining two properties, almost sure validity of the algebraic con-
straint (2.1) for any fixed pair of times is an easy consequence of algebraic identities
for Riemann sums. The construction of a continuous modification of (s,t) — X, ;
under the assumed bound is then standard (in fact, the proof of Theorem 3.1 shows
this for dyadic times and the unique continuous extension is the desired modification).
At last, Theorem 3.1 yields K, K, with moments of all orders, such that

Kool S Kot =8|, [Xoel < Ka(w)lt = s**.

The dependence of the moments of K, and K, on M finally follows by simple
rescaling. O

Theorem 10.5. Let (X,Y) = (Xl, Yyt ..., X Yd) be a centred continuous Gaus-
sian process on [0, T] such that (Xi, Yi) is independent of (Xj, Yj) when i # j.
Assume that there exists ¢ € [1,2) and M € (0, 00) such that the bounds

1 1
IRl o2 < Mt =512, Ryl g2 < Mt — 5"/,
IRyl o < €Mt —s['/¢, (10.17)

hold foralli € {1,...,d} and all0 < s <t <T. Then

a) For every q € [1,00), the bounds

Q=

eV M|t — s|%
e Mt —s|t

E(|Ys, — X,.]%)
E(|Y5,t - XS,t|q)

Q=

S
S

hold forall0 < s <t <T.
b) For any oo < 1/(20) and q € [1,00), one has

[E(Y = X3)
[E([Y - X]|3,)

c)Foro€[1,3) and any o € (3, 5
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|0a(X, Y)| e S

(Here, 0o, (X, Y) denotes the a-Holder rough path distance berween X = (X, X)
andY = (Y, X) in €;".)

Proof. By scaling we may without loss of generality assume M = 1. As for a) we
note (again) that equivalence of L?- and L?-norm on Wiener—Ito chaos allow to
reduce our discussion to ¢ = 2. The first level estimate being easy, we focus on
the second level estimate; to this end fix ¢ # j. Since L2-convergence implies a.s.
convergence along a subsequence there exists (P,,), with mesh tending to zero, so
that we can use Fatou’s lemma to estimate

)

)

Yy — X712 = hm Vi dY) — X! dX]
(| s,t r

TLA)OO

<hm1nfE ‘ / Yi,dY) — X1 dX}

1

< SupE(‘ / YszrdYrj - XZ rde
o p ,
The result now follows from the bound

[ vieavi - xtaxi) < - Xy
P

+ /(Y—X>i,rdXZ :
P

where we estimate the second moment of each term on the right-hand side by the
respective variation norms of the covariances; e.g.

(| [ v - xi[) < cymy.

< CE2t— 3|%

os[s,t]? [ Rys—x ”Q;[S’t]2

The case ¢ = j is easier: it suffices to note that

iyi i |2 1 i \2 i \2
E(‘Y&t _sz‘ ) = EE((YS,t) - (Xs,t) )

1 . )
= B0 = X5) (Ve + X50))]

then conclude with Cauchy—Schwarz.

Regarding b), given the pointwise L?-estimates as stated in a), the L?-estimates
for | X — Y, and |Y — X]|,, are obtained from Theorem 3.3. The last statement
is then an immediate consequence of the definition of g,. O

Corollary 10.6. As above, let (X,Y) = (Xl, Y., X9, Yd) be a centred contin-
uous Gaussian process such that (X ‘ Yi) is independent of (X 7, Yj) when i # j.
Assume that there exists ¢ € [1,3) and M € (0, 00) such that

IRyl oz < Mlt—s]/eVO<s <t <T. (10.18)
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Then, for every o € (%, 2%) every 6 € (O, % — Qa) and q < oo, there exists a
constant C' such that

0
X V)l <€ sup  [EIX, = V] (10.19)
s,t€[0,T]

Proof. At the price of replacing (X,Y") by the rescaled process M ~1/2(X,Y) we
may take M = 1. (The concluding L%-estimate on g, (M ~'/2X, M~1/2Y’) is then
readily translated into an estimate on g, (X, Y), given that we allow the final constant
to depend on M .) Assumption (10.18) then spells out precisely to

[ Rx:

1 1
ptos? S 1= e Ryl gy e < It — s

oils,
and (not present in the assumptions of the previous theorem!)

< |t —s|'?

| Rixivo)

[s t]2 —
where R(x: yi)(u,v) = E(X.Y;'). Thanks to this assumption we have

IR x: —yil o < Co (HRX1HQ[M2+2||R(X7:,Y1:
<40, |t —s|Me,

e+ 1Bl et )

which is handy in the following interpolation argument. Set

1= max{||Rxi_yill o2 : 1 < < d}

and note that, for any ¢’ > p,

o/o

§[51t]2

e Ry

IRxi—y+ll o2 < I Rxioys

< (4C,) el — 5|1
Also, with M = 1V T/¢=1/¢' and then similar for Ry,

[ Rx:ll,

5.2 < [Rxi

o < [t —s[e < Nt — 5|

and so, picking o’ = 1% the previous theorem (with ¢’ <« o and e?

n'=el M« MV (4C9)9/Q ) yields

|Qa(X7Y)|Lq < (Ce= C’néfggig/ _ Cne.

for any given 6 € (0, % — Qa). At last, take i, € {1,...,d} as the arg max in the
definition of 1 and set A = X — Y. Then, by Cauchy—Schwarz,
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n= HRAHOO;[QT]? = sup E(A;Agp) < sup EAit
0<s<t<T 0<s<t<T
0<s'<t'<T

and the proof is finished. O

Remark 10.7. Corollary 10.6 suggests an alternative route to the construction of a
rough path lift X = (X, X) for some Gaussian process X as in Theorem 10.4. The
idea is to establish the crucial estimate (10.19) only for processes with regular sample
paths, in which case X is canonically given by iterated Riemann—Stieltjes integration.
Apply this to piecewise linear (or mollifier) approximations X", X" to see that
(X™,X™) is Cauchy, in probability and rough path metric in the space ‘5;) '*. The
resulting limiting (random) rough path X is easily seen to be indistinguishable from
the one constructed in Theorem 10.4. All estimates are then seen to remain valid in
the limit. (This is the approach taken in [FV10a, FV10b].)

10.3 Fractional Brownian motion and beyond

We remarked in the beginning of Section 10.2 that (d-dimensional) fractional Brown-
ian motion B¥ | with Hurst parameter H € (0, 1), determined through its covariance

Ri(s,t) = %[s”f FeH g s|2H] Id € R4
has a-Holder sample paths for any o« < H. For H > 1/2, there is little need for
rough path analysis - after all, Young’s theory is applicable. For H = 1/2, one deals
with d-dimensional standard Brownian motion which, of course, renders the classical
martingale based stochastic analysis applicable. For H < 1/2, however, all these
theories fail but rough path analysis works. In the remainder of this section we detail
the construction of a fractional Brownian rough path.

In fact, we shall consider centred, continuous Gaussian processes with indepen-
dent components X = (X LooX d) and stationary increments. The construction
of a (geometric) rough path associated to X then naturally passes through an under-
standing of the two-dimensional p-variation of R = Rx, the covariance of X; cf.
Theorem 10.4. To this end, it is enough to focus on one component and we may take
X to be scalar until further notice. The law of such a process is fully determined by

t,t+u
JQ(U) ::E[th+u} R(t t+u)'

Lemma 10.8. Assume that o*(-) is concave on [0, h] for some h > 0. Then, one
has non-positive correlation of non-overlapping increments in the sense that, for
0<s<t<u<v<h,

U, v

E[X, X..] = R( 5% ) <.
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If in addition 0®(-) restricted to [0, h] is non-decreasing (which is always the case
for some possibly smaller h), then for 0 < s <u <v <t <h,

0 < E[X, 1 Xuo| = [E[X: Xouo]| SE[X] ] =0°(v—u).

Proof. Using the identity 2ac = (a+b+¢)® + b2 — (b+¢)* — (a+b)* with
a=Xst,b= X, and c = X, ,, we see that
2E[X, X =E[X2,] +E[X7,] —E[X},] —E[XZ,]

=c%(v—s)+o*(u—t)—c*(v—1t) —o’(u—s).

The first claim now easily follows from concavity, cf. [MR06, Lemma 7.2.7].
To show the second bound, note that X ; X, , = (a + b+ ¢)b where a = X ,,,
b= X, v, and ¢ = X, ;. Applying the algebraic identity

2a—+b+c)b=(a+b)’—a®+ (c+b)° -
and taking expectations yields
2E[X, Xuo] = B[XT,] - B[X],] + E[X(,] - E[X7,]
= (c*(v—s)—c*(u—s)) + (*(t —u) —*(t —v)) > 0,

where we used that o2(+) is non-decreasing. On the other hand, using (a + b + ¢)b =
b2 + ab + cb and the non-positive correlation of non-overlapping increments, we
have

E[X, Xuo] = E[XD,] + E[X, 0 Xoo] + E[X, Xouo] SE[XT]
thus concluding the proof. O

Theorem 10.9. Let X be a real-valued Gaussian process with stationary increments
and o*(+) concave and non-decreasing on [0, h], some h > 0. Assume also, for
constants L, 0 > 1, and all T € [0, h],

|o?(7)| < Liz['/e .
Then the covariance of X has finite p-variation. More precisely

IR [ yarfogz < Mt —s]'/° (10.20)

o-var;[s,
Sor all intervals [s, t] with length |t — s| < h and some M = M (p,L) > 0.

Proof. Consider some interval [s, ¢] with length |t — s| < h. The proof relies on
separating “diagonal” and “off-diagonal” contributions. Let D = {t;}, D" = {t } be
two dissections of [s, t]. For fixed ¢, we have
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(10.21)

istit1

3i-e Y ‘E(Xti,tmxt;%l)‘@ < 3'¢|[EX,
t, €D’

x|

o-var;[s,t]

< ||EXy,
+ HEXt“

i+1X ||g var;[s,t;] + HEXtith—lX ||g var;[t;,ti41]

t17+1X ||g var;[ti41,t]"

By Lemma 10.8 above, we have

HEXti,t ] = |EXt i Xst| <

S 20 (ti+1 — tz) .

istit1 S tz+1| + ‘EXt“t

i+1X HQ -var;[s,t; i+1 z+1|

The third term is bounded analogously. For the middle term in (10.21) we estimate
|EX,

e § : o
i7t1+1X' HQ’V31'§[t7‘,7ti+1] sup |EXt1,t1+1Xt )t +1|
t, €D’

<supZ|J (thy1 — t5)| < Lltisr —til ,
t, €D’

where we used the second estimate of Lemma 10.8 for the penultimate bound and
the assumption on ¢ for the last bound. Using these estimates in (10.21) yields

Z |EXti,ti+1Xt;,t;+1|g < Cltipr — tif
t;, €D’

and (10.20) follows by summing over ¢; and taking the supremum over all dissections
of [s,t]. O

Corollary 10.10. Let X = (X', ..., X%) be a centred continuous Gaussian process
with independent components such that each X' satisfies the assumption of the
previous theorem, with common values of h, L and o € [1,3/2). Then X, restricted
to any interval [0, T), lifts to X = (X, X) € ‘5;([0, T], Rd).

Proof. Set I,, = [(n — 1)h,nh] so that [0,T] C I; U Iy U--- U Ijp/p)41. On each
interval I,,, we may apply Theorem 10.4 to lift X,, := X|;, to a (random) rough
path X,, € € (I, R%). The concatenation of X1, X, ... then yields the desired
rough path lifton [0,7]. O

Example 10.11 (Fractional Brownian motion). Clearly, d-dimensional fractional
Brownian motion B with Hurst parameter H € (3, 2] satisfies the assumptions of
the above theorem / corollary for all components with

o(u) = v,

obviously non-decreasing and concave for H < % and on any time interval [0, 7).
This also identifies

°~om
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and o < ; translates to [ > l in which case we obtain a canonical geometric rough
path BH (BH,BH) assoc1ated to fBm. In fact, a canonical “level-3” rough path
B! can be constructed as long as ¢ < ¢* = 2, corresponding to H > 1/4 but this
requires level-3 considerations which we do not discuss here (see [FV10b, Ch.15]).

Example 10.12 (Ornstein-Uhlenbeck process). Consider the d-dimensional (station-
ary) OU process, consisting of i.i.d. copies of a scalar Gaussian process X with
covariance

E[X. X:] = K(|t —s]|), K(u) =exp(—cu),
where ¢ > 0 is fixed. Note that 0% (u) = EXEHu =EX}? ,+EX}? - 2EX,;y, =
2[K(0) — K(u)] = 1 — exp (—cu), so that 0 (u) is indeed increasing and concave:

Oulo”
dlo”

One also has the bound 0?(u) = 1 — exp(—cu) < cu, which shows that the
assumptions of the above corollary are satisfied with o = 1, L = ¢ and arbitrary
h > 0.

(w)] = cexp (—cu) >0
(w)]

)] = —c?exp(—cu) <0 .

10.4 Exercises

Exercise 10.1 Let X be a piecewise linear approximation to X. Show that (Xst)
as constructed in Theorem 10.4 lS the limit, in probability and uniformly on
{(5,t) : 0< s <t < T} say, Off XP, ® dXP? as |D| — 0. (In particular, any
algebraic relations which hold for ( pzecewme) smooth paths and their iterated inte-
grals then hold true in the limit. This yields an alternative proof that (X, X) satisfies
conditions (2.1) and (2.6).)

Exercise 10.2 (Convergence to Brownian rough path [HN09, FR11]) Ler X =
B and Y = B" be a d-dimensional Brownian motion and its piecewise linear
approximation with mesh size 1/n, respectively. Show that the covariance of (B, B™)
has finite 1-variation, uniformly in n. Show also that

1
E(|B,. — B",|? :o().
= [B( B - B = o[-

Conclude that, for any 6 < 1/2 — «
1
=0(—).

1B = Bl + /1B~ B~y |

Use a Borel-Cantelli argument to show that, also for any 0 < 1/2 — q,

n n 1
1B = B[l + B = B"|l5, < Clw) -
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When o € (%, %) we can conclude convergence in a-Holder rough path metric, i.e.
0.((B,B),(B",B")) =0,

almost surely with rate 1/2 — o — € for every € > 0.

Exercise 10.3 Ler (B, B) be a 2-dimensional standard Brownian motion. The (Gaus-
sian) process given by

X == (Bt,Bt + Bt)

fails to have independent components and yet lifts to a Gaussian rough path. Explain
how and detail the construction.

Exercise 10.4 Assume R(s,t) = K(|t — s|) for some C*-function K. (This was
exactly the situation in the above Ornstein—Uhlenbeck case, Example 10.12.) Give a
direct proof that R has finite 2-dimensional 1-variation, more precisely,

||'R||1-vau';[s,if]2 < C|t - S| s VO <s<t< T ’

for a constant C which depends on T and K.

Solution. If (s,¢) — R(s,t) := E[X;X] is smooth, the 2-dimensional 1-variation
is given by

T p—— / 102, R(s,1)| ds dt
[0,7]?

This remains true when the mixed derivative is a signed measure, which in turn is the
case when R(s,t) = K (|t — s|) for some C?-function K. Indeed, write H and 20
for the distributional derivatives of | - |. Formal application of the chain-rule gives
OR = K'(|t — s|)H(t — s) and then, using |[H| < 1 a.s.,

.

|02, R(s, )| < |K" (|t = s|)| + 21 K" (|t = s])]o(t - s).
Integration again over [s, #]° C [0, T]? yields

HR”l-var;[s,t]2 = /[ 2 |85,1)R(ua U)| dudv < (T‘K//‘oo + 2|K,(O)|)|t - 5"

.

This is easily made rigorous by replacing | « | (and then H, 2§) by a mollified version,
say | « | (and H,, 20.), noting that variation norms are lower semicontinuous fashion
under pointwise limits; that is

”‘R”l-var;[s,t]2 < llgl’l_llolf ||]%5||1—var;[s,t]2

whenever R — R pointwise. To see this, it suffices to take arbitrary dissections
D = (t;) and D’ = (t}) of [u, v] and note that

ti1,ti , ti1,ti
ZR(,“’ f)’:llm RE(,“’ j)
t .t )| T a0 L th_y.t

,J ]

< llEIIl_}gf HRE H 1-var;[u,v]?
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Exercise 10.5 Assume X = (X LoooX d) is a centred, continuous Gaussian pro-
cess with independent components.

(i) Assume covariance of finite o-variation with o < 2. Show that each component
X = X" fori=1,...,d, has almost surely vanishing compensated quadratic
variation on [0, T| by which we mean

. 2 2 —
Jim (X2, - E(X2) =0,
[s7t]67)"

in probability (and L1, any q < oo) for any sequence of partitions (P,,) of [0, T]
with mesh | P,,| — 0.

(ii) Under the assumptions of (i), show that there exists (Py,) with |P,| — 0 so
that, with probability one, the quadratic (co)variation [X ¢ ] in the sense of
Definition 5.10, vanishes, for any i # j, withi,j € {1,...,d}. N
Conclude that, with regard to Theorem 10.4, the off-diagonal elements Xlsjt
defined as the L? limit of left-point Riemann—Stieltjes sums, could have been
equivalently defined via mid- or right-point Riemann sums.

(iii) Assume o = 1. Show that, for alli = 1, ... d, there exists a sequence (Py,) with
mesh |P,,| — 0 so that, with probability one, the quadratic variation [X i, X i],
in the sense of Definition 5.10, exists and equals

il 1 i )2
[X ]t T ‘gl_r)I%)WS?TEe Z E(Xu,v) .

[u,v]eP
u<t

Discuss the possibility of lifting X to a (random) non-geometric rough path,
similar to the Ito-lift of Brownian motion.

(iv) Consider the case of a zero-mean, stationary Gaussian process on [0, 2m| with
i.i.d. components, each specified by

E(Xft) = cosh (—7) — cosh (|t — s| — 7).

Verify that o = 1 and compute [ X ). (This example is related to the stochastic heat
equation, where s,t should be thought of as spatial variables, cf. Lemma 12.30)

Solution. (i) Using Wick’s formula for the expectation of products of centred
Gaussians, namely

E(ABCD) = E(AB)E(CD) + E(AC)E(BD) + E(AD)E(BC) ,

we obtain the identity

2
B[ Y X2, -E(X2)
[s,t]€Py

= > Y (B0XZX2,) - E(X2)E(XE,))

[s,t]€Py [s/,t']€P,



10.4 Exercises 181

S XX E(Xe X )

[s,t]€Py, [s/,t']€P,
2
w(2ih)

SDNDY
IRl

[s,t]€Py [s/,t']E€PR

s, t
S o ‘R< 7 >
t—s<|Pnl s’ 1/

t'—s' <|Pp|

o-var;[0,T]% ~

This term on the other hand converges to 0 as |P,| — 0. This gives L>-
convergence and hence convergence in probability. Convergence in L? for any
q < oo follows from general facts on Wiener—Itd chaos.

(ii) Left to the reader.

(iii)) We fix ¢ and drop the index. We easily see that (i) holds uniformly on compacts,
say, in the sense that

sup Z (X2, —E(X],) > 0asn— oo

u,v
t€[0,T] [u,v]€Dr

u<t
in probability whenever |P,,| — 0. On the other hand,
sup Z E(Xw,)2 < 00
IP|<e [u,v]eP

u<t

thanks to finite 1-variation of the covariance. By monotonicity, the limit as
e = 1/n — 0 exists, and we call it [[X]];. Then, along a suitable sequence

(Pn),
=lim Y  E(X,.)".
" [u,v]675n
u<t
On the other hand, at the price of passing to another subsequence also denoted
by (Pn), we have

sup Y (X2,-E(X7,)—0  almostsurely,

tefo,7] [u,v]€P.
u<t

and so with probability one, and uniformly in ¢ € [0, T,

Z u v ]]t :

[u, v]Ep"
u<t

(iv) Onehas E(X2,) = cosh (—m)—cosh (|t — s| — 7) = sinh ()|t — s|+o(]t—s])
and so [X]; = ¢ sinh (7).
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Exercise 10.6 Assume finite 1-variation of the covariance (as e.g. defined in (10.5))
of a zero-mean Gaussian process X and E[X?, | = f(t)h + o(h) as h | 0, for
some f € C([0,T],R). Show that, for every smooth test function ¢,

T X2 T
t,t+h
/ Pt gt / (D) dt ash— 0,
0 0
where the convergence takes place in LY for any q < oo (and hence also in probabil-
ity).

Solution. Since all types of L?-convergence are equivalent on the finite Wiener—Itd
chaos (here we only need the chaos up to level 2), it suffices to consider ¢ = 2. A
dissection (ty) of [0, T is given by tx, = kh A T. We have

1 tha1 ) 1 )
> 7 /f () X7,y ndt = /0 0y " otk +Oh)XT 4 on nsonin
k 'k k

1
= / <§0,,U07}L>d9 s

0

— 2
where the random measure (g5 = Y ;. 0t,+0nX{ on.1, +onrn aCts on test func-

tions by integration. It obviously suffices to establish {(p, g n) — (g, f) in L2,
uniformly in € [0, 1]. Define the (random) distribution function of 1 ,

F(t) = NO,h([Ovt]) = Z Xt2k+0h,tk+6h+h >
kitn+0h<t
and also F'(t) = EF(t). Note that,
- t
F(t) = Z f(tx +0h)h +o(h) ~ / f(s)ds ashlO,
ity +0h<t 0

uniformly in 6 € [0,1],¢ € [0, T']. On the other hand, the Gaussian (or Wick) identity
E(A%B?) — E[A%]E(B?) = 2(E(AB))?, applied with A = Xy, {on.t,+ont+n and
B= th+9h,tj+0h+h, gives

E(F(t) — F(t))? = E(F(t)) — F(1)

2
. ty + 0h,t, +0h + h
=2 > RX(tj+9h,tj+0h+h
k:tp+0h<t

jit;+0h<t
SOSC(R%Q;h) —0 ash—0,

uniformly in 6 € [0,1],¢ € [0, T]. It follows that

F(t) = po.n(0,4]) — /0 F(s)ds
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in L2, again uniformly in ¢ and 6. Now, for fixed smooth ¢, one has the bound

2 - ‘/ (/Ot f(s)ds — Me,n([Qt]))g;(ﬂdt
. /01 </0 J(s)ds = uah([o,t]))th

< /01E</0t Fo)ds ug,h([o,t])>2dt .

This expression converges to 0 as &~ — 0, uniformly in 6, thus completing the proof.

2

' [ ettmntan - [ oor

and so

E\ [ ettmntan - [ oo s

10.5 Comments

Classes of Gaussian processes which admit (canonical) lifts to random rough paths
were first studied by Coutin—Qian [CQO02], with focus on fBm with Hurst parameter
H > 1/4. Ledoux, Qian and Zhang [LQZ02] used Gaussian techniques to establish
large deviation and support for the Brownian rough paths, extensions to fractional
Brownian motions were investigated by Millet—Sanz-Solé [MSS06], Feyel and de
la Pradelle [FALPO6], Friz—Victoir [FV07, FV06a]. When H < 1/4, there is no
canonical rough path lift: as noted in [CQO02], the L2-norm of the area associated to
piecewise linear approximations to fBm diverges. See however the works of Unter-
berger and then Nualart-Tindel [Unt10, NT11]. Parameter estimation for fractional
SDE:s via rough paths is studied in Papavasiliou-Ladroue [PL11], see also [DFM16].
The notion of two-dimensional p-variation of the covariance, as adopted in this
chapter, is due to Friz—Victoir, [FV10a], [FV10b, Ch.15], [FV11], and allows for
an elegant and general construction of Gaussian rough paths. It also leads naturally
to useful Cameron—Martin embeddings, see Section 11.1. If restricted to the “diag-
onal”, p-variation of the covariance relates to a classical criterion of Jain—Monrad
[JM83]. The question remains how one checks finite p-variation when faced with a
non-trivial (and even non-explicit, e.g. given as Fourier series) covariance function.
A general criterion based on a certain covariance measure structure (reminiscent of
Kruk, Russo and Tudor [KRT07]) was recently given by Friz, Gess, Gulisashvili
and Riedel [FGGR16], a special case of which is the “concavity criterion” of Theo-
rem 10.9. Cass-Lim establish a Stratonovich-Skorohod integral formula for Gaussian
rough paths. Multi-level Monte Carlo for Gaussian RDE:s is analysed by Bayer et
al. [BFRS16]. Bailleul, Riedel and Scheutzow [BRS17] show that random RDEs
driven by suitable Gaussian rough paths constitute random dynamical system. It is
interesting to note that many key results for Gaussian rough paths (tail estimate, sup-
port, densities, . ..) can be shown with different tools to hold in a Markovian setting
[CO17, CO18], using the framework of Markovian rough paths [FV08c, FV10b].






Chapter 11
Cameron—Martin regularity and applications

A continuous Gaussian process gives rise to a Gaussian measure on path-space.
Thanks to variation regularity properties of Cameron—Martin paths, powerful tools
from the analysis on Gaussian spaces become available. A general Fernique type
theorem leads us to integrability properties of rough integrals with Gaussian integrator
akin to those of classical stochastic integrals. We then discuss Malliavin calculus for
differential equations driven by Gaussian rough paths. As application a version of
Hormander’s theorem in this non-Markovian setting is established.

11.1 Complementary Young regularity

Although we have chosen to introduce (rough) paths subject to a-Holder regularity,
the arguments are not difficult to adapt to continuous paths with finite p-variation
with p = 1/a € [1,00). Recall that CP* ([0, T],R?) is the space of continuous
paths X : [0, 7] — R? so that

=

1X oy £ (sup D° 1X0u?)” < o0, (11.1)
[s,t]leP

with supremum taken over all partitions of [0, 7] and this constitutes a seminorm
on CP¥_ The 1-variation (p = 1) of such a path is of course nothing but its length,
possibly +o0o. Holder implies variation regularity, one has the immediate estimate

15 pvarsto,r1 < TN X o,

povari]

Conversely, a time-change renders p-variation paths Holder continuous with exponent
« = 1/p. Given two paths X € CP** ([0, T],R%), h € CT*([0,T], R?) let us say
that they enjoy complementary Young regularity if Young’s condition

1 1

4>, (11.2)
P g
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is satisfied.

We are now interested in the regularity of Cameron—Martin paths. As in the
last section, X is an Rd—valued, continuous and centred Gaussian process on [0, T,
realised as X (w) =w € C ([0, 7], Rd), a Banach space under the uniform norm,
equipped with a Gaussian measure. General principles of Gaussian measures on
(separable) Banach spaces thus apply, see e.g. [Led96]. Specialising to the situation
at hand, the associated Cameron—Martin space H C C ([O, 7], Rd) consists of paths
t — hy = E(ZX;) where Z € W! is an element in the so-called first Wiener
chaos, the L?-closure of span{XZ :te[0,7T),1<i< d}, consisting of Gaussian
random variables. We recall that if »’ = E(Z’X.) denotes another element in 7, the
inner product (h, h'),, = E(ZZ') makes H a Hilbert space; Z > h is an isometry
between W* and H.

Example 11.1. (Brownian motion). Let B be a d-dimensional Brownian motion, let
g € L*([0,T],R?), and set

d T ‘ T
7= [ dani= [ (g.am).
=1

By Ito’s isometry, h} := E(ZB}) = fot gids so that h = g and Hh||§_t =E(2?) =
fOT |gs|°ds = ||h||2. where | - | denotes Euclidean norm on R?. Clearly, h is of finite

1-variation, and its length is given by [|A]| 1. On the other hand, Cauchy—Schwarz
shows any h € H is 1/2-Holder which, in general, “only” implies 2-variation.

The proposition below applies to Brownian motion with o = 1, also recalling that
|1 R|1,5,42 = |t — s| in the Brownian motion case.

Proposition 11.2. Assume the covariance R : (s,t) — E(X; ® X4) is of finite o-
variation (in 2D sense) for o € [1,00). Then H is continuously embedded in the
space of continuous paths of finite o-variation. More, precisely, for all h € H and all

s<tinl0,T),
HhHg-var;[s,t] < ||hH7-[ HR”Q-va_r;[s,t]Q'

Proof. We assume X, h to be scalar, the extension to d-dimensional X is straightfor-
ward (and even trivial when X has independent components, which will always be
the case for us). Setting h = E(Z X.), we may assume without loss of generality (by
scaling), that ||h||7, := E(Z?) = 1. Let (t;) be a dissection of [s,?]. Let ¢’ be the
Holder conjugate of o. Using duality for [2-spaces, we have!

(Z |htj»tj+1|g>1/g = Sup Z<Bj’htjvtj+l>
J

8,181, <15

= sup E<Zz<ﬁj’xtﬂ"tf“>>
J

B.1B]pr <1

! The case ¢ = 1 may be seen directly by taking 8; = sgn(he, ¢,,,).
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< sup \/Z <ﬁg ® By, E (Xt i & th,tk+1)>

BlBlier <1\ Gk

R =

< sup (Z|ﬁj|‘-’|/3k|g) (Z|EXt_,,th@th,tHl)!")

B.1Bl, g <

1/(2 g)
S (Z }E(th,tJJrl & th7tk+1) ’9) HRHQ -var; [s t

The proof is then completed by taking the supremum over all dissections (¢;) of [0, ¢].
O

Remark 11.3. 1t is typical (e.g. for Brownian or fractional Brownian motion, with
0=1/(2H) > 1) that

Vs <tin[0,7]:  |[Rl ez < Mt —s[2.

o-var;|

In such a situation, Proposition 11.2 implies that

|| < |10 < ||l M2t — 5| PO

o-var;[s,t]
which tells us that A is continuously embedded in the space of 1/(2g)-Holder
continuous paths (which can also be seen directly from i ; = E(ZX ;) and Cauchy—
Schwarz). The point is that 1/(2¢)-Holder only implies 2p-variation regularity, in
contrast to the sharper result of Proposition 11.2.

In part i) of the following lemma we allow X = (X, X) to be a (continuous) rough
path of finite p-variation rather than of a-Holder regularity. More formally, we write
X € €7 ([0, T, RY) when p € [2, 3) and the analytic Holder type condition (2.3)
in the definition of a rough path is replaced by || X || ,-var;j0,77 < o0 and the second
order regularity condition

Il riomy = (sup 3 )" (113)
[s,t]eP

(As before, we shall drop [0, 7] from our notation whenever the time horizon is
fixed.) The homogeneous p-variation rough path norm (over [0, 7)) is then given by

Hlxmp-vaI;[O T) |”X|";D -var = ”XH:H var 1 \/ HXHp/ZvaI' (11.4)

Of course, a geometric rough path of finite p-variation, X € €7 is one for which
the “first order calculus” condition (2.6) holds.

The following results will prove crucial in Section 11.2 where we will derive,
based on the Gaussian isoperimetric inequality, good probabilistic estimates on
Gaussian rough path objects. They are equally crucial for developing the Malliavin
calculus for (Gaussian) rough differential equations in Section 11.3.
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Recall from Exercise 2.15 that the translation of a rough path X = (X, X) in
direction h is given by
T(X) = (X", %) (11.5)

where X" := X + h and
t t t
Xt =X+ / hs,®dX, + / X.r ®dh, + / her®dh,, (11.6)

provided that £ is sufficienly regular to make the final three integrals above well-
defined.

Lemma 11.4. i) Let X € €7 ([0, T, RY), with p € [2,3) and consider a func-

tion h € CT ([0, T],RY) with complementary Young regularity in the sense
that
1/p+1/g>1.

Then the translation of X in direction h is well-defined in the sense that the
integrals appearing in (11.6) are well-defined Young integrals and T}, : X
T (X) maps %”gp'“‘r([O, 7], Rd) into itself. Moreover, one has the estimate, for
some constant C' = C(p, q),

1T ) s < C (X0 ar + W)

ii) Similarly, leta = 1/p € (3,3], X € ‘@“([O,T],Rd) and h - [0,T] — R again
of complementary Young regularity, but now “respectful” of a-Holder regularity
in the sense that*

1]y < KT~ 517, (11.7)

g-var;[s,t

uniformly in 0 < s < t < T. Write ||h| 4.« for the smallest constant K in the
bound (11.7). Then again T}, is well-defined and now maps €' ([O7 7], Rd) into
itself. Moreover, one has the estimate, again with C = C(p, q),

17X, < CUXNy + 17llg.0) -

Proof. This is essentially a consequence of Young’s inequality which gives

t
/ hep ® dX,

S

< C”h”q-var;[s,t] HX”

povars(s,] >

and then similar estimates for the other (Young) integrals appearing in the definition
of X". One then uses elementary estimates of the form v/ab < a+b (for non-negative
reals a, b), in view of the definition of homogeneous norm (which involves X" with a
square root). Details are left to the reader. O

By combining the Cameron—Martin regularity established in Proposition 11.2, see
also Remark 11.3, with the previous lemma we obtain the following result.

2 From Remark 11.3, ||h][g,a < ||hl]4, forall a < 2—2
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Theorem 11.5. Assume (X; : 0 < t < T) is a continuous d-dimensional, centred
Gaussian process with independent components and covariance R such that there
exists 0 € [1,2) and M < oo such that for everyi € {1,...,d} and 0 < s <t < T,

[Rx:

gz < Mt —s|'e.

o-var;|

Let o € (3, 2%] and X = (X,X) € €*([0,T],R?) a.s. be the random Gaussian
rough path constructed in Theorem 10.4. Then there exists a null set N such that for

everyw € N€and every h € H,

Th(X(w)) = X(w + h) .

Proof. Note that complementary Young regularity holds, with p = % < 3 and
g=p0< %, as is seen from 1 + % > % + % = 1. As a consequence of Lemma 11.4,
the translation T} (X(w)) is well-defined whenever X(w) € €. The proof requires
a close look at the precise construction of X(w) = (X (w), X(w)) in Theorem 10.4,
using Kolmogorov’s criterion to build a suitable (continuous, and then Hoélder) modi-
fication from X restricted to dyadic times. We recall that X (w) = w € C([0, T], R%).
Let Ny be the null set of w where X (w) fails to be of a-Hélder (or p-variation)
regularity. Note that w € Nf implies w + h € N7 for all h € H. By the very
construction of X; ; as an L2-limit, for fixed s, ¢ there exists a sequence of partitions
(P™) of [, t] such that X ;(w) = lim,, [5,,, X ®dX exists for a.e. w, and we write
Na. ; for the null set on which this fails. The intersections of all these, for dyadic
times s, ¢, is again a null set, denoted by N,. Now take w € N{ N NJ. For fixed
dyadic s, t, consider the aforementioned partitions (P™) and note

X(w+h) ®dX (w+ h)
’Pm

= X(w)®dX(w)+/ h@dX + X®dh+/ h & dh .
pm m pm

m

Thanks to w € Nf and Proposition 11.2, X(w) and h have complementary
Young regularities, which guarantees convergence of the last three integrals to
their respective Young integrals. On the other hand, w € NS guarantees that
Jpm X(w) ® dX(w) — X, ;(w). This shows that the left-hand side converges,
the limit being by definition X(w + k). In other words, for allw € Nf N N§, h € H
and dyadic times s, ¢,

Th(X(w))s,t =X(w + h)&t .

The construction of X for non-dyadic times was obtained by continuity (see
Theorem 10.4) and the above almost sure identity remains valid. 0O
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11.2 Concentration of measure

11.2.1 Borell’s inequality

Let us first recall a remarkable isoperimetric inequality for Gaussian measures.
Following [Led96], we state it in the form due to C. Borell [Bor75], but an essentially
equivalent result was obtained independently by Sudakov and Tsirelson [ST78].
In order to state things in their natural generality, we consider in this section an
abstract Wiener-space (F,H, i1). The reader may have in mind the Banach space
E = c([o,T7, Rd), equipped with norm ||z|| ; := supy<,< |z:| and a Gaussian
measure 4, the law of a d-dimensional, continuous centred Gaussian process X . In
this example, the Cameron-Martin space is given by H ={E(X.Z) : Z € W'} with

Al = E(Z2)1/2 for h = E(X.Z). Let us write

1o

for the cumulative distribution function of a standard Gaussian, noting the elementary
tail estimate

P(y) :=1—d(y) <exp(—y>/2), y>0.

Theorem 11.6 (Borell’s inequality). Let (E, H, (1) be an abstract Wiener space and
A C E a measurable Borel set with j1(A) > 0 so that

i:= B (u(A) € (—o0, o]
Then, if IC denotes the unit ball in H, for every r > 0,
p((A+rK)°) < d(a+r).
where A+ 1K = {x +rh:x € A, h € K} is the so-called Minkowski sum.>

Theorem 11.7 (Generalised Fernique Theorem). Let a,0 € (0, 00) and consider
measurable maps f, g : E — [0, 00| such that

Ay ={z:g(x) <a}
has (strictly) positive ju measure* and set
i = 0L (u(Aa)) € (o0, 00).
Assume furthermore that there exists a null-set N such that for allx € N°,h € H :

f(x) < g(x—h) +o|hll,. (11.8)

3 Measurability is a delicate matter but circumventable by reading p as outer measure; [Led96].
4 Unless g = oo almost surely, this holds true for sufficienly large a.
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Then f has a Gaussian tail. More precisely, for all v > a and with @ := 4 — a0,
p({z: f(z) >r}) < dla+r/o).

Proof. Note that j(A,) > 0 implies @ = & (u(A,)) > —oo. We have for all
x ¢ N and arbitrary , M > 0 and h € 7K,

{w: flx) <M} D {a:g(x —h)+olhl, <M}
D{x:g(x—h)+or <M}
={zx+h:g(x) <M —or}

Since h € rK was arbitrary, this immediately implies the inclusion

{z: f(z) <M} D U {z+h:g9(x) <M-or}
herkk
={z:g9(x) <M —-o0or}+rk,

and we see that
u(f(@) < M) > p{a : glw) < M —or} +7K) .

Setting M = or + a and A := {z: g(z) < a}, it then follows from Borell’s
inequality that

w(f(x) >or+a) < pu((A+rK)) <d(a+r).

It then suffices to rewrite the estimate in terms of ¥ := or + a > a, noting that
a+r=a+7/c. O

Example 11.8 (Classical Fernique estimate). Take f(x) = g(x) = ||z|| 5. Then the
assumptions of the generalised Fernique Theorem are satisfied with o equal to the
operator norm of the continuous embedding H — E. This applies in particular to
Wiener measure on C ([0, 7, Rd).

11.2.2 Fernique theorem for Gaussian rough paths

Theorem 11.9. Let (X; : 0 <t < T) be a d-dimensional, centred Gaussian process
with independent components and covariance R such that there exists ¢ € [1, %) and
M < oo such that for everyi € {1,...,d} and 0 < s <t < T,

IR | pvars s 2 < Mt — s|'e.

o-var;[

Then, for any o € (3, 2%), the associated rough path X = (X, X) € € built in

Theorem 10.4 is such that there exists 1 = n(M, T, «, o) with
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2
EeXP(nlllX\lla) < o0. (11.9)

Remark 11.10. Recall that the homogeneous “norm” ||X|| , was defined in (2.4) as

the sum of || X ||, and /||X]|2q. Since X is “quadratic” in X (more precisely: in the
second Wiener—Ito chaos), the square root is crucial for the Gaussian estimate (11.9)
to hold.

Proof. Combining Theorem 11.5 with Lemma 11.4 and Proposition 11.2 shows that
fora.e.wandallh € H

IX@), < C(IX(w —m), +M2hll,)

We can thus apply the generalised Fernique Theorem with f(w) = ||X]| ,(w) and
g(w) = Cf(w), noting that ||X]| ,(w) < oo almost surely implies that

Aadéf{x:g(x) <a}

has positive probability for a large enough (and in fact, any @ > 0 thanks to a
support theorem for Gaussian rough paths, [FV10b]). Gaussian integrability of the
homogeneous rough path norm, for a fixed Gaussian rough path X is thus established.
The claimed uniformity, n = n(M, T, «, ) and not depending on the particular X
under consideration requires an additional argument. We need to make sure that
1(A,) is uniformly positive over all X with given bounds on the parameters (in
particular M o, a, d); but this is easy, using (10.16),

1 1
Xl <) > 1= SEX|; > 1- —C,

where C' = C(M, o, a, d) and so, say, a = v2C would do. O

11.2.3 Integrability of rough integrals and related topics

The price of a pathwise integration/ SDE theory is that all estimates (have to) deal
with the worst possible scenario. To wit, given X = (X, X) € ‘fg‘l and a nice 1-form,
F e Cg say, we had the estimate

T
1/«
|| Pe0aX] < (1l VIXI )

where C' may depend on F', T and o € (3, 3]. In terms of p-variation, p = 1/a, one

can show similarly, with || X[|,-var;[0, 77 as introduced earlier, cf. (11.4),

T
[ PO0aX| < C(IXpiomy V I o)« (110)
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where C' depends on F and a € (3, 3] but not on 7', thanks to invariance under
reparametrisation. For the same reason, the integration domain [0, 7] in (11.10) may

be replaced by any other interval.

Example 11.11. The estimate (11.10) is sharp, at least when p = 1/« = 2, in the
following sense. Consider the (“pure-area”) rough path given by

0 ¢
t— (0, At), A_(—(:O)’

for some ¢ > 0. The homogeneous (p-variation, or a-Hdolder) rough path norm here
scales with ¢*/2. Hence, the right-hand side of (11.10) scales like ¢ (for c large), as
does the left-hand side which in fact is given by T'|DF(0)A|.

The “trouble”, in Brownian (¢ = 1) or worse (¢ > 1) regimes of Gaussian rough
paths is that, despite Gaussian tails of the random variable || X(w)]|,,, established
in Theorem 11.9, the above estimate (11.10) fails to deliver Gaussian, or even
exponential, integrability of the “random” rough integral

T
Z(w) & / F(X(w))dX(w)

something which is rather straightforward in the context of (Ité6 or Stratonovich)
stochastic integration against Brownian motion.

As we shall now see, Borell’s inequality, in the manifestation of our generalised
Fernique estimate, allows to fully close this “gap” between integrability properties.
The key idea, due to Cass—Litterer—Lyons [CLL13] is to define, for a fixed rough path
X of finite homogeneous p-variation in the sense of (11.4), a tailor-made partition’
of [0, T, say

P = {[Ti7Ti+1] Zi:O7...7N}

with the property that for all ¢ < N

X1 =1,

p-var;[T; ,Ti41]
L.e. for all but the very last interval for which one has X[l .7y 7y,, < 1. One
can then exploit rough path estimates such as (11.10) on (small) intervals [7;, 7;41]
on which estimates are linear in |X]|,,, ~ 1. The problem of estimating rough
integrals is thus reduced to estimating N = N (X) and it was a key technical result
in [CLL13] to use Borell’s inequality to establish good (probabilistic) estimates on
N when X = X(w) is a Gaussian rough path. (Our proof below is different from
[CLL13] and makes good use of the generalised Fernique estimate.)

To formalise this construction, we fixed a (1D) control function w = w(s, t), i.e.
a continuous map on {0 < s < t < T'}, super-additive, continuous and zero on the

3 The construction is purely deterministic. Of course, when X = X(w) is random, then so is the
partition.
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diagonal.® The canonical example of a control in this context is’

wx(,8) = XI5 vars s,

Thanks to continuity of w = wx we can then define a partition tailor-made for X
based on eating up unit (8 = 1 below) pieces of p-variation as follows. Set

T0=0, 7ig1 =inf{t : w(r,t)>6, n<t<T}NT, (11.11)

so that w(7;, 7;41) = S forall i < N, while w(7n, Ty +1) < B, where N is given
by
N(w) = Ng(w; [0,T]) :=sup{s >0: 7, < T}

As immediate consequence of super-additivity of controls,

N-1
BNg(w Z w(Ti, Tit1) < w(0,7n) < w(0,7n4+1) = w(0,T).
=0

Note also that N is monotone in w, i.e. w < @ implies N (w) < N (). At last, let us
set N(X) = N(wx). The following (purely deterministic) lemma is most naturally
stated in variation regularity.

Lemma 11.12. Assume X € €P™, p € [2,3), and h € C™*, q > 1, of complemen-
tary Young regularity in the sense that % + i > 1. Then there exists C' = C(p, q) so
that

1 P
N1 (% [0, T < € (T (X)) sagorry + Illgvasiom ) (11.12)

Proof. (Riedel) It is easy to see that all Ng, Ng/, with 3, 8’ > 0 are comparable, it
is therefore enough to prove the lemma for some fixed g > 0.

Given h € CT, wy(s,t) = |Hh|\|q var;[s,¢] 18 @ control and so is w? whenever
0 > 1. (Noting 1 < g < p, we shall use this fact with 6 = p/q.) From Lemma 11.4
we have, for any interval T

X0 v s S WXl pvars + (12l govars 1 -

Raise everything to the pth power to see that

(5,1) > WX gy < C (IXIE gy + I g ) =5 Cis,1)

where C' = C(p, ¢) and @ is a control. Choose § = C. By monotonicity of N3 in
the control,

% Do not confuse a control w with “randomness” w.
7 Super-additivity, i.e. w(s,t) + w(t,u) < w(s,u) whenever s < ¢t < u is immediate, but
continuity is non-trivial see e.g. [FV10b, Prop. 5.8])
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N3 (ThX; [0, 7)) < No(Cw [0, T]) = Ny (@3 [0, 7).

By definition, N := Ny (; [0, T]) is the number of consecutive intervals [7;, 7 1]
for which

L =00 7i01) = Xl pvartre ) T 1l i i)

Using the manifest estimate ||h|” < landq/p <1 we have

q-var;[7;,Ti41]

1< \”sz-w;[n,ﬂﬂ] + IIhHZ.Vm[TMM] = wx (7, Tiv1) + wa (73, Tig1)

for 0 < i < N. Summation over i yields
N < wX(Ov TN) + wh(07 TN) < ”|X|”§-var;[0,T] + Hh”g—var;[O,T]’
Combination of these estimate hence shows that

Np(TnX; [0, T1) < X[} el

p-var;[0,T g-var;[0,T]"

Replace X = T;,T_,X by T_;X and then use elementary estimates of the type
(a+b)1/9 < (a'/9 4 b'/9) for non-negative reals a, b, to obtain the claimed estimate
(11.12). O

The previous lemma, combined with variation regularity of Cameron—Martin
paths (Proposition 11.2) and the generalised Fernique Theorem 11.7 then gives
immediately

Theorem 11.13 (Cass-Litterer—Lyons). Let X = (X, X) € €* a.s. be a Gaussian
rough path, as in Theorem 11.9. (In particular, the covariance is assumed to have
finite 2D p-variation.) Then the integer-valued random variable

N(w) := N1 (X(w); [0,T])

has a Weibull tail with shape parameter 2/ o (by which we mean that N has a
Gaussian tail).

Let us quickly illustrate how to use the above estimate.

Corollary 11.14. Let X be as in the previous theorem and assume F' € Cf. Then the
random rough integral

Z(w) < /0 F(X (w))dX(w)

has a Weibull tail with shape parameter 2/ o by which we mean that | Z|'/© has a
Gaussian tail.

Proof. Let (7;) be the (random) partition associated to the p-variation of X(w) as
defined in (11.11), with § = 1 and w = wx. Thanks to (11.10) we may estimate
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< 2

[Ti,Tit1]EP

< (V@) + 1590 (Xl )V X))

= (Nw)+1).

/O F(X(w))dX(w)

[ FOX(@)dX(s)

where the proportionality constant may depend on F', T and o € (%, %@] .0

11.3 Malliavin calculus for rough differential equations

In this section, we assume that the reader is already familiar with the basics of
Malliavin calculus as exposed for example in the monographs [Mal97, Nua06].

11.3.1 Bouleau—Hirsch criterion and Hormander’s theorem

Consider some abstract Wiener space (W, , 1) and a Wiener functional of the form
F : W — R®. In the context of stochastic — or rough — differential equations driven
by Gaussian signals, the Banach space W is of the form C([O, T], Rd) where u
describes the statistics of the driving noise. If F' denotes the solution to a stochastic
differential equation at some time ¢ € (0, T, then, in general, F' is not a continuous,
let alone Fréchet regular, function of the driving path. However, as we will see in this
section, it can be the case that for p-almost every w, the map H > h +— F(w + h), i.e.
F(w + -) restricted to the Cameron-Martin space (H, (-, -)) is Fréchet differentiable.
(This implies ]Dllo’ﬁ7 -regularity, based on the commonly used Shigekawa Sobolev space

DUP; our notation here follows [Mal97] or [Nua06, Sec. 1.2, 1.3.4].) More precisely,
we introduce the following notion, see for example [Nua06, Sec. 4.1.3]:

Definition 11.15. Given an abstract Wiener space (W, H, i), a random variable
F: W — Ris said to be continuously H-differentiable, in symbols F' € C}_L, if for
p-almost every w, the map

H>h— F(w+h)

is continuously Fréchet differentiable. A vector-valued random variable is said to be
in C?l{ if this is the case for each of its components. In particular, ;-almost surely,
DF(w) = (DF'(w), ..., DF¢®(w)) is a linear bounded map from # to R°.

Given an R®-valued random variable F' in C%l, we define the Malliavin covariance
matrix

M;;(w) = (DF(w), DFF (w)) . (11.13)
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The following well-known criterion of Bouleau—Hirsch, see [BH91, Thm 5.2.2] and
[Nua06, Sec. 1.2, 1.3.4] then provides a condition under which the law of " has a
density with respect to Lebesgue measure:

Theorem 11.16. Let (W, H, (1) be an abstract Wiener space and let F' be an R°-
valued random variable F' in C?l-v If the associated Malliavin matrix M is invertible

p-almost surely, then the law of F is has a density with respect to Lebesgue measure
on R®.

Remark 11.17. Higher order differentiability, together with control of inverse mo-
ments of M allow to strengthen this result to obtain smoothness of this density.

As beautifully explained in his own book [Mal97], Malliavin realised that the
strong solution to the stochastic differential equation

d
dYt:ZVi(Yt)odBﬁ, (11.14)

i=1

started at Yo = yo € R® and driven along C*°-bounded vector fields V; on R®, gives
rise to a non-degenerate Wiener functional /' = Y7, admitting a density with respect
to Lebesgue measure, provided that the vector fields satisfy Hormander’s famous
“bracket condition” at the starting point yg:

Lie{vl,...,vd}{yo =R°. (H)

(Here, Lie V denotes the Lie algebra generated by a collection V of smooth vector
fields.) There are many variations on this theme, one can include a drift vector
field (which gives rise to a modified Hérmander condition) and under the same
assumptions one can show that Y admits a smooth density. This result can also
(and was originally, see [Hor67, Koh78]) be obtained by using purely functional
analytic techniques, exploiting the fact that the density solves Kolmogorov’s forward
equation. On the other hand, Malliavin’s approach is purely stochastic and allows to
go beyond the Markovian / PDE setting. In particular, we will see that it is possible
to replace B by a somewhat generic sufficiently non-degenerate Gaussian process,
with the interpretation of (11.14) as a random RDE driven by some Gaussian rough
path X rather than Brownian motion.

11.3.2 Calculus of variations for ODEs and RDEs

Throughout, we assume that V' = (V1, ..., Vy) is a given set of smooth vector fields,
bounded and with bounded derivatives of all orders. In particular, there is a unique
solution flow to the RDE

dYy =V (Y)dX, (11.15)
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for any a-Holder geometric driving rough path X = (X, X) € 4»*, which may
be obtained as limit of smooth, or piecewise smooth, paths in a-Holder rough path
metric. Set p = 1/« Recall that, thanks to continuity of the Ito—Lyons maps, RDE
solutions are limits of the corresponding ODE solutions.

The unique RDE solution (11.15) passing through Y;, = yo gives rise to the
solution flow yo — Upe_, (y0) = Y;. We call the derivative of the flow with respect
to the starting point the Jacobian and denote it by Jgf_to, so that

d
JtX<—t0a = %Utxeto (yo + €a)

e=0

We also consider the directional derivative

d
X TenX
DnUie o = digfo—O 0’

for any sufficiently smooth path ~: R, — R®. Recall that the translation operator
T}, was defined in (11.5). In particular, we have seen in Lemma 11.4 that, if X arises
from a smooth path X together with its iterated integrals, then the translated rough
path T3 X is nothing but X + h together with its iterated integrals. In the general case,
given h € CT" of complementary Young regularity, i.e. with 1/p + 1/¢q > 1, the
translation T3, X can be written in terms of X and cross-integrals between X and h.

Suppose for a moment that the rough path X is the canonical lift of a smooth
R%-valued path X. Then, it is classical to prove that JX _, 0 = JX, o» Where Jx, .
solves the linear ODE

d
dJ,, =Y DVi(Y) i, dX] (11.16)
i=1
and satisfies Jt);_to = Jt);_t L Jt)f<—t0~ Furthermore, the variation of constants
formula leads to .,
t
DnU7ey =/ DT VilY) dh (11.17)
0 =1

Similarly, given any smooth vector field W, a straightforward application of the
chain rule yields

d
d(Joe W) =Y Joe, Vi, W(Yy) d X, (11.18)
=1

where [V, W] denotes the Lie bracket between the vector fields V' and W. All this
extends to the rough path limit without difficulties. For instance, (11.16) can be
interpreted as a linear equation driven by the rough path X, using the fact that
DV (Y) is controlled by X to give meaning to the equation. It is then still the case
that JX , , 18 the derivative of the flow associated to (11.15) with respect to its initial
condition.
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Proposition 11.18. Let X € ([0, T],R?) and h € €4 ([0, T] RY) with o €
(% 3s 2] and complementary Young regularity in the sense that o —I— > 1. Then

DrU_o(y0) /ZJH (UX_,))dh (11.19)

where the right-hand side is well-defined as Young integral.

Proof. Both JX_, and D, UX  satisfy (jointly with UX ) an RDE driven by X.
This is well known in the ODE case, i.e. when both X, h are smooth, (Duhamel’s
principle, variation of constant formula, ...) and remains valid in the geometric rough
path limit by appealing to continuity of the Ito—Lyons and continuity properties
of the Young integral. A little care is needed since the resulting vector fields are
not bounded anymore. It suffices to rule out explosion so that the problem can be
localised. The required remark is that that JX_ also satisfies a linear RDE of form

dJ t+0 — = dM* - theo (yO)
and linear RDEs do not explode. O

Consider now an RDE driven by a Gaussian rough path X = X(w). We now show
that the R®-valued random variable obtained from solving this random RDE enjoys
C3,-regularity.

Proposition 11.19. With ¢ € [1,3) and o € (3, 55), let X = (X, X) € 65 be a
Gaussian rough path as constructed in Theorem 10.4. For fixed t > 0, the R®-valued
random variable

w e UL (o)

is continuously H-differentiable.

Proof. Recall h € H C C2" so that a.e. X(w) and h enjoy complementary Young
regularity. As a consequence, we saw that the event

{w: X(w+ h) = TpX(w) forall h € H} (11.20)
has full measure. We show that h € H — U, X(th)(yo) is continuously Fréchet
differentiable for every w in the above set of full measure. By basic facts of Fréchet
theory, it is sufficient to show (a) Gateaux differentiability and (b) continuity of the
Gateaux differential.

Ad (a): Using X(w + g + h) = T,T,X(w) for g, h € H it suffices to show Gateaux
differentiability of U, X )( yo) at 0 € H. For fixed ¢, define

Zi78 = th<—s (V (Us<—0))

Note that s — Z;  is of finite p-variation, with p = 1/a. We have, with implicit
summation over 1,
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t .
= ‘/ Z;dh’
0

S IZ1pvar + 12 (0)]) x [[2f] gvar
S 2 1lpvar +1Z(0)]) < [[All-

i
| DU o(o0)| = ‘/0 o (Vi(UX_y))dR

Hence, the linear map DUX_(yo) : h — DyrUX_o(y0) € R is bounded and each
component is an element of H*. We just showed that

d w
h— d*EUtTi}BX( )(yo)

= (ouwn),

and hence

d _ X(w+teh
s Ly,

X(w
= (DU (o). 1)
e=0 H
emphasizing again that X(w + h) = T, X(w) almost surely for all A € H simulta-
neously. Repeating the argument with T, X(w) = X(w + g) shows that the Gateaux

differential of U ") at g € H is given by

X(w+ TyX(w)
DUtiO 7 = DUy
(b) It remains to be seen that g € H — DUtTi)é(M) € L(H,R®), the space of linear
bounded maps equipped with operator norm, is continuous. We leave this as exercise
to the reader, cf. Exercise 11.4 below. O

11.3.3 Hormander’s theorem for Gaussian RDEs

Recall that o € [1,3),a € (3, 2%) and X = (X,X) € %" as. is the Gaussian
rough path constructed in Theorem 10.4. Any h € H C C¢"* and a.e. X(w) enjoy
complementary Young regularity. We now present the remaining conditions on X,
followed by some commentary on each of the conditions, explaining their significance
in the context of the problem and verifying them for some explicit examples of

Gaussian processes.

Condition 1 Fix T > 0. For every t € (0, T we assume non-degeneracy of the law
of X on [0, t] in the following sense. Given f € C*([0,t], R%), ifZ;lzl fg fidh? =0
for all h € H, then one has f = 0.

Note that, thanks to complementary Young regularity, the integral fot f;dh? makes
sense as a Young integral. Some assumption along the lines of Condition 1 is certainly
necessary: just consider the trivial rough differential equation dY = dX, starting at
Yo = 0, with driving process X = X (w) given by a Brownian bridge which returns
to the origin at time 7" (i.e. Xy = By — %BT in terms of a standard Brownian motion
B). Clearly Y7 = X7 = 0 and so Y does not admit a density, despite the equation
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dY = dX being even “elliptic”. However, it is straightforward to verify that in this
example fOT dh = 0 for every h belonging to the Cameron—Martin space of the
Brownian bridge, so that Condition 1 is violated by taking for f a non-zero constant
function.

Condition 2 With probability one, sample paths of X are truly rough, at least in a
right-neighbourhood of 0.

These conditions obviously hold for d-dimensional Brownian motion: the first

condition is satisfied because 0 is the only (continuous) function orthogonal to all of
L2([0, T], R%); the second condition was already verified in Section 6.3. More inter-
estingly, these conditions are very robust and also hold for the Ornstein—Uhlenbeck
process, a Brownian bridge which returns to the origin at a time strictly greater than
T, and some non-semimartingale examples such as fractional Brownian motion,
including the rough regime of Hurst parameter less than 1/2. We now show that
under these conditions the process admits a density at strictly positive times. Note
that the aforementioned situations are not at all covered by the “usual” Héormander
theorem.
Theorem 11.20. With o € [1,3) and o € (3, i) let X = (X,X) € 65 bea
Gaussian rough path as constructed in Theorem 10.4. Assume that the Gaussian
process X satisfies Conditions 1 and 2. Let V. = (Vi,...,Vy) be a collection of
C®-bounded vector fields on R®, which satisfies Hormander’s condition (H) at some
point yo € R®. Then the law of the RDE solution

dYy =V(Yy)dX,,  Y(0)=yo,
admits a density with respect to Lebesgue measure on R° for all t € (0,T).

Proof. Thanks to Proposition 11.19 and in view of the Bouleau—Hirsch criterion,
Theorem 11.16 we only need to show almost sure invertibility of the Malliavin matrix
associated to the solution map. As a consequence of (11.13) and (11.19), we have
for every z € R the identity

d
TMez =3 || V)|
j=1

where we wrote || « ||+ for the norm given by

Ifl = sup / f(s)dh(s) .

heH : ||h]=1

Before we proceed we note that, by the multiplicative property of JX ., see the
remark following (11.16), one has

My = JF M (TE )T
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where M, is given by

d
Mz =3 || V()]

j=1

Since we know that the Jacobian is invertible, invertibility of M, is equivalent to
that of M,, and it is the invertibility of the latter that we are going to show.

Assume now by contradiction that M, is not almost surely invertible. This im-
plies that there exists a random unit vector z € R® such that 2TM;z = 0 with
non-zero probability. It follows immediately from Condition 1 that, with non-zero
probability, the functions s — 2T Jé( ﬁQVJ(YS) vanish identically on [0, ¢] for every
j€{l,...,d}. By (11.18), this is equivalent to

d .
T, L i g S) =

on [0, ¢]. Thanks to Condition 2, true roughness of X, we can apply Theorem 6.5 to
conclude that one has
I Vi Vi(Y) =0,

for every i,j € {1,...,d}. Iterating this argument shows that, with non-zero prob-
ability, the processes s — 2zTJX_ W (Y;) vanish identically for every vector field
W obtained as a Lie bracket of the vector fields V;. In particular, this is the case for
s = 0, which implies that with positive probability, z is orthogonal to W (zq) for
all such vector fields. Since Hormander’s condition (H) asserts precisely that these
vector fields span the tangent space at the starting point g, we conclude that z = 0
with positive probability, which is in contradiction with the fact that 2 is a random
unit vector and thus concludes the proof. O

11.4 Exercises

Exercise 11.1 (Improved Cameron—-Martin regularity, [FGGR16]) A combina-
tion of Theorem 10.9 with the Cameron—Martin embedding, Proposition 11.2, shows
that every Cameron—Martin path associated to a Gaussian process enjoys finite
q-variation regularity with ¢ = o. Show that, under the assumptions of Theorem 10.9,
this can be improved to

q= ﬁ . (11.21)

2 20

As a consequence, “complementary Young regularity”, now holds for all o < 2. In
the fBm setting, this covers every Hurst parameter H > 1/4. (To exploit this in the
newly covered regime H € (1/4,1/3], one would need to work in a “level-3” rough
path setting.)
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Exercise 11.2 Formulate a quantitative version of Theorem 11.14. Show in particu-
lar that the Gaussian tail of |Z |1/ ¢ is uniform over rough integrals against Gaussian
rough paths, provided that HFHcg and the p-variation of the covariance, say in the
form of the constant M in Theorem 11.9, are uniformly bounded.

Exercise 11.3 (Noise doubling, from [Inald, Sch18]) Let X be a d-dimensional
Gaussian process as considered in Theorem 10.4 and X = (X, X) the random «-
Hélder rough path over R constructed therein. Recall that any h € H, with H the
associated Cameron—Martin space, is given by hy = E(£X;) = E(ZX;) € R¢
where X = X (@) is an IID copy of X = X (w) and =, = are elements in their
respective first Wiener chaoses with L*-norm equal to ||h||3,.

a) Apply Theorem 10.4 to construct the “doubled” rough path associated to the
2d-dimensional process (X, X) and use this to show that Z" := (X, h) can be
extended canonically to a random rough path 7" = (Zh, ZM) over R*,

Hint: Formally, in case d = 1 for notational simplicity,

Z,,,:( [ xdx (zfde))’

E(Z [ XdX) EE(éé J XdX)

where E = E* only averages over Q.
b) Show further that
E(|Z" - Z"|3,) < IIh — KII3, -

(Since ||Z" — Z¥||o = ||h — k||o < ||k — k|3 this shows that the construction
of the joint lift of (X, h) as a random rough path is continuous in h € H.)

Exercise 11.4 Finish the proof of part (b) of Proposition 11.19.

Solution. In the notation of the (proof of) this Proposition, we have to show that
geEH— DUtTi)é(w) € L(H,R®) is continuous. To this end, assume g, — g in H
(and hence in C2"*). Continuity properties of the Young integral imply continuity of
the translation operator viewed as map h € C¢** — T, X(w) and so

Ty, X(w) = TyX(w)
in p-variation rough path metric. The point here is that
X—= the- and Jz{e(Vl( -xeo)) e

depends continuously on x with respect to p-variation rough path metric: using the
fact that Jf_ . and U%_ both satisfy rough differential equations driven by X this is
just a consequence of Lyons’ limit theorem (the universal limit theorem of rough path
theory). We apply this with x = X(w) where w remains a fixed element in (11.20). It
follows that

Ty, X(w Ty X(w Ty X(w Ty X(w
HDUt<—O ( )_DUu—o( o= sup | DpU%% ( )_DhUu—o( )

°P hi||hlln=1
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and defining Z7 (s) = JtTi’:(w) (V; (UTQX(W))), and similarly Z7" (s), the same rea-

540
soning as in part (a) leads to the estimate

HDUTan(W) _ DUtTiXO(W)H < C(|Zgn _ Zg|
op

t<0

p-var + ‘Zgn(o) - ZQ(O)D
From the explanations just given this tends to zero as n — oo which establishes
continuity of the Gateaux differential, as required, and the proof is finished.

Exercise 11.5 Prove Theorem 11.20 in presence of a drift vector field V. In particu-
lar, show that in this case condition (H) can be weakened to

Lie {V1,..., Va4, [Vo, V1], ..., Vb, Va|} | =R°. (11.22)

Yo

11.5 Comments

Section 11.1: Regularity of Cameron—Martin paths (¢g-variation, with ¢ = g) under
the assumption of finite p-variation of the covariance was established in Friz—Victoir,
[FV10a], see also [FV10b, Ch.15]. In the context of Gaussian rough paths, this leads
to complementary Young regularity (CYR) whenever o < % which covers general
“level-2” Gaussian rough paths as discussed in Chapter 10. On the other hand, “level-
3” Gaussian rough paths can be constructed for any ¢ < 2 which includes fBm
with H = 2% > i). A sharper Cameron regularity result specific to fBm follows
from a Besov—variation embedding theorem [FV06b], thereby leading to CYR for
all H > i. The general case was understood in [FGGR16]: one can take ¢ as in
(11.21), provided one makes the slightly stronger assumption of finite “mixed” (1, g)-
variation of the covariance. The conclusion concerning p-variation of Theorem 10.9
can in fact be strengthened to finite mixed (1, p)-variation at no extra cost and indeed
this theorem is only a special case of a general criterion given in [FGGR16].

Section 11.2: Theorem 11.9 was originally obtained by careful tracking of constants
via the Garsia—Rodemich—Rumsey Lemma, see [FV10b]. The generalised Fernique
estimate is taken from Friz—Oberhauser and then Diehl, Oberhauser and Riedel
[FO10, DOR15]; Riedel [Riel7] establishes a further generalisation in form of a
transportation cost inequality in the spirit of Talagrand. This yields an elegant proof
of Theorem 11.13 with which Cass, Litterer, and Lyons [CLL13] have overcome the
longstanding problem of obtaining moment bounds for the Jacobian of the flow of a
rough differential equation driven by Gaussian rough paths, thereby paving the way
for the proof of the Hormander-type results, see below. As was illustrated, this above
methodology can be adapted to many other situations of interest, a number of which
are discussed in [FR13]. See also [CO17] for Fernique type estimate in a Markovian
context.

Section 11.3: Baudoin—Hairer [BHO7] proved a Hérmander theorem for differen-
tial equations driven by fBm in the regular regime of Hurst parameter H > 1/2
in a framework of Young differential equations. The Brownian case H = 1/2
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of course classical, see the monographs [Nua06, Mal97] or the original articles
[Mal78, KS84, KS85, KS87, Bis81b, Bis§81a, Nor86], a short self-contained proof
can be found in [Hail l1a]. In the case of rough differential equations driven by less
regular Gaussian rough path (including the case of fBm with H > 1/4), the relevance
of complementary Young regularity of Cameron—Martin paths to Malliavin regularity
or (Gaussian) RDE solutions was first recognised by Cass, Friz and Victoir [CFV09].
Existence of a density under Hérmander’s condition for such RDEs was obtained
by Cass—Friz [CF10], see also [FV10b, Ch.20], but with a Stroock-Varadhan sup-
port type argument instead of true roughness (already commented on at the end of
Chapter 6.) Smoothness of densities was subsequently established by Hairer—Pillai
[HP13] in the case of fBm and then Cass, Hairer, Litterer and Tindel [CHLT15] in
the general Gaussian setting of Chapter 10, making crucial use of the integrability
estimates discussed in Section 11.2. Indeed, combined with known estimates for
the Jacobian of RDE flows (Friz—Victoir, [FV10b, Thm 10.16]) one readily obtains
finite moments of the Jacobian of the inverse flow. This is a key ingredient in the
smoothness proof via Malliavin calculus, as is the higher-order Malliavin differentia-
bility of Gaussian RDE solutions established by Inahama [Inal4]. Several authors
have studied the resulting density, see e.g. [BNOT16, Inal6b, GOT19, IN19] and the
references therein.

We note that existence of densities via Malliavin calculus for singular SPDEs,
in the framework of regularity structures, has been studied by Cannizzaro, Friz and
Gassiat [CFG17], Gassiat-Labbé [GL20] and in great generality by Schonbauer
[Schi8].






Chapter 12
Stochastic partial differential equations

Second order stochastic partial differential equations are discussed from a rough path
point of view. In the linear and finite-dimensional noise case we follow a Feynman—
Kac approach which makes good use of concentration of measure results, as those
obtained in Section 11.2. Alternatively, one can proceed by flow decomposition
and this approach also works in a number of nonlinear situations. Secondly, now
motivated by some semilinear SPDEs of Burgers’ type with infinite-dimension noise,
we study the stochastic heat equation (in space dimension 1) as evolution in Gaussian
rough path space relative to the spatial variable, in the sense of Chapter 10.

12.1 First order rough partial differential equations

12.1.1 Rough transport equation

As a prototypical linear first order PDE with noise we consider the transport equation,
posed (without loss of generality) as a terminal value problem. This is,

d
—Owu(t,x) = Zfl(x) - Dou(t,r)W; = Tuy(z)Wy, w(T,") =g, (12.1)

i=1

where u : [0,7] x R" — R, with vector fields f = (f1,..., f4) driven by a C!
driving signal W = (W', ..., W), and we write indifferently u(¢, z) = u;(z). The
canonical pairing of Du = D,u = (91, . .., Oznu) with a vector field is indicated
by a dot, and we already used the operator / vector notation

I = fi(z) Dy, T'=(I,...,Iy). (12.2)

By the methods of characteristics, the unique (classical) C1'!-solution u : [0, T] x
R"™ — R, is given explicitly by

207
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u(s,z) = u(s,z; W) == g(X3"), (12.3)

provided g € C! and the vector fields fi,..., f4 are nice enough (C} will do) to
ensure a C! solution flow for the ODE X = Zle fi(X)Wi = f(X)W; here X**
denotes the unique solution started from X, = z.

We start with a rough path stability result for the transport equation, the proof of
which is an immediate consequence of our results on flow stability of RDEs.

Proposition 12.1. Let g € C(R™) and W< € C*([0, T], R%), with geometric rough
path limit W € €%, o > 1/3. Write u® (s, z) := u(s, z; W¢), defined as in (12.3)
with W replaced by We. Let f € Cg. Then u® converges locally uniformly to

u(s,z; W) == g(X7") (12.4)

where X *® denotes the (unique) RDE solution to dX = f(X)dW, started from
Xs = x. (In particular, the limit depends on W but not on the approximating
sequence.)

It is instructive to consider the case of Brownian motion B = B(t,w) with
Stratonovich lift as prototypical example of a (random) geometric rough path.
The RDE solution X is then equivalently described by a Stratonovich SDE and
u(t, r;w) = g(X5%*(w)) is F -measurable. The so-defined random field should
then constitute a (backward adapted) solution to the Stratonovich backward stochas-
tic partial differential equation

—dug(z) = Dug(x) o (<i_Bt , u(T,)=yg, (12.5)

where cﬁ stands for backward Stratonovich integration (cf. Section 5.4) provided g
(und then ['u;) are sufficiently regular to make this Stratonovich integral meaningful.
If rewritten in Ito-form, a matrix valued second order "2 = (I 1)1<i,j<d appears,
which of course must not change the hyperbolic nature of the stochastic transport
equation. (In classical SPDE theory on has the stochastic parabolicity condition,
which in the transport case is fully degenerate.)

All this strongly suggests that rough transport noise must be geometric (i.e.
W € ¢*). We now prepare the definition of (regular, backward) solution to the rough
transport equation. Since we are in the fortunate position to have an explicit solution
(candidate) we derive a graded set of rough path estimates that provide a natural
generalisation of the classical the transport differential equation. In what follows we
abbreviate estimates of the form |(a) — (b)| < |t — s|? by writing (a) = (b). (Both
sides may depend on s, ¢ and the multiplicative constant hidden in < is assumed
uniform over bounded intervals).

Proposition 12.2. Consider vector fields f = (fi,..., fa) € Cp, with associated
first order differential operators I' = (I, ..., Iy). There is a unique C3 solution
flow for the RDE dX = f(X)dW withW € 6,*,a > 1/3. Let g € C3 and define
u(s,z; W) 1= g(X3") as in (12.4). Then u = u(s,z) € C*3 up = g, and we
have the estimates, with Einstein summation,
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I1g

us(x) 2 ug(z) + Fiut(x)W;t + Fifjut(x)Wi’ﬁ
Fug(2) 22 Toug(x) + D Djug ()W,
F,»Fjus(x) = F,Tjut(x) B

Q

with0 < s<t<T,4,75=1,...,d, locally uniformly in x, and, as consequence,

T
us(x) — g(x) = us(z) —urp(x) = / Iu(x) dWy .

Remark 12.3. The first 3o estimate is nothing but Davie’s definition of solution for
a linear RDE, here of the form —du = I'u dW. In finite dimensions, a linear map
I is necessarily bounded (equivalently: continuous) as linear operator, so that the
cascade of lower order (2a, o) estimates are a trivial consequence of the first. This is
different in the present situation, where u; takes values in a function space where
each application of I" amounts to take one derivative. These estimates then have the
interpretation that time regularity of wu, in the stated (“ka’) controlled sense, can be
traded against space regularity.

Remark 12.4. The rough integral formulation needs explanation. Indeed, while it is
clear from 6= 22 u(x) = O that Z 4 = Tjue ()W, 413 Fjug () W7 has a sewing
limit, the right-point evalution requires attention, cf. Proposition 5.12 and the subse-
quent discussion about the subtleties of “right-point” rough integrals. Fortunately,
one checks that (I'u, —(I"u)T) € 23 so that, thanks to (5.10), Remark 5.13, this

sewing limit, over all partitions of [0, T'] say, is exactly identified as

T
lim (FuXsp — () X)) = / (Fu,—I"u")dX
[P0 0

[s,t]€P
where we omitted x for better readability. (Since the matrix I"?u; = (L jue)1<i j<d
is in general not symmetric, a careful check of the controlledness condition is best
spelled out in coordinates.)

Notwithstanding the elegance of the rough integral formulation, additional quanti-
fiers, such as local uniformity in x, are better formulated at the level of the detailed
estimates which brings us to

Definition 12.5. Any C®3-function u : [0,T] x R™ — R, for which the (locally
uniform) estimates in Proposition 12.2 hold is called a regular solution to the rough
backward transport equation

—du = I'udW.

Proof (Proposition 12.2). Consider a solution X = X*% todX = f(X)dW, started
from X = x so that

Xi Za+ f(@) Wi+ f f2)Ws 4.
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Fix times s < ¢ < T By uniqueness of RDE flow, XY = X*"whenever y = X;*.
From u(s, z) := g(X;") and uniqueness of the RDE flow it is clear that, for all such
t,

u(s,z) = u(t, X;").

Note that u; = u(t,+) € C? follows from g € C3, f € C?; the claimed C*3 regularity
is then easy to see. We can expand

uy(X;") = Ut(95)+Dut(95)(f(~”U)Ws,t‘*‘(Df)f(fﬂ)ws,t)‘F%D%t(x)(f(ilU)Ws,t)2

where the final term is really the contraction 0;;u; f,i flj (%Wgyt ® I/Vs_yt)k*l with
summation over all repeated indices. Using geometricity of X and symmetry of
D?uy(z)(f, f) the right-hand side becomes

() + Dug(2) f(2)Wie + { Dur(2)(Df) f (2) + D?ue(w)(f, f) (@)} Wi

(We essentially repeated the proof of Itd’s formula here, cf. Section 7.5.) In terms of
the first order differential operators I; associated to the vector fields f; this can be
written elegantly as

us () 2 u(t,z) + Dug(2) Wi + Dug(2) Wy 4

This relation actually implies that with =, = Lue(2)W!, + [T Jut(x)ngt
we have |(65),5¢| = O(|t — 7|>*) and hence (after a line of algebra) (Ijus; —

LTy V[/gt)VVT?9 22 () which strongly suggests validity of the desired 2a-estimate,
forall:=1,...,d,

Fug(x) 2 Dug(x) + FiFjut(:E)Wit .

Since no true roughness condition on W is imposed (W could be zero!), one has
to check this by hand from u(s,z) = g(X7"), left to the reader. Similarly, the
previous relation gives (I"*u; — I"*us)W; ¢ 2 0 so that the same argument suggests
Iug(z) — Iuy(x) = 0. Here again, a direct verification is not hard (and amounts
to check a-Holder regularity of s — [?g(X7"), withg € C3.) O

We can now show that solutions in the sense of Definition 12.5 are unique.

Theorem 12.6. Consider vector fields f = (f1,...,fd) € Cp, with associated
first order differential operators I' = (I1,...,I;) and W € ([0, T1, RY) with
a > 1/3. For g € C3, there exists a unique regular solution u : [0,T] x R" — R of
C™3 regularity to the rough backward transport equation

—du=TudW, u(T,-)=g.
Proof. Existence is clear, since Proposition 12.2 exactly says that (s, z) — g(X7")
gives a regular solution. Let now u be any solution with up = g. We show that,
whenever X solves dX = f(X)dW,
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u(t, Xy) —u(s, Xs) 2 0.

Since 3ac > 1 this entails that ¢ — wu(t, X;) is constant, and so u(s,z) =
uw(T, X7") = g(X7%). In fact, we show for k = 1,2,3

I3 7Fuy (Xy) B D3R (X,).
(Case k = 1.) Write
T?uy(Xy) — T (Xs) = TMug(Xy) — TMus(Xy) + Tu(s, Xp) — Tu(s, X,).

From the (third) defining property of a solution, the first difference on the right-hand
side of order a. Since solutions are C? in space, hence I"*u(s,+) € C!, always
uniformly in s € [0, T the final difference is also of order «, as required.

(Case k = 2.) Write

Fut(Xt) - FUS(XS) = Fut(Xt) - F’LLS(Xt> + F’LLS(Xt) - F’LLS(XS>

By the second defining property of a solution, the first difference on the right-hand
side equals —I"*u; (X)W ¢ (up to order 2a). On the other hand, I'us € C? so that
the final difference can be replaced by

DIug(X.) (X, — Xo) 22 DIug(X) F(X)Wey = Mug (X)W,

Put together we have I'uy (X)) — Nug (X)) = (I us(Xs)—1ue (X)) W 1. We see
that this is of (desired) order 2c, thanks to the case k = 1 and W, ; = 0.
(Case k = 3.) We write

u(t, Xp) —u(s, Xs) = u(t, Xy) — uls, Xz) + u(s, X¢) — u(s, Xs).

By the (first) defining property of a solution, the the first difference on the right-hand
side equals —I"uy (X)W ¢ — I'?ut (X)W, ¢ (up to order 3c). On the other hand,
u(s,+) € C3 so that the final difference can be replaced, using a second order Taylor
expansion, exactly as in the proof of Proposition 7.8, by

DUS(XS)(JC(XS)WS,t + f/f(XS)WS,t) + %D2us(f(Xs), f(XS))WS,t ® Wit

= FUS(XS)Ws,t + FQUS(XS)WS,t

Put together (and using the cases k = 1, 2) gives the desired estimate. O

12.1.2 Continuity equation and analytically weak formulation

Given a finite measure o € M(R") and a continuous bounded function ¢ € C;(R"),
we write o(¢) = [ () o(dz) for the natural pairing. We are interested in measure-
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valued (forward) solutions to the continuity equation
d
Oro == dive(fi(x)o) W} = I o, W,
i=1
when W becomes a (geometric) rough path. As before, I'; = f;(z) - D,, with formal

adjoint I = —div,(fi*).

Definition 12.7. We say that ¢ : [0,7] — M(R") is a measure-valued forward
RPDE solution to the rough continuity equation

doy + divy(f(x) o) dW, =0 (12.6)
if, uniformly over ¢ bounded in C},

0e(9) 2 05(9) + 05 (D) Wi + 05(I0) W,y
0:(I'p) 2 05(I'¢) + 05 (I )W
ol(I¢) = os(I).
(Note ', I'?¢p € Cy, so all pairings are well-defined. Formally, the second and third
estimate follow from the first with ¢ replaces by I'¢ and I"%(), however doing so
would require test functions up to "¢ ¢ Cj. Itemizing the estimates allows us to

keep track of the correct regularity of ¢.)
These estimates imply immediately the following (analytically) weak formulation

WE@:M@—WWFiA@ﬂWMMW@MWM

but the finer information, as put foward in the definition, is crucial for uniqueness.
(Remark 12.9 below comments on time-dependent test functions.)

Theorem 12.8. Consider vector fields f = (fi,...,fs) € Cp, with associated
first order differential operators I' = (I'1, ..., I4) and W € ([0, T7, RY) with
a > 1/3. For every measure v € M(R"™), there exists a unique measure-valued
solution to the rough continuity equation

th + leI(f(x)gt)th > 0o =V, (127)

with explicit representation, for ¢ € C3, given by

mwzfﬂﬁﬂmm.

Proof. (Existence) Let X = X% be a solution to the RDE dX = f(X)dW, started
at Xy = x. By Proposition 7.8, a form of It6’s formula for controlled rough paths,

@(Xt) & (p(Xs) + QO(XS)XgWs,t + (DLP(XS>X;/ + D2(p(Xs)(X;a X;))Ws,t s
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uniformly in ¢ € Cj. Taking into account X' = f(X), X" = (Df)f gives
P(X1) 2 9(X,) + Dp(X )Wt + (1) (X )Wor -

Combining this with g;(¢) := ¢(X) yields the claimed 3a-estimate. Similar, but
now using standard facts on composition of controlled rough paths with regular
functions, we obtain

o(Xt) e O(Xs) + F'o(Xs)Wss 1,

uniformly over ¢ bounded in C?. At last, the third estimate comes from a-Holder
regularity of ¢ — o;(I"?¢)=I"?p(X}), itself a manifest consequence of I">¢ € C}
and a-Holder regularity of X.

We are not yet done, because until now, we have only handled the case of Dirac
initial data gy = 4. (Since 0o(p) = ©(XJ") = ¢(z).) Fortunately, we are in a
linear situation so that, given gy = v € M, it suffices to generalise our construction
and define

0(p) == / P(XO ) (d).

It remains to see that such an integration in x respects all graded 3«, 2cr, o estimates.
This is indeed the case, because all required estimates are uniform in Xg = z. (A
pleasant consequence of dealing with bounded vector fields so that all quantitative
bounds are invariant under shift.)

(Uniqueness) Given any g = ur € Cp, there exists a regular backward RPDE
solution, u; = u(t,+) € C3, with

us — up 2 up Wy +uf W,
(andthen v’ = I'u € Cg etc). Write u, ; = uy — u, and similarly for p. Then

0t(u) — 0s(us) = 0s,¢(us) + 0s(ust) -

The first summand on the right-hand side expands, using the very definition of weak
solution (applied with ¢ = u; € C3, uniformly in ¢ € [0,77),

05,1 (ur) 2 0s(Dlug) Wiy + QS(F2Ut)Ws,t .

The second summand on the other hand expands, using the defining property of
regular backward equation,

Qs(us,t) = *Qs(us - ut) = —0s (Fut)vvs,t - Qs(qut)Ws,t .

(Here one needs to argue that the 3c-bound on ws ¢ () + Nug (€)W ¢ + T ug (2) W ¢
is uniform in z, for up € C3, and thus the same 3a-estimate holds after integrating
against gs(dx).) Taken together we see a perfect cancellation so that g;(u;) —
0s(us) 2 0. By a familiar argument (using 3a > 1) this implies that ¢ — g, (uy) is
constant and thus
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or(g) = or(ur) = 00(uo) = v(uo)

where u is a regular backward RPDE solution (with terminal data ¢ = ur € Cg).
(Uniqueness of the regular backward RPDE solutions is not used here.) Hence, with
given initial data ¢ = v € M we see that or(g) is determined for all g € C and this
(uniquely) determines the measure o € M. O

Remark 12.9. The uniqueness part of the proof actually shows that analytically weak
solutions to the rough PDE (12.6) can be tested in space-time with test functions
© = p(t, x) that have a precise controlled structure, starting with

s — ot 2 oWy + @ W,y

(and then 2q, resp. « expansions for ¢’ and ¢'"). This space of test functions is
tailored to the realisation of the noise W.

12.2 Second order rough partial differential equations

12.2.1 Linear theory: Feynman—Kac

As motivation, consider the second order stochastic partial differential equation with
d-dimensional Brownian noise in (backward) Stratonovich form, posed as terminal
value problem,

“du=Lludt + I odB, w(T,)=g, (12.8)

foru = u(w) : [0, 7] xR™ — R, with differential operators L and I" = (I1,...,Iy)
given by

Llu] = %Tr(a(z)oT(x)Dzu) +b(x) - Du+ c(x)u, (12.9)

Llu] = Bi(x) - Du+ yi(x)u .

The coefficients ¢ = (01,...,0m), band 8 = (B4, ..., [4) are viewed as vector
fields on R", while ¢, 7y, . .., 74 are scalar functions. For simplicity only, all coef-
ficients are assumed to be bounded with bounded derivatives of all orders (but see
Remark 12.12). We assume g € BC(R"), that is bounded and continuous.! As in the
previous section, we are interested in replacing W by a genuine (geometric) rough
path W, such as to solve the rough partial differential equation (RPDE)

—du = Llu]dt + I'[u]dW , u(T,)=g. (12.10)

! In contrast to the space Cp, we shall equip BC with the topology of locally uniform convergence.
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We have already treated the fully degenerate case L. = 0, with pure transport noise,
I; = Bi(x) - D, in Section 12.1.1. Since geometric rough paths are limits of smooth
paths, we start with the case when W is replaced by Wdt, for W € C* ([0, T, Rd).
It is a basic exercise in Itd calculus that any bounded C*+? solution to

d
—Ow = Llu + Y LW,  w(T,-)=g., (12.11)

i=1

is given by the classical Feynman—Kac formula (and hence also unique),

=: S[W; g|(s, x), (12.13)
where X is the (unique) strong solution to
dX; = o(X;)dB(w) + b(X;)dt + B(X;)Wydt, (12.14)

where B is a m-dimensional standard Brownian motion. When o = 0, this is nothing
but the method of characteristics, previously encountered for the transport equation in
(12.3). (For the moment, we keep W € C*, but will soon encounter rough stochastic
characteristics.)

Remark 12.10. The natural form of the Feynman—Kac formula is the reason for
considering terminal value problems here, rather than Cauchy problems of the form
dyu = L[u] + I'[u]W with given initial data (0, -). Of course, a change of the time
variable ¢ — T' — t allows to switch between these problems.

Clearly, there are situations when solutions cannot be expected to be C1:2, notably
when g ¢ C? and L fails to provide smoothing as is the case, for example, in
“transport” equations where L is of first order. In such a case, formula (12.12) is
a perfectly good way to define a generalised solution to (12.11). Such a solution
need not be C1+2 although it is bounded and continuous on [0, T'] x R™, as one can
see directly from (12.12). As a matter of fact, (12.12) yields a (analytically) weak
PDE solution (cf. Exercise 12.1). It is also a stochastic representation of the unique
(bounded) viscosity solution [CIL92, FS06] to (12.11) although this will play no
role for us in the present section. The main result here is the following rough path
stability for linear second order RPDEs.

Theorem 12.11. Let @ € (;)7 2] Given a geometric rough path W = (W, W) €
%22 ([0, T],R), pick W* € C*([0,T],R?) so that

(W<, We) = (W/O Wg’t@)de) S W

([0,T] x R™),

in a-Holder rough path metric. Then there exists u = u(t,z) € BC
([0, T],R?), so

not dependent on the approximating (W¢) but only on W €

)

0
9
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that, for g € BC(R"),
u® = S[W*¢; 9] = u =: S[W; (]

as € — 0 in the sense of locally uniform convergence. Moreover, the resulting solution
map
. 0, d n n
S €2([0,T],R?) x BC(R™) — BC([0,T] x R™)

is continuous. We say that u satisfies the RPDE (12.10).

Proof. Step 1: Write X = X" for the solution to (12.14) whenever W &€ C'. The
first step is to make sense of the stochastic RDS

dX, = o(X,)dBy + b(X;)dt + B(X;)dW,. (12.15)

This is clearly not an equation that can be solved by Itd theory alone. But is also
not immediately well-posed as rough differential equation since for this we would
need to understand B and W = (W, W) jointly as a rough path. In view of the
Itd-differential dB in (12.15), we take (B,B"), as constructed in Section 3.2),
and are basically short of the cross-integrals between B and W. (For simplicity
of notation only, pretend over the next few lines W, B to be scalar.) We can define
| WdB(w) as Wiener integral (Itd with deterministic integrand), and then [ BdW =
W B — [ WdB by imposing integration by parts. We then easily get the estimate

t 2
E(/ Ws,rdBr> SR - s>+,
S

also when switching the roles of W, B, thanks to the integration by parts formula. It
follows from Kolmogorov’s criterion that Z" (w) := Z = (Z,7) € €*  a. for any
o' € (1/3, ) where

Z, — (Bt(w)> 2o, -, B JIW,, ®dB,(w)
’ > [. Bsr @ dW,(w) Wi 4

where we reverted to tensor notation reflecting the multidimensional nature of B, W.
It is easy to deduce from Theorem 3.3 that, for any ¢ < oo,

Our (ZW,ZW) ‘Lq < 0a (WW) (12.16)

We are hence able to say that a solution X = X (w) of (12.15) is, by definition, a
solution to the genuine (random) rough differential equation

dX = (o, B)(X)dZ¥ (w) 4 b(X)dt (12.17)

driven by the random rough path Z = Zw(w). Moreover, as an immediate conse-
quence of (12.16) and continuity of the [td—Lyons map, we see that X is really the
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limit, e.g. in probability and uniformly on [0, T'], of classical Itd SDE solutions X ¢,
obtained by replacing dW; by the Wf dt in (12.15).

Step 2: Given (s, z) we have a solution (X, : s <t < T) to the hybrid equation
(12.15), started at X, = . In fact (X, X’) € 22 with X' = (o, 8)(X). In
particular, the rough integral

[reoaw= [ .40z

is well-defined, as is - with regard to the Feynman—Kac formula (12.12) - the random
variable

g(Xr)exp </ C(Xt)dt+/ W(Xt)dwt> (w). (12.18)

One can see, similar to (11.10), but now also relying on RDE growth estimates as
established in Proposition 8.2), with p = 1/¢/,

t
/ W(X)dW‘ V2l o

whenever ||Z], .. ;) is of order one. An application of the generalised Fernique
Theorem 11.7, similar to the proof of Theorem 11.13 but with ¢ = 1 in the present
context, then shows that the number of consecutive intervals on which Z accumulates
unit p-variation has Gaussian tails; in fact, uniformly in e € (0, 1], if W is replaced by
We with limit W.) This implies that (12.18) is integrable (and uniformly integrable
with respect to € when W is replaced by W¢). It follows that

u(s,z) = E>®

g(XT)exp (/ c(Xt)dt+/ W(Xt)th>] (12.19)

is indeed well-defined and the pointwise limit of ©° (defined in the same way, with
W replaced by W¢). By an Arzela—Ascoli argument, the limit is locally uniform. At
last, the claimed continuity of the solution map follows from the same arguments,
essentially by replacing W€ by W€ everywhere in the above argument, and of course
using (12.19) with g, W replaced by g%, W¢, respectively. 0O

Remark 12.12. The proof actually shows that our solution u = u(s, z; W) to the
linear RDPE (12.10) enjoys a Feynman—Kac type representation, namely (12.19),
in terms of the process constructed as solution to the hybrid It6-rough differ-
ential equation (12.15). Assume now W is a Brownian motion, independent of
B, and W(w) = W™ = (W, WSmt) € €0 as It is not difficult to show
that u = u(.,., W™ (w)) coincides with the Feynman—Kac SPDE solution de-
rived by Pardoux [Par79] or Kunita [Kun82], via conditional expectations given
o({Wy, : 8 <u <wv < T}, and so provides an identification with classical SPDE
theory. In conjunction with continuity of the solution map & = S[W; g] one ob-
tains, along the lines of Sections 9.2, SPDE limit theorems of Wong—Zakai type,
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Stroock—Varadhan type support statements and Freidlin—Wentzell type small noise
large deviations.

Remark 12.13. Tt is easy to quantify the required regularity of the coefficients. The
argument essentially relies on solving (12.17) as bona fide rough differential equation.
It is then clear that we need to impose Cj-regularity for the vector fields o and §3.
The drift vector field b may be taken to be Lipschitz and ¢ € Cy.

Remark 12.14. We have not given meaning to the actual equation (12.10) which we
here reproduce equivalently (cf. Remark 12.10) in the form

du = Llu]dt 4+ I'[u]dW , u(0,+) = ug . (12.20)

Indeed, in the absence of ellipticity or Hormander type conditions on L, the solution
may not be any more regular than the initial data g so that in general (for g € Cp,
say) the action of the first order differential operator I = (I7,..., ;) on u has no
pointwise meaning, let alone its rough integral against W. On the other hand, we
can (at least formally) test the equation against ¢ € D = C°(R") and so arrive the
following “analytically weak” formulation: call u = u(s, z; X) a weak solution to
(12.20) if for every ¢ € D and 0 < ¢ < T the following integral formula holds:

t t
<ut,s0>:<uo,<p>+/ <us,L*so>ds+/ (ug, I'*©)dW. (12.21)
0 0

In Exercise 12.1 the reader is invited to check that our Feynman—Kac solution is
indeed a weak solution in this sense. In particular, the final integral term is a bona
fide rough integral of the controlled rough path (Y,Y”) € 22% against W, where

Y= (ue, I*), Y = (u, [T ) . (12.22)

It is seen in [DFS17] that a uniqueness result holds for such weak RPDE solutions
holds, provided in the definition a suitable uniformity over the test function ¢ is
required. The strategy is a very similar to what was seen in Section 12.1.2: arguing
(for convenience) on the terminal value formulation (12.10), we construct a regular
forward solution and then employ a forward-backward argument to obtain uniqueness.
This is essentially the uniqueness argument employed in Theorem 12.8, with switched
roles of forward and backward evolution. Alternatively, in [HH18] the unbounded
rough driver framework of [DGHT19b] has been adapted to linear second order
RPDEs with L in divergence form.

Remark 12.15. Let u = u(t, z; X) be a weak solution in the sense of (12.21), and
W be a Brownian motion with Stratonovich rough path lift W = W5 (w). Then,
thanks to Theorem 5.14, it follows that u(t, z;w) := u(t,z; W™ (w)) yields an
analytically weak SPDE solution in the sense that forevery ¢ € Dand 0 <t < T
one has, with probability one,

t t
(s, 0) = (o, ) + / (g, L* p)ds + / (g, ") 0 AW, |
0 0
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where the existence of the Stratonovich integral is implied by Corollary 5.2.

12.2.2 Mild solutions to semilinear RPDEs

We now turn to a class of “abstract” rough evolution problems introduced by
Gubinelli-Tindel [GT10], although our exposition is taken from [GH19]. Following
a familiar picture in PDE theory, we would like to view an RPDE solution as a
controlled path with values in a Hilbert space I which solves an RDE of the form

duy = Lugdt + F(u)dXy and wo=&€ H . (12.23)

Here, X = (X,X) € €7([0,T],R%), v € (1/3,1/2], not necessarily geometric. L is
a negative definite self-adjoint operator, F' = (F1, ..., Fy) are suitable (essentially
0-order) operators. In particular, no transport noise is covered by our setup so that —in
contrast to previous sections — there is no restriction here to geometric rough paths.

Remark 12.16. Unlike Section 12.2.1 (Feynman—Kac) and Section 12.2.4 below
(maximum principle), the present section is not really restricted to second order
equations, even though these constitute the typical examples we have in mind.

To fix ideas, we give an example that will fit into the framework described below.

Example 12.17. Consider the rough reaction diffusion equation®
dus(x) = Au(x) dt + f(ug(x)) dt + p(ug(x)) dXy, (12.24)

with u; : T" — R’ where T" is the n-dimensional torus with Laplace operator
A, and polynomial nonlinearities f and p = (p1,...,pq) on R'. As as typical in
PDE theory, one looks for solutions u, € H*(T",R!) =: H, where H" is the L>-
based Sobolev space with k weak derivates in L2. Of course, A is negative definite
self-adjoint on H, with dense domain Dom(A) = H;, where we set (in agreement
with a later abstract interpolation space definition) H,, = H*+2*(T" R'), and also
note that the heat semigroup (eAt)tZO acts naturally on this Sobolev scale. The
nonlinearity in this example is given by composition with a polynomial. Smoothness
of this operation requires I to be an algebra, which, by basic Sobolev theory, requires
k > n/2. The main theorem below requires each nonlinearity (as operator, here:
u + p; o u) to be C in Fréchet sense as map from H_, = H*~%7 into itself.
Therefore we have the requirement on k to satisfy k& > n/2 + 4. This means that
v = 1/37 is the optimal choice (in a level-2 rough path setting). Of course, this
covers the case of Brownian rough paths so that X above can be replaced by Wm(w)
or WStrat(w).

2 As in the case of RDEs with additional drift vector field, Exercise 8.5, the extra nonlinearity
(f o ut) dt can be absorbed in the X-term, by working with the space-time extensions of X. Less
trivially, a direct analysis allows for more general nonlinearities in (12.23) such as to handle 2D
Navier—Stokes with rough noise.
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We want to give meaning to the rough partial differential equation (12.23). Similar
to (12.21), there is a natural — still formal — analytically weak formulation: for every
h € Dom(L) C H and 0 < ¢t < T the following integral formula holds (angle
brackets denote the inner product in H):

(s, h) = (€, h) + / (115, Lh)ds + / (F(uy), hydX, . (12.25)

On the other hand, if (S;):>( denotes the associated semigroup S; = et (which is
analytic since L is assumed to be selfadjoint) one expects a mild formulation of the
form, forall0 < ¢ <T

t
up = Si& +/ St s F(ug)dXs, (12.26)
0

where the identity holds between elements in H. The regularity of F’ will be measured
in Fréchet sense, as map from H,, to itself, for a to be specified range of o € R.?
Here, for o > 0, the interpolation space H, = Dom((—L)®) is a Hilbert space
when endowed with the norm ., = ||[(=L)* «||g. Similarly, H_, is defined as
the completion of H with respect to the norm || « || z_., = ||[(—L)~“ « || . Note that
this setting is compatible with that of Exercise 4.16.

The weak formulation requires of course that s — (F'(us), h) has meaning as a
controlled rough path, so that (12.25) is well-defined. In the mild formulation (12.26)
on the other hand we recognise the rough convolution integral previously defined in
(4.47), provided that s — F'(ug) is mildly controlled in the sense of (4.46). It can
be seen that weak and mild solutions coincide [GH19]. (The proof of this involves a
simple variant of the rough Fubini theorem from Exercise 4.11.) In what follows we
only consider the mild formulation.

We introduce the following spaces which are a slight strengthening of the spaces
2% introduced in Exercise 4.17:

D?([OvT]aHa) = 9§7X([07TLH(X)O((?’Y([O’T]’Ha+2’Y)XLOO([07TLHOé+2’Y)) .

The basic ingredients, stability of mildly controlled rough paths under rough con-
volution and composition with regular functions were already established in Ex-
ercises 4.17 and 7.3. Taken together, they show that the image of (Y,Y’) €
DY ([0,T], H) under the map

t
M (YY) = (st5+/ Sy uF(Yy)dXa, F(Yt)) (12.27)
0

yields again an element of D% ([0, T, H). We now show that for small enough times
this map has a unique fixed point:

3 This rules out taking any derivatives in F. In particular, the previously considered transport noise,
involved D u, is not accommodated in this setting.
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Theorem 12.18 (Rough Evolution Equation). Let ¢ € H, F4,...,Fy : H —
H, bounded in C3(Hg, Hg) on bounded sets for every 3 > —2-, for some y €
(1/3,1/2], and X = (X,X) € € (Ry,R?). Then there exists T > 0 and a unique
element (Y,Y') € DY ([0,7), H) such thatY' = F(Y) and

t
Y, = S,¢ +/ Si_uF(Y,)dX,, t<T. (12.28)
0

Proof. Firstnote X = (X,X) € €7 C €" for1/3 <n <~ <1/2. FixingT < 1,
we will find a solution (Y,Y”) € DY ([0, T], Ha,_2,) as a fixed point of the map
A7 given by (12.27). In the end we will briefly describe how one can make an
improvement and show that one actually has (Y,Y") € D3 ([0, T], H). The proof
is analogous to Theorem 8.3, the only difference being that we have two different
scales of space regularity for which we need to be able to obtain the bound (7.14), as
prepared in Exercise 4.17. We will therefore show only invariance of the solution
map (12.27), because proving it already contains all the techniques that are not
present in the Theorem 8.3.

Note that if (Y,Y"”) is such that (Yp, Yy) = (&, F(§)) then the same is true for
Ar(Y,Y'), so we can view .4 as a map on the complete metric space

Br = {(Yv Y/) € D?([O’T]’HQU*Q’Y) : Yo =¢, Yd = F (&), [I(Y, Y/)||3\(,2n;72w
+ 1Y = S.F(&) X0, |lns2n—2v + [I[Y" = S.F(§)|lsos2n—24 < 1} .
(We use the same notational convention as in Exercise 4.17, namely indices after

a semicolon indicate in which one of the H, norms are taken.) Note that by the
triangle inequality for (Y,Y”’) € By we have

IV Y D)pzn S (L+[IEN+ IFE©INA + [1X]l,) S 1.

Here and below we write A < B as a shorthand for A < C'B for a constant C that
may depend on 7,7, X, X, F' and &, but is uniform over T' € (0, 1].

It remains to show that for 7" small enough .# leaves By invariant and is
contracting there, so that the claim follows from the Banach fixed point theorem. We
will consider the simpler case when F is C. For (Z;, Z]) = (F(Y;), DF(Y;) o Y/)
we have by Exercise 7.3

I(Z. Z)Ix.20 S A+ (VY )llp2a)* S (L4 [IEN+ E@)? S 1
and from Exercise 4.17

0 (Y, Y L2 = | (/0 SuZudXnZ)|

SN2l =2y + (125]l o, + 1(Z, Z) 1% 2 —2+) 09/(0,X)
SN2l 2y + (1Z5]l 5o, + 1(Z, Z) 1% 2, —2,) T
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Since (Y,Y") € By, we have the bound ||Y'||;,—2, < (|| X, + 1)T7~". One can
also show along the same lines as in Exercise 7.3 that

10Zs.eller—oy SNOYailli_o, + 1Se=sYs = Yallmr_y, + [t = s F(Yo) |l 12y,
ST = s+ [t = s el o, + TN = 5]7)

< (Tv—n W Aol T”)|t — 5|

Therefore since T' < 1 we conclude that || Z||,, —o, S T7 7.
To estimate ||.#7(Y) — S.F(£)Xo.. ||l 2n—2y We use the identity

5(S-F(€)XO,-)1€,S = StF(g)Xs,t

and since 21 < 1 we can use a better bound from (4.48) to deduce:

HS@%foq<_SquymkpﬁuH%47::H/’spﬂfxxgdx¢_n$px@x;¢

< (IE @l + 1 Z]loos—2) 1 X 1]t = 81"+ 112"l o0 —2+ | Xl 25 [t = 5]*"
+ C (X || RZ |2 + 1X[l2n 12" [| )]t — s[>7~2"

S UFONe + 1 Zoller s, + 112, Z) 15 2524t = 5]

< TV — )T

2n—2v

Finally we estimate the term [|.Z7(Y'); — St F(§)| m,, .,

| A (Y )y — SeF ()l Hay oy =
= [|F(Y:) — F(Se€) + F(S:€) — F(&) + F(§) — SeF () Hay oy
SYe = Sl oy + 1568 = Elltay oy + 1F(§) = SeF ()| 1oy,
SY: = St = SeF (&) Xe ol o, + 1FE) ]| X, T7
+ 27 E g+ 2T EE) |
S Y = S.F (&) Xo,lly2p—2,T7 +T7 +T727) STV,

Putting it all together we obtain the bound

|t (Y) = S.F(§)Xo,.|n2n—2y + |4 (Y) = S.F ()]l ocs2n—24
+ A (VY ) 22y ST
If T' is small enough we guarantee that the left-hand side of the above expression

is smaller than 1, thus proving that B is invariant under .#7. In order to show
contractivity of .#r, one can use analogous steps to first show

(YY) =l (VV )iy S IY = V.Y = V)lpa T

This guarantees contractivity for small enough 7', completing the fixed point argu-
ment and thus showing the existence of the unique maximal solution to (12.28).
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Let now (Y,Y’) € DY([0,T], Ha,_2) be the solution constructed above, we
sketch an argument showing that in fact it belongs to D3 ([0, T, H). We know that

Y = i€+ SF(€) Xoy + SiDF(EF(E) + Royy  (1229)
Yz-f - Stst’s = Stst(Ys)Xt,s + StstF(Ys)F(Y—s)Xs,t + Rs,t~ (1230)

Here Ry, = ['Si_ o F(Y;)dX, —S;_sF(Ys) Xy — Sy s DF(Ys)F(Ys)X, ;. From
the estimate on Ry ; using (4.48) and since £ € H, we see that (12.29) implies Y €
L>°([0, T], H). Moreover (12.30) implies Y € C7([0,T], H_2.) which, together
with Y € ([0, T, H), implies F(Y)) € C?([0,T], H%,.,) N L>=([0, T}, HE, _,.).
This itself implies that (Y, F'(Y)) € —@27)(([07 T), H_5,) (using again (12.30)) and
(F(Y),DF(Y)F(Y)) € .@;7)(([0, T], H_5.) which enables us to get an estimate
for every 8 < 37v:

(| Rs,¢

Hg 5 HF(Y)’DF(Y)F(Y)HA/)\(,Q%727|t - S|3’y—ﬂ'

Taking 3 = 2v and using (12.30) again we show that Y e C*([0,T], H), which
completes the proof that (Y,Y”) € D?([O, T),H). O

12.2.3 Fully nonlinear equations with semilinear rough noise

We now consider nonlinear rough partial differential equations of the form
d
du = Fluldt + > Hilu]odWj(w),  u(0,-) =g, (12.31)
i=1

with fully nonlinear, possibly degenerate, operator
Flu] = F(x,u, Du, D*u),

and semilinear
H;lu] = H;(z,u, Du) , i=1,...,d.

We essentially rule out nonlinear dependence on D, hence the terminology “semilin-
ear noise”, which makes a (global) flow transformation method work. In a stochastic
setting such transformation (at least in the linear case) are attributed to Kunita. As
already noted in the context of first order equations, the case H; = H;(x, Du) re-
quires a subtle local version of such as transformation and is topic of the pathwise
Lions—Souganidis theory of stochastic viscosity theory for fully nonlinear SPDEs;
[LS98a, LS98b, LS00b] and [Soul9] for a recent overview.

As in the previous section we aim to replace odW by a “rough” differential dW,
for some geometric rough path W ¢ %gva([o, T],R%), and show that an RPDE
solution arises as the unique limit under approximations (W¢, W¢) — W. Of course,
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there is little one can say at this level of generality and we have not even clarified in
which sense we mean to solve (12.31) when W € C*! Let us postpone this discussion
and assume momentarily that F' and H are sufficiently “nice” so that, for every
W € C! and g € BC, say, there is a classical solution u = u(t, x) for t > 0.

With noise of the form H[u]W = 3", H;(z,u, Du)W?, we shall focus on the
following three cases.

a) Transport noise. For sufficienly nice vector fields 5; on R",
Hylu] = fi(z) - Du;
b) Semilinear noise. For a sufficienly nice function H; on R™ x R,
H;[u] = Hi(z,u);
¢) Linear noise. With 3; as above and sufficiently nice functions ~; on R™
Hilu] = I[u] == Bi(x) - Du + vi(2)u.

We now develop the “calculus” for the transformations associated to each of the
above cases. All proofs consist of elementary computations and are left to the reader.

Proposition 12.19 (Case a). Assume that i) = yJW is a C3 solution flow of diffeo-
morphisms associated to the ODE'Y = —B(Y )W, where W € CL. (This is the case
if B € C2.) Then w is a classical solution to

Oyu = F(sc,u, Du, DQu) + (B(z), Du)W
if and only if v(t, x) = u(t, ¢ (x)) is a classical solution to
o — FY (t, x,v, Dv, D2v) =0
where FV is determined from
FY(t, ¢ (x),r,p, X)
L F(a,r,(p, Dy ), (X, Dyt @ Dty + (p, D>y 1))

Proposition 12.20 (Case b). For any fixed x € R", assume that the one-dimensional
ODE _

o=H(z,e)W,  o0z)=r,
has a unique solution flow ¢ = " = @(t,r; x) which is of class C* as a function
of both r and x. Then u is a classical solution to

Oyu = F(amu, Du, D2u) + H(x,u)W

ifand only if v(t,z) = @~ L(t,u(t,x), ), or equivalently o(t,v(t,z),z) = u(t,z),
is a solution of
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00 — "’F(t,x, r, Dv, D2v) =0,
with

def

1
PF(t,x,r,p,X) = =F(t,z,0,Dp+ ¢'p, (12.32)
@
@"'pRp+ DY @p+p® Dy’ + Do+ ¢'X),

where ¢’ denotes the derivative of ¢ = ¢(t,r, x) with respect to r.

Remark 12.21. Tt is worth noting that the “quadratic gradient” term ¢”p ® p disap-
pears in (12.32) whenever " = 0. This happens when H(x, u) is linear in u, i.e.
when

H;[u] = ~vi(z)u, 1=1,...,d.

in which case we have

¢ d
o(t,r,x) = rexp </ ’y(x)dVVs) = rexp (Z 71(17)W87t> . (12.33)
0

i=1

Remark 12.22. Note that all dependence on W has disappeared in (12.33), and
consequently (12.32). In the SPDE / filtering context this is known as robustification:
the transformed PDE (8; — ¥F)v = 0 can be solved for any W € C([0,T],R%).
This provides a way to solve SPDEs of the form du = F'[u]dt + Zle ~i(x)u o dWy
pathwise, so that u depends continuously on W in uniform topology.

Lt}

We now turn our attention to case c¢). The point here is that the “inner” and “outer
transformation seen above, namely

u(t, z) = u(t, ¥ (x)) , o(t,z) = o Mt ult, z),x) ,

respectively, can be combined to handle noise coefficients obtained by adding those
from cases a) and b), i.e. noise coefficients of the type (3;(x), Du) + H;(x,u). We
content ourselves with the linear case

H;lu] = (Bi(z), Du) + v;(x)u .

Proposition 12.23 (Case c¢). Let 1) = " be as in case a) and set o(t,r,x) =
T exp (f(f ¥(1s (x))dWs) Then w is a (classical) solution to

o = F(z,u, Du, D2u) + ((B(z), Du) + v(m)u)W ,

if and only if v(t,x) = u(t, V¥ (x)) exp (— fot v(s (x))dWS) is a (classical) solu-
tion to
O — “"(F’p)(t,a:,v, Do, Dzv) =0.

Remark 12.24. 1t is worth noting that the outer transformation F' — F preserves
the class of linear operators. That is, if F'[u] = L[u] as given in (12.9), then F'¥ is
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again a linear operator. Because of the appearance of quadratic terms in Du, this
is not true for the inner transformation F' — ¢ F unless " = 0. Fortunately, this
happens in the linear case and it follows that the transformation F' — ¥ (F'¥) used in
case c) above does preserve the class of linear operators.

Let us reflect for a moment on what has been achieved. We started with a PDE
that involves W and in all cases we managed to transform the original problem to a
PDE where all dependence on W has been isolated in some auxiliary ODEs. In the
stochastic context (odW instead of dW = Wdt) this is nothing but the reduction,
via stochastic flows, from a stochastic PDE to a random PDE, to be solved w-wise.
In the same spirit, the rough case is now handled with the aid of flows for RDEs and
their stability properties.

Given W € ‘5907‘1, we pick an approximating sequence (WW¢), and transform

Owu® = Fu®] + H[u|W* (12.34)

to a PDE of the form
O = Fof], (12.35)

e.g. with ' = F¥ and ¢ = 9"V in case a) and accordingly in the other cases. Then
Felw] = F°[t, 2, w, Dw, D*w)

(in abusive notation) and the function F'** which appears on the right-hand side above
converges (e.g. locally uniformly) as ¢ — 0, due to stability properties of flows
associated to RDEs as discussed in Section 8.10.

All one now needs is a (deterministic) PDE framework with a number of good
properties, along the following “wish list”.

1. All approximate problems, i.e. with W¢ € C'([0, T], R%)

d
Ot = Flu) + Y Hi[u Wi, wf(0,4) = ¢,

=1

should admit a unique solution, in a suitable class U of functions on [0, 7] x R",
for a suitable class of initial conditions in some space G.

2. The change of variable calculus (Propositions 12.19-12.23) should remain valid,
so that u® € U is a solution to (12.34) if and only if its transformation v* € U is
a solution to (12.35).

3. There should be a good stability theory, so that g — ¢ in G and F'* — F° (ina
suitable sense) allows to obtain convergence in I/ of solutions v® to (12.35) with
intitial data g° to the (unique) solution of the limiting problem 9;v° = F°[v°]
with initial data g°.
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4. At last, the topology of I/ should be weak enough to make sure that v — v
implies that the “back-transformed” u¢ converges in 2/, with limit u° being v°
back-transformed.*

The final point suggests to define a solution to
du = Flu]dt + H[u]dW , u(0,+) =g, (12.36)

as an element in &/ which, under the correct flow transformation associated to W and
H, solves the transformed equation 9;v = F%[v], v(0,+) = g. To make this more
concrete, consider the transport case a). As before, ¥ = ww is the flow associated to
the RDE dY = —5(Y)dW and u solves the above RPDE (with H[u] = (8(x), Du))
if, by definition, v(t, z) := u(t, ¥ (x)) solves dyv = F¥[v], with v(0,+) = g. The
same logic applies to cases b) and c).

We then have the following (meta-)theorem, subject to a PDE framework with the
above properties.

Theorem 12.25. Let @ € (%, %] Given a geometric rough path W = (W, W) €

%22 ([0, T],R?), pick W* € C*([0, T],R?) so that
(We,We) .= <WE,/ W5t ®de> —W
0
in a-Holder rough path metric. Consider unique solutions u® € U to the PDEs

{ Byut = Fluc] + Hu|We (12.37)

us(0,+) =g €G.

Then there exists u = u(t, z) € U, not dependent on the approximating (W¢) but
only on W € €([0, T, RY), so that

u® = S[W¢; g] = u=: S|W;g]

as € = 0inU. This u is the unique solution to the RPDE (12.36) in the sense of the
above definition. Moreover, the resulting solution map,

S:62([0,T,R) x G —» U

Is continuous.

It remains to identify suitable PDE frameworks, depending on the nonlinearity F'.
When 0,u = Fu] is a scalar conservation law, entropy solutions actually provide
a suitable framework to handle additional rough noise, at least of (linear) type c),
[FG16b]. On the other hand, when F' = F[u] is a fully nonlinear second order opera-
tor, say of Hamilton—Jacobi—Bellman (HJB) or Isaacs type, the natural framework
is viscosity theory [CIL92, FS06] and the problem of handling additional “rough”

4 Given the roughness in t of our transformations, typically a-Holder, it would not be wise to
incorporate temporal C!-regularity in the definition of the space /.
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noise, in the sense of W ¢ C!, also with nonlinear H = H (Dwu), was first raised by
Lions—Sougandis [LS98a, LS98b, LS00a, LS00b].

12.2.4 Rough viscosity solutions

Consider a real-valued function v = u(z) with x € R™ and assume u € C? is a
classical supersolution,
—G(w,u,Du,D2u) >0,

where G is continuous and degenerate elliptic in the sense that G(z,u,p, A) <
G(z,u,p, A+ B) whenever B > 0 in the sense of symmetric matrices. The idea is
to consider a (smooth) test function ¢ which touches u from below at some interior
point Z. Basic calculus implies that Du(Z) = Dy (z), D*u(z) > D?*p(Z) and, from
degenerate ellipticity,

—G(z,¢, Dy, D*p) > 0. (12.38)

This motivates the definition of a viscosity supersolution (at the point ) to —G = 0
as a (lower semi-)continuous function w with the property that (12.38) holds for
any test function which touches u from below at z. Similarly, viscosity subsolutions
are (upper semi-)continuous functions defined via test functions touching « from
above and by reversing inequality in (12.38); viscosity solutions are both super-
and subsolutions. Observe that this definition covers (completely degenerate) first
order equations as well as parabolic equations, e.g. by considering 9, — F' = 0
on [0, 7] x R™ where F is degenerate elliptic. Let us mention a few key results of
viscosity theory, with special regard to our “wish list”.

1. One has existence and uniqueness results in the class of BC solutions to the
initial value problem (9; — F)u = 0, u(0,-) = g € BUC(R")’, provided
F = F(t,x,u, Du, D?u) is continuous, degenerate elliptic, there exists v € R
such that, uniformly in ¢, z, p, X,

v(s—r) < F(t,x,r,p,X)— F(t,x,s,p, X) whenever r < s,  (12.39)

and some technical conditions hold.® Without going into technical details, the
conditions are met for F' = L as in (12.9) and are robust under taking inf
and sup (provided the regularity of the coefficients holds uniformly). As a
consequence, HIB and Isaacs type nonlinearities, where F' takes the form
inf, L, inf, sup,, L, 4, are also covered.

2. The change of variables “calculus” of Propositions 12.19-12.23 remains valid for
(continuous) viscosity solutions. This can be checked directly from the definition
of a viscosity solution.

3 the space of bounded uniformly continuous functions

6 .. .the most important of which is [CTL92, (3.14)]. Additional assumptions on F' are necessary,
however, in particular due to the unboundedness of the domain R™, and these are not easily found
in the literature; see [DFO14]. One can also obtain existence and uniqueness result in BUC.
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3. In fact, the technical conditions mentioned in 1. imply a particularly strong
form of uniqueness, known as comparison: assume u (resp. v) is a subsolution
(resp. supersolution) and ug < wp; then v < v on [0, 7] x R™. A key feature
of viscosity theory is what workers in the field simply call szability, a powerful
incarnation of which is known as Barles and Perthame procedure [FS06, Section
VIL.3] and relies on comparison for (semicontinuous) sub- and super-solutions.
In the form relevant for us, one assumes comparison for 9; — F'* and considers
viscosity solutions to (0; — F¢)v® = 0, with v°(0,+) = ¢°, assuming locally
uniform boundedness of v¢ and g° — ¢° locally uniformly. Then v® — v°
locally uniformly where v is the (unique) solution to the limiting problem
(0r — FO)v° = 0, with v°(0, +) = ¢°.

In the context of RPDEs above, again with focus on the transport case a) for
the sake of argument, O = F¥ where v = W, where v is a flow of C3-
diffeomorphisms (associated to the RDE dY = —((Y)dW thereby leading to
the assumption 3 € Cp). As a structural condition on F, we may simply assume
“t)-invariant comparison” meaning that comparison holds for 9; — F'¥, for any C3-
diffeomorphism with bounded derivatives. Checking this condition turns out to be
easy. First, when I/ = L is linear, we have F'¥ = LY also linear, with similar bounds
on the coefficients as L due to the stringent assumptions on the derivatives of ).
From the above discussion, and in particular from what was said in 1., it is then
clear that L satisfies ¥-invariant comparison. In fact, stability of the condition in 1.
under taking inf and sup, also implies that HIB and Isaacs type nonlinearities satisfy
1-invariant comparison.

It is now possible to implement the arguments of the previous Theorem 12.25
in the viscosity framework [CFO11], see also [FO11] for applications to splitting
methods. We tacitly assume that all approximate problems of the form (12.40) below
have a viscosity solution, for all W¢ € C Land g € BUC, but see Remark 12.27.
Theorem 12.26. Let o € (3, 3]. Given a geometric rough path W = (W, W) €
‘ggo’a([(],T],Rd), pick We € C'([0,T),R?) so that (W¢,W¢) — W in a-Holder
rough path metric. Consider unique BC viscosity solutions u® to

{&w = Flu] + (8(x), Du) W (12.40)

u®(0,+) = g € BUC(R"™)

where F satisfies 1-invariant comparison. Then there exists u = u(t,xz) € BC, not
dependent on the approximating (W*¢) but only on W € ([0, T1, R%), so that

u® = S[We gl = u=: S[W;g]

as € — 0 in local uniform sense. This u is the unique solution to the RPDE (12.36)
with transport noise H[u] = (B(x), Du) in the sense of the definition given previous
to Theorem 12.25. Moreover, we have continuity of the solution map,

S:¢*([0,T],RY) x BUC(R™) — BC([0,T] x R") .
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Remark 12.27. In the above theorem, existence of RPDE solutions actually relies on
existence of approximate solutions u*, which one of course expects from standard
viscosity theory. Mild structural conditions on F, satisfied by HIB and Isaacs exam-
ples, which imply this existence are reviewed in [DFO14]. One can also establish a
modulus of continuity for RPDE solutions, so that u € BUC after all.

Remark 12.28. Rough partial differential equations as considered here, du =
Flu]dt+(B(x), Du)dW, with F' = inf,, L,, of HIB form, arise in pathwise stochastic
control [LS98b, BM07, DFG17], also in conjunction with filtering [AC19].

Unfortunately, in case b), it turns out the structural assumptions one has to impose
on F in order to have the necessary comparison for 9; — F° = 0 is rather restrictive,
although semilinear situations are certainly covered. Even in this case, due to the
appearance of a quadratic nonlinearity in Du, the argument is involved and requires
a careful analysis on consecutive small time intervals, rather than [0, T'; see [LS00a,
DF12]. A nonlinear Feynman—Kac representation, in terms of rough backward
stochastic differential equations is given in [DF12].

At last, we return to the fully linear case of Section 12.2.3. That is, we consider
the (linear noise) case c¢) with linear F' = L. With some care [FO14], the double
transformation leading to the transformed equation 9; — ?(F*) = 0 can be imple-
mented with the aid of coupled flows of rough differential equations. We can then
recover Theorem 12.11, but with somewhat different needs concerning the regularity
of the coefficients. (For instance, in the aforementioned theorem we really needed
o, 3 € C3 whereas now, using flow decomposition, we need 3 € Cp but only o € Cj.

Remark 12.29. By either approach, case c) with linear F' = L or Theorem 12.11,
we obtain a robust view on classes SPDEs which contain the Zakai equation from
filtering theory, provided the initial law admits a BU/C-density. Robustness is an
important issue in filtering theory, see also Exercise 12.3.

12.3 Stochastic heat equation as a rough path

Nonlinear stochastic partial differential equations driven by very singular noise, say
space-time white noise, may suffer from the fact that their nonlinearities are ill-posed.
For instance, even in space dimension one, there is no obvious way of giving “weak”
meaning to Burgers-like stochastic PDEs of the type

atuizagui—&-f(u)—i—Zg;(u)awuj—i—fj’, i=1,...,n, (12.41)
j=1

where £ = (51) denotes space-time white noise (strictly speaking, n independent
copies of scalar space-time white noise). Recall that, at least formally, space-time
white noise is a Gaussian generalised stochastic process such that
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E¢'(t,2)€ (s, y) = 6;;0(t — 8)d(z —y) .

As a consequence of the lack of regularity of &, it turns out that the solution to the
stochastic heat equation (i.e. the case f = g = 0 in (12.41) above) is only c-Holder
continuous in the spatial variable x for any o < 1/2. In other words, one would
not expect any solution u to (12.41) to exhibit spatial regularity better than that of a
Brownian motion.

As a consequence, even when aiming for a weak solution theory, it is not clear
how to define the integral of a spatial test function ¢ against the nonlinearity. Indeed,
this would require us to make sense of expressions of the type

/go(x)g;- (u)Dpu? (t,z)dx,

for fixed t. When g happens to be a gradient, such an integral can be defined by pos-
tulating that the chain rule holds and integrating by parts. For a general g, as arising
in applications from path sampling [HSVO07], this approach fails. This suggests to
seek an understanding of (¢, +) as a spatial rough path. Indeed, this would solve the
problem just explained by allowing us to define the nonlinearity in a weak sense as

/ o(x)g’ (u) dw (£, 7) |

where u is the rough path associated to u.
In the particular case of (12.41), it is actually sufficient to be able to associate a
rough path to the solution 1 to the stochastic heat equation

O = % +€ .

Indeed, writing u = ¢ + v and proceeding formally for the moment, we then see that
v should solve

o' = 03" + f(+ ) + D g5(v+ ) (9t + 0z0)

Jj=1

If we were able to make sense of the term appearing in the right-hand side of this
equation, one would expect it to have the same regularity as 0,;¢ so that, since
(¢, +) turns out to belong to C* for every o < 1/2, one would expect v(¢, +) to be
of regularity C**! for every o < 1/2. In particular, we would not expect the term
involving 9,07 to cause any trouble, so that it only remains to provide a meaning for
the term g (v + ¢) 0,17 . If we know that v € C' and we have an interpretation of
¥(t, ) as a rough path 9 (in space), then this can be interpreted as the distribution
whose action, when tested against a test function ¢, is given by

/ o(@)gi (i +v)) depi(t, z) |
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This reasoning can actually be made precise, see the original article [Hail 1b]. In this
section we limit ourselves to providing the construction of ¥ and giving some of its
basic properties.

12.3.1 The linear stochastic heat equation

We now study the model problem in this context - the construction of a spatial rough
path associated, in essence, to the above SPDE in the case f = g = 0. More precisely,
we are considering stationary (in time) solution to the stochastic heat equation’,

dipy = — Adhydt + od W, (12.42)

where, for fixed A > 0
Au = —0%u + Iu;

and W is a cylindrical Wiener process over L*(T), the L?-space over the one-
dimensional torus T = [0, 27|, endowed with periodic boundary conditions. Let
(ex : k € Z) denote the standard Fourier-basis of L?(T)

L sin (kx) for k > 0

T

ek(x) = \/12—” fork =0
ﬁ cos (kx) for k < 0

which diagonalises the operator A in the sense that
Aey, = prex muy = k> 4+ X, kelZ.

Thanks to the fact that we chose A > 0, the stochastic heat equation (12.42) has
indeed a stationary solution which, by taking Fourier transforms, may be decom-
posed as ¥ (z, t;w) = >, Y,*(w)ey(z). The components Y} are then a family of
independent stationary one-dimensional Ornstein-Uhlenbeck processes given by

dY}F = —pY[Fdt + ocdBF |

where (B* : k € Z) is a family of i.i.d. standard Brownian motions. An explicit
calculation yields

2
ag

E(VIY) = 2 exp (gt —s)),
M

so that in particular, for any fixed time ¢,

2 g
E(Y})" = T

7 With A = 0, the 0" mode of v behaves like a Brownian motion and ) cannot be stationary in
time, unless one identifies functions that only differ by a constant.
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Lemma 12.30. For each fixed t, the spatial covariance of 1 is given by

E((z,t)d(y,1) = K(lz —yl)

where K is given by

_ 2 cos (ku) cos S
K(u): 47T kezz Pk 4\f)\smh (V) h(ﬁ( ))

Here, the second equality holds for u restricted to [0, 2]. In fact, the cosine series is
the periodic continuation of the r.h.s. restricted to [0, 27].

Proof. From the basic identity cos (o — 3) = cos ccos § + sin acsin 3,

e w(@)e-k(y) + er(r)en(y) = = cos (k(r —y)), k€ Z.

Inserting the respective expansion in R(x,y) := E(¢(x, )y (y,t)), and using the
independence of the (Y’C ke Z), gives

Z er(x Yk) 21 Zcos (Yk)

kez
_ Uj Z cos (k(z —y))
4w A+ k2 ’
kez

and then R(x,y) = K(|z — y|) where

02 < cos (kx)
K(x)=— .
@)= 4 kzez At 2

At last, expand the (even) function cosh (\A(| .| - 7T)) in its (cosine) Fourier-series
to get the claimed equality. O

Proposition 12.31. Fix t > 0. Then vy (z; w) = ¥(t, x;w), indexed by = € [0, 2],
is a centred Gaussian process with covariance of finite 1-variation. More precisely,

>

HRw(t,-) ||1,-[z,y]2 < 27THKHC2;[0,2W]|37 )
and so (cf. Theorem 10.4), for each fixed t > 0, the R%-valued process

[0,27] 2 2 — (Y7 (2), ..., ¥ (),

consisting of d i.i.d. copies of 1y, lifts canonically to a Gaussian rough path 1, (+) €
% ([0,27],RY).

Proof. This follows immediately from Exercise 10.4. 0O
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Remark 12.32. There are ad-hoc ways to construct a (spatial) rough path lift asso-
ciated to the stochastic heat-equation, for instance be writing (¢, +) as Brownian
bridge plus a random smooth function. In this way, however, one ignores the large
body of results available for general Gaussian rough paths: for instance, rough path
convergence of hyper-viscosity or Galerkin approximation, extensions to fractional
stochastic heat equations, concentration of measure can all be deduced from general
principles.

We now show that solutions to the stochastic heat equation induces a continuous
stochastic evolution in rough path space.

Theorem 12.33. There exists a continuous modification of the map t — 1, with
values in 6" ([0, 2m], Rd).

Proof. Fix s and t. The proof then proceeds in two steps. First, we will verify the
assumptions of Corollary 10.6, namely we will show that

a0l <€ swp [E( (o) — )]

z,y€[0,2n]

for some constant C that is independent of s and ¢. In the second step, we will show
that (here we may assume d = 1), with ¥s(x,y) := s(y) — ¥s(x), one has the
bound
sup  E[[ihs(z, ) — (e, y)*] = O(t = 5?)
z,y€[0,27]
The existence of a continuous (and even Holder) modification is then a consequence
of the classical Kolmogorov criterion.

For the first step, we write X = (2(-),...,%2(-)) and Y = (¢} (), ..., v{(-)).
Note that one has independence of (X*,Y") with (X7,Y7) fori # j. We have to
verify finite 1-variation (in the 2D sense) of the covariance of (X,Y). In view of
Proposition 12.31, it remains to establish finite 1-variation of

(,9) = By (o9) = E[u @)t 0)] = 3 exw)es ) E(VAYE)
keZ
- 5 S @ —y)) (el ;g

= A 2
47Tk€Z A+ k

- (,y).

For every 7 > 0, exponential decay of the Fourier-modes implies smoothness of R.
We claim
||R7'||1-var;[u7u]2 S C‘,U - ’ll,| < o,

uniformly in 7 € (0, 1] and u, v. To see this, write
v v
||‘R‘I'||1-var;[u,v]2 :/ / |a:ryRT|d$ dy
u u

L

ik(z—y) 5
Zkze)\_‘_ikgef(/\ﬂc )T da dy
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ik(m—y)e—sz

dx dy

u u
v v
:/ / pr(z —y)dyde <|v—ul,

where we used the trivial estimate [ p-(z — y)dy < fo% pr(x — y)dy = 1. In this
expression, p denotes the (positive) transition kernel of the heat semigroup on the
torus. The step above, between second and third line, where we effectively set A = 0
is harmless. The factor e~*7 may simply be taken out, and

k ik(z—y) —k2T
Z(l A+k2> ne <Z’ )\+k2 ZA+k2

k
After integrating over [u, U}Q, we see that the error made above is actually of order
O(Jv — u[*). This is more than enough to conclude that

HR(leYI)Hl—var;[u,v]2 <Clv—uf <oo,

uniformly in 7 € (0,1] and u, v.
We now turn to the second step of our proof. We claim that E[!(z,y) —
Ui (x,y))> =O(|t — s|1/2), uniformly in z,y € [0, 27]. Since

i@, y) — o) ()| < [0 (@) — ¥ (@)] + |[¥i(y) — ¥ (v)

the question reduces to a similar bound on E|t)} (x) —1)} (x)
This quantity is equal to

E (¢ (2)1g (2)] — 2E [t (2)f ()] + B[y (2)¢ (z)]
2 e Rl

o 2(1—
*Ekzz A+ k2

bl

2, uniform in = € [0, 27].

2(1 - e*(/\Jrkg)\t*S\)

—ZQUS—SH—Q—Z e ,

|k|<N

| /\

where we used that 1 — e™“* < cx for ¢,z > 0 in the first sum. We then take
N ~ |t — s|7/2, so that the first sum is of order O (|t — s|'/2). For the second sum,

we use the trivial bound 1 — e~ (A+E)[t=s| < 1 Tt then suffices to note that

Z/\_szkaQ: (1/N) = (| |1/2)

k>N k>N
which completes the proof. 0O

Remark 12.34. The final estimate in the above proof, namely



236 12 Stochastic partial differential equations

E[¢}(z) — o} (@) = O(lt — s'/?) ,

also implies “almost %—Hélder” temporal regularity of the stochastic heat equation.

12.4 Exercises

Exercise 12.1 (From [DFS17]) a) Assume W € C'. Show that the Feynman—Kac
(or equivalently viscosity) solution to (12.11) is an analytically weak solution in
the sense of (12.21) with AW replaced by W dt.

b) Assume now W = (W, W) € €. Show that (Y,Y") € D3>
c) Show that the Feynman—Kac solution constructed in Theorem 12.11 is an analyt-
ically weak solution in the sense of (12.21).

Exercise 12.2 (From [CDFO13]) A crucial role in the proof of Theorem 12.11 was
played by a hybrid It6-rough differential equation of the form

dX, = o(X,)dB + B(X;)dW, (12.43)

ultimately solved as (random) rough differential equation, subject to o, 3 € Cg’. Give
an alternative construction to the hybrid equation based on flow decomposition. That
is, use the flow associated to the RDE dY = (Y )dW and transform (12.43) into a
bona fide It6 differential equation.

Hint: When W is replaced by a C' path W¢ this is a straightforward computation.
Use the stability of RDE flows, combined with stability results for Ité6 SDEs to
conclude. Specify the regularity requirements on o, 3.

Exercise 12.3 (Robust filtering, [CDFO13]) Consider a pair of processes (X,Y)
with dynamics

dX, = Vo(Xo, Y)dt + 3 Zi(Xp, Yo AW + Y Vi(X,, Y,)dB],  (12.44)
k j
dY, = h(Xy, Y;)dt + dW, (12.45)

with Xo € L* and Yy = 0. For simplicity, assume coefficients Vo, Vi,..., Vi, :
Réx+dy o Rix 7z, Zg o R RIX gnd b= (BY,... A -
R¥>*1% s RY 19 be bounded with bounded derivatives of all orders; W and
B are independent Brownian motions of the correct dimension. We now interpret
X as a signal and Y as noisy and incomplete observation. The filtering problem
consists in computing the conditional distribution of the unobserved component X,
given the observation Y. Equivalently, one is interested in computing

mi(g9) = Elg(Xy, Y1) |V,
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where Y is the observation filtration and g is a suitably chosen test function. Measure
theory tells us that there exists a Borel-measurable map 69 : C([0,t],R?) — R,
such that a.s. w,(g) = 07(Y) where we consider Y = Y (w) as a C([0,t], R%)-
valued random variable. Note that 67 is not uniquely determined (after all, modifica-
tions on null sets are always possible). On the other hand, there is obvious interest to
have a robust filter, in the sense of having a continuous version of 0, so that close
observations lead to nearby conclusions about the signal.

a) Give an example showing that, in general, 67 does not admit a continuous
version.
b) Let o € (1/2,1/3). Show that there exists a continuous map on rough path
space
0, d
67 : ¢, *([0,],R™) = R,

such that a.s.
m(g) = 07(Y), (12.46)

where Y is the random geometric rough path obtained from Y by iterated
Stratonovich integration.

Hint: You may use the “Kallianpur-Striebel formula”, a standard result in filtering
theory which asserts that

m(g) = P9 () = Bolg(X, You W)

where

dpP,

dp

t gt
= — h(X,,Y,)dW! — = (X, Ys)||2d
N p<2/ (o vgawi— 5 [l )

and v = {v;,t > 0} is defined as the right-hand side above with —W replaced by
Y.

Exercise 12.4 Show almost sure “(i —¢€)-Holder” temporal regularity of p =
Wi (x;w), solution to the stochastic heat equation. Show that, for fixed x, 1 (x; w) is
not a semimartingale.

Exercise 12.5 (Spatial Ito—Stratonovich correction [HM12]) Writing T for the
interval [0, 27| with periodic boundary, let us say that

u=u(t,z;w): [0,T] xTx 2 =R
is a (analytically) weak solution to
1
815714 = ﬁmu —u+ 55} (U2) + f , (*)

if and only if u = v + 1 where 1 is the stationary solution to Op) = Oppt) — h + €
and, for all test functions ¢ € C*(T),
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1 2
(v, ) = (v, Ozwp) — (v, 0) = ( Fu", 020 ) -

a) Replace 0, (u?) in (x) by a (s atially right) finite-difference approximation,
4 3 Yy a(sp 8 pp

Lu(. +e)* —u?

2 £ ’
write u® for a solution to the resulting equation. Assume u® — u locally uni-

formly in probability. Show that v is a solution to (x).

b) At least formally, O, (%UQ) = u0zu in (%), which suggests an alternative finite
difference approximation, namely,

L9 —u)
€
Assume v = u® — Y — v 1= u — Y and its first (spatial) derivatives converge
locally uniformly in probability. Show that u is an analytically weak solution to
the perturbed equation

Ort = Opgut + %81 (uQ) +C+¢

with C # 0. Determine the value of C. Hint: Use Exercise 10.6.

Solution. a) By switching to suitable subsequences, we may assume u® — u
locally uniformly with probability one. Write D, ;, D, , for a discrete (left,
right) finite difference approximation. Note

1 1 1
<DE,7' <2U2> ) §O> = _<2U2, DE,l§0> — _<2u27 8I<)O>

Given that v¢ = u® — ¥ — v := u — 1 locally uniform it then suffices to pass
to the limit in the (integral formulation) of

1
0ut",¢) = (% Ona (07,91 + {302 Duse ).

b) We note

It follows that
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8t<’06,g0> — <UE,8me0> _ <'U€7§0> + <u€(u€(—’_5)_u€)7¢>

= (v, Ouaip) — (V°, )
- <;(u6)2,De,l§0> _ <21€(ue(, te)— u5)2a90> :

In order to pass to the ¢ — 0 limit, we must understand the final “quadratic
variation” term. By assumption v are of class C*, uniformly in . Hence

(- + &) —u] = (. +€) =9 + (. + ) = v°
=Y(.+e)—9Y+0(e)

and so, with osc (¢;£)O0(1) + O(e) = o(1) ase — 0,

1 € €\2 1 2
— (. +e)—u) = —((. +e)— 1
(054 8) =) = () — )+ o(1)
we have
L) —u ) = (Wl +2) — ) ) +o(1)
% . y P % . y P .
From Lemma 12.30 we know that
E[y? ...] = 2(K(0) — K(¢)) = —2K'(0)e + o(e) = Ce +o(e) .
Since K (u) = %, we have C = —2K'(0) = %, and it follows from

Exercise 10.6 that
- (W(.+e) —9)° 1/ ( )Lﬁsd
A g) — = — €T X
% y P 2 -

2
3y [etercie=(Ge).

where the convergence takes place in probability. It follows that « is a solution
(in the above analytically weak sense) of

1 1
Ot = Oggt — U + §8$(u2) +i+§'

12.5 Comments

Section 12.1: The explicit solution of the rough transport equation in Section 12.1.1
is a (geometric) rough-pathification of the classical method of characteristics and Ku-
nita’s (Stratonovich) stochastic version thereof [Kun84], first pointed out in [CF09].
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Our intrinsic definition of (regular vs. weak / measure-valued) RPDE solution is
essentially taken from Diehl et al. [DFS17] and Bellingeri et al. [BDFT20], which
also treats the low regularity case. Bailleul-Gubinelli [BG17] suggest an abstract
framework of (unbounded) rough drivers in which (I'[{|W; ¢, I'?[]W, ), with I" as
in (12.2), are viewed as (s, t)-indexed familiy of unbounded operators

As,t = (As,tv As,t)

on a suitable scale of Banach spaces, which satisfy an operator Chen relation and then
the (operator) geometricity condition A2, /2 = A ;. The rough transport equation,
say du; = I'uydW if written as initial value problem, then fits into an abstract rough
linear equation of the form

dut = A(dt)ut .

An analytically weak formulation (somewhat similar to our Section 12.1.2, but now
formulated via Banach duals) then allows them to obtain existence and uniqueness
under Cj assumptions on the vector fields, at the price of a doubling of variables
argument related in the spirit to Di Perna—Lions [DL89].

Entropy solutions to scalar conservation laws with rough forcing are studied by
Friz—Gess [FG16b]; in [HNS20] Hocquet et al. study a generalized Burgers equation
with rough transport noise. A different class of rough scalar conservation laws,
closely related to rough transport, is given by

du + divy (A(z,u))dW =0, u=ug, (12.47)

where v : [0,T] x R" — R, with A = (4% : 1 <i < n,1 < j < d) sufficiently
smooth, matrix valued functions and W a geometric Holder rough path over R%. (The
case of linear A(x,u) = f(x)u is precisely the rough continuity equation treated in
Section 12.1.2.)

Such equations were studied from a “pathwise” point of view (essentially possible
when A = A(u) has no z-dependence or when d = 1) in Lions, Perthame and
Souganidis [LPS13] and [LPS14], followed by Gess—Souganidis [GS15] who treat
the general case (12.47) and then Hofmanova [Hof16]. When dW = W dt, this falls
into the well established theories of entropy solutions and kinetic solutions. The latter
formulation related to rough transport as follows. With

+1 if 0 <€ < u(x,t),
x(x, &) == x(u(z,1),8) == ¢ —1 if u(z,t) < <0, (12.48)

0 otherwise,
one can rewrite (12.47) in its (formal) kinetic form: for 7" > 0 fixed,
dix + (0uA(z,€) - Dyx — divy, A(z,£)0ex)dW = (dem)dt , (12.49)

on R" x R x (0,7] with initial data y(s,*,0) = x(ug(+),*) where div, A =
(div, Ay, ..., div, Ay) and m is a bounded nonnegative measure on R” x R x [0, T7,
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known as defect measure, which is part of the solution. The definition of rough
kinetic solution [GS15] is then given as analytically weak solution of (12.49), with
test functions obtained as (spatially) regular solutions to an auxilary rough transport
equation, similar in spirit to Section 12.1.2. See also Gess et al. [GPS16] for a semi-
discretisation. The idea of test functions with (here: temporal) structure tailor-made
to a realisation of the noise (a.k.a. rough path) is central to RPDEs. A well-posedness
result for rough kinetic solutions was also obtained by Deya et al. [DGHT19b], in an
extended setting of RPDEs with (unbounded) rough drivers, of the form

duy = p(dt) + A(dt)uy ,

where the abstract assumptions on the drift term p are seen to accommodate the
defect measure. Rough Hamilton—Jacobi equations are of the form

du+ H(Du,z)dW =0, u(0,+) = ug , (12.50)

on (0, 7] x R™, with Hamiltonians H = (H,, ..., Hy). When dW = Wdt, this
falls into the well established theory of viscosity solutions, with intrinsic notion
of sub (resp. super) solutions via “touching” test functions ¢ = o(t,z) € CHL.
Short-time regular solutions via the method of “rough” characteristics then supply
the correct class of test functions (depending on the noise realisation modelled by
W): when inserted in the equation, they at least formally “eliminate” the rough part,
this is basically a local change of the unknown. (A global change of coordinates is
sometimes possible, notably in the case of transport noise when H (p, ) is linear
in p, cf. Section 12.2.3 below.) These ideas form the basis of Lions—Souganidis’
stochastic viscosity theory [LS98a, LS98b, LS00b] which predates most works on
rough paths, the resulting “pathwise” theory essentially requires H = H (p) with no
x-dependence, or d = 1; see also [FGLS17] (z-dependent quadratic Hamiltonian)
and [GGLS20] (speed of propagation). In spatial dimension n = 1, there is a
noteworthy connection with rough conservation laws: if v solves the rough HJ
equation dv + A(9,v,x)dW = 0, then, at least formally, u = J,v satisfies the rough
conservation law du + 9, (A(u, z))dW = 0.

Section 12.2: Linear stochastic partial differential equations go back at least to
Krylov—Rozovskii [KR77] and play an important problem in filtering theory (Zakai
equation). A Feynman—Kac representation appears in Pardoux [Par79] and Kunita
[Kun82]. Kunita also has flow decompositions of SPDE solutions. Caruana—Friz
[CF09] implement this in the rough path setting in a framework of classical PDE so-
lutions. The construction of hybrid stochastic / rough differential equations which un-
derlies the “rough” Feynman—Kac approach, Theorem 12.11, is taken from [DOR15]
(see also [FHL20]). Diehl et al. [DFS17] establish existence and uniqueness, based
on an intrinsic definition for (linear) RPDEs, numerical algorithms are given by
Bayer et al. [BBR™" 18]. Hofmanova—Hocquet [HH18] study (linear) RPDEs from a
variational perspective and unbounded rough driver perspective, as does Hofmanova
et al. [HLN19] for the Navier—Stokes equation perturbed by rough transport noise.
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An extension of Lions, Perthame and Souganidis [LPS13, LPS14] to rough, scalar,
degenerate parabolic-hyperbolic equation is given in [GS17].

In the context of Crandall-Ishii—Lions viscosity setting, by nature a theory for
second order equations with a maximum principle, stochastic (pathwise) viscos-
ity solutions for fully non-linear equations were introduced by Lions—Souganidis
[LS98a, LS98b, LS00a, LS00b]. Caruana, Friz and Oberhauser [CFO11] introduce
rough viscosity solutions by a limiting procedure for classes of nonlinear SPDEs
with transport noise; an intrinsic definition (via global transformaion) is given e.g.
in [DFO14]. An adaption of the original intrinsic definition of (pathwise) viscosity
solutions to fully non-linear equations [LS98a] is given in Seeger [Seel8b]. Exten-
sions to different noise situations are due to Diehl-Friz, [DF12] and then [FO14].
Nonlinear noise, z-dependent and quadratic in Du is considered by Friz, Gassiat,
Lions and Souganidis [FGLS17]. Approximation schemes for (pathwise) viscosity
solutions of fully nonlinear problems are studied [Seel8a].

A nonlinear Feynman—Kac representation (with relations to “rough BSDEs”)
is given in [DF12]. In a filtering context, a (rough path) robustified Kalianpur—
Striebel formula (cf. Exercise 12.3) was given by Crisan, Diehl, Friz and Oberhauser
[CDFO13], which is also the first source of hybrid differential equations. At last,
we refer to Gubinelli-Tindel, Deya et al. and Teichmann [GT10, DGT12, Teil 1] for
some other rough path approaches to SPDEs. Theorem 12.18 is essentially due to
[GH19], but very closely related to the earlier results of [GT10]. Compared to the
latter, we restrict ourselves to finite-dimensional drivers, but allow for a more natural
class of nonlinearities thanks to a slightly different use of the various interpolation
spaces.

Section 12.3: The construction of a spatial rough path associated to the stochastic
heat equation is due to Hairer [Hail 1b] and allows to deal with otherwise ill-posed
SPDEs of stochastic Burgers type, see also Hairer—Weber [HW13] and Friz, Gess,
Gulisashvili, Riedel [FGGR16] for various extensions (including multiplicative noise,
and fractional Laplacian/non-periodic boundary respectively). This construction
is also an ingredient in one construction for solutions to the KPZ equation, see
Hairer [Hail3] and Chapter 15. Exercise 12.5, in the spirit of Follmer —rather than
rough path —integration, is taken from Hairer-Maas [HM12]. Similar results are avail-
able for rough SPDE:s of type (12.41), see Hairer, Maas and Weber [HMW 14], but
this is beyond the scope of these notes. Bellingeri [Bel20] uses regularity structures
to establish an Itd formula for the stochastic heat equation.



Chapter 13
Introduction to regularity structures

We give a short introduction to the main concepts of the general theory of regularity
structures. This theory unifies the theory of (controlled) rough paths with the usual
theory of Taylor expansions and allows to treat situations where the underlying space
is multidimensional.

13.1 Introduction

While a full exposition of the theory of regularity structures is well beyond the
scope of this book, we aim to give a concise overview to most of its concepts and
to show how the theory of controlled rough paths fits into it. In most cases, we will
only state results in a rather informal way and give some ideas as to how the proofs
work, focusing on conceptual rather than technical issues. The only exception is
the “reconstruction theorem”, Theorem 13.12 below, which is one of the linchpins
of the whole theory. Since its proof (or rather a slightly simplified version of it) is
relatively concise, we provide a fully self-contained version. For precise statements
and complete proofs of most of the results exposed here, we refer to the original
article [Hail4b]. See also the review articles [Hail5, Hail4a] for shorter expositions
that complement the one given here.

It should be clear by now that a controlled rough path (Y,Y’) € 23 bears a
strong resemblance to a differentiable function, with the Gubinelli derivative Y’
describing the coefficient in front of a “first-order Taylor expansion” of the type

Y, =Y, + YW, +O(]t — s|*¥) . (13.1)
Compare this to the fact that a function f: R — Risof class C¥ withy € (k, k+1)
if for every s € R there exist coefficients fgl), R s@ such that
k
fo= Lo+ D FO(t =)' +0(t - s7) . (13.2)
=1
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Of course, fs(e) is nothing but the (th derivative of f at the point s, divided by ¢!.
In this sense, one should really think of a controlled rough path (Y,Y’) € 22
as a 2a-Holder continuous function, but with respect to a “model” given by W,
rather than the usual Taylor polynomials. This formal analogy between controlled
rough paths and Taylor expansions suggests that it might be fruitful to systematically
investigate what are the “right” objects that could possibly take the place of Taylor
polynomials, while still retaining many of their nice properties.

13.2 Definition of a regularity structure and first examples

The first step in such an endeavour is to set up an algebraic structure reflecting
the properties of Taylor expansions. First of all, such a structure should contain a
vector space 1 that will contain the coefficients of our expansion. It is natural to
assume that 7" has a graded structure: 7' = @a cA T,, for some set A of possible
“homogeneities”. For example, in the case of the usual Taylor expansion (13.2), it is
natural to take for A the set of natural numbers and to have T contain the coefficients
corresponding to the derivatives of order ¢. In the case of controlled rough paths
however, it is natural to take A = {0, a}, to have again Tj contain the value of the
function Y at any time s, and to have T, contain the Gubinelli derivative Y. This
reflects the fact that the “monomial” ¢ — X ; only vanishes at order o near ¢ = s,
while the usual monomials ¢ + (¢ — s)¢ vanish at integer order £.

This however isn’t the full algebraic structure describing Taylor-like expansions.
Indeed, one of the characteristics of Taylor expansions is that an expansion around
some point z can be re-expanded around any other point x; by writing

m!
(@—z)" = Y i — )k (x—x)" . (13.3)
k+f=m
(In the case when = € R%, k, ¢ and m denote multi-indices and k! = ki!...kql)

Somewhat similarly, in the case of controlled rough paths, we have the (rather trivial)
identity
Wigt = Wigsy -1+ 1- W, ¢ (13.4)

What is a natural abstraction of this fact? In terms of the coefficients of a “Taylor
expansion”, the operation of reexpanding around a different point is ultimately just a
linear operation from I": T" — T', where the precise value of the map I" depends on
the starting point x, the endpoint x1, and possibly also on the details of the particular
“model” that we are considering. In view of the above examples, it is natural to impose
furthermore that I" has the property that if 7 € T,,, then I't — 7 € g<a Ip-In
other words, when reexpanding a homogeneous monomial around a different point,
the leading order coefficient remains the same, but lower order monomials may
appear.
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These heuristic considerations can be summarised in the following definition of
an abstract object we call a regularity structure:

Definition 13.1. A regularity structure & = (T, G) consists of the following ele-
ments:

* A structure space given as graded vector space T' = @, . 4 T Where each T,
is a Banach space, with index set A C R bounded from below and locally finite.!
Elements of T, are said to have degree o and we write deg 7 = « for 7 € T,.
Given 7 € T, we will write ||7||,, for the norm of its component in Ty,.

* A structure group G of continuous linear operators acting on 7" such that, for
every I' € G, every a € A, and every 7, € T, one has

FT(} — Ta S T<(x dZEf @ Tﬁ . (135)
B<a

A sector V of .7 is a linear subspace V = @, ., Vo C T, with closed linear
subspaces V,, C Ty, invariant under G, such that (V, G|y ) is a regularity structure
in its own right.

Remark 13.2. In principle, the index set A can be infinite. By analogy with the
polynomials, it is then natural to interpret 7" as the set of all formal series of the form
> aca Ta» Where only finitely many of the 7,,’s are non-zero. This also dovetails
nicely with the particular form of elements in G. In practice however we will only
ever work with finite subsets of A so that the precise topology on 7" does not matter as
long as each of the T}, is finite-dimensional, which is the case in all of the examples
we will consider here.

The space T should be thought of as consisting of “abstract” Taylor expansions (or
“jets”) , where each element of T, would correspond to a “homogeneous polynomial
of degree «” (this will be made in combination with the definition of a model
in Definition 13.5 below). To avoid confusion between ‘“abstract” elements of T’
and “concrete” associated functions (or distributions), we will use colour to denote
elements of 7', e.g. 7. Typically, T' will be generated (as a free vector space) by a
set of “basis symbols”, so that T" consists of all formal (finite) linear combination
obtained from regarding these symbols as basis vectors. Given basis symbols / vectors
Ty, T2, ... we indicate this by

T:<7-177—27...>. (136)

Important convention: basis symbols will always by listed in order of increasing
homogeneities. That is, 7; € T,, with oy < ap < ... in (13.6). We now turn to
some first examples of regularity structures.

!'In [Hail4b], T was called model space, somewhat in clash with the space of models.
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13.2.1 The polynomial structure

We start with two simple special cases followed by the general polynomial structure.
Fix v € (0, 1) and consider a real-valued function belonging to the Holder space
of exponent v, say f € C”. In other words, f : R — R, and |f, — f,| < |y — z|”
uniformly for x, y on compacts. The trivial regularity structure

T=Ty=(1) %R, G ={Id},
allows us to interpret the function f as a 7T-valued map
x = f(x):= fo. 1

Consider next a real-valued function f : R — R of class C?T7, with v € (0, 1).
By this we mean that continuous derivatives D f and D? f exist, with D? f locally

~v-Holder continuous. The minimal regularity structure allowing to capture the fact
that f € C?*7 is

T=TooT T, =(1,X,X?) 2R3,

with structure group G = {I'}, € L(T,T) : h € (R,+)} where I}, is given, with
respect to the ordered basis 1, X, X2, by the matrix

1 h h?
n=lo12n
001

In other words,
Nil=1, I X=X+hl, I,X°>=(X+hl)?,

with the obvious abuse of notation in the last expression.

Note that Iy o I't, = Iy, so that G inherits its group structure from (R, +).
Moreover, the triangular form, with ones on the diagonal, expresses exactly the
requirement (13.5). This structure allows to represent the function f and its first two
derivatives as a truncated Taylor series, namely as the 7-valued map

v f(z) = fol + Df X + %D2fIX2.

It is now an easy matter to generalise the above considerations to general Holder
maps of several variables, say f : R? — R in the Holder space C"17, which is
defined by the obvious generalisation of (13.2) to functions on R%. In this case, we
would take 7" to be the space of polynomials of degree at most n in d commuting
indeterminates X1, ..., X ;. This motivates the following definition.

Definition 13.3. The polynomial regularity structure on R? is given by
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* T =R[Xy,...,X]is the space of real polynomials in d commuting indetermi-
nates and 7, is given by the homogeneous polynomials of degree o € N.
* The structure group G ~ (Rd, +) acts on 7" via

IWP(X)=P(X +hl), heR?,
for any polynomial P.

Given an arbitrary multi-index k = (ki,...,kq), we write X" as a shorthand
for Xfl .- ~Xfl”“, and we write |k| = ki + - -+ + kq. With this notation, for any
a€ A=N,

T, = (X":|k| = a). (13.7)

Note that T<, = To @ T} @ - - - B Ty, i.e. the space of polynomials of degree at most
«, any a € A = N, is a sector of the polynomial regularity structure.

13.2.2 The rough path structure

We start again from simple examples. What structure would be appropriate for Young
integration? Fix « € (0, 1) and consider the problem of integrating a (continuous)
path Y against a scalar W € C®. In the case of smooth W, the indefinite integral
Z = [ YdWaexists in Riemann-Stieltjes’ sense and one has Z=YW.In general,
W only exists as a distribution, more precisely an element of the negative Holder
space C®~1. A regularity structure allowing to describe this situation is given by

T=Ty 1&Ty=W)a (1) =R*, G={Id}. (13.8)

The potentially ill-defined product Z =YW can now be replaced by the perfectly
well-defined T'-valued map

s Z(s) =Y, V.

We shall see later how 7 gives rise to 7 , the distributional derivative of the indefinite
Young integral [ Y'dW, provided of that Y is sufficiently regular, namely Y € C B
witha + 5 > 1.

Let us next consider the “task” of representing a controlled rough path in a suitable
regularity structure. More precisely, consider o € (1/3,1/2], a path W € C* with
values in R, say, and (Y, Y’) € 22% so that

Vi~ Y+ Y/ Wiy . (13.9)

The right-hand side above is some sort of Taylor expansion, based on W € C%, which
describes Y well near the (time) point s. We want to formalise this by attaching to
each time s the “jet”

Y(s) =Y, 1+ YW .
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Performing the substitution 1 +— 1, W +— W, . gets us back to the right-hand side of
(13.9). This suggests to define the following regularity structure

T=ToT,=(1)e (V) =R*,
with structure group G = {I', € L(T,T) : h € (R, +)} where I}, acts as
I,1=1, W =W +hl.

The regularity structure relevant for rough integration is essentially a combination
of the two previous ones. Let W = (W, W) € ¢* and (Y,Y”’) € 2% and consider
the rough integral Z := [ Y dW. Since, for s = ¢, we have

t
Zoi— / VAW ~ YW, , + YIW, , ,

this suggests (rather informally at this stage), that in the vicinity of any fixed time s,
the distributional derivative of Z should have an expansion of the type

Z =YW +Y!W,, (13.10)

where W := 8, W, and W, := 0, W, ; are distributional derivatives. This suggests
to attach the following “jet” at each point s,

Z(s) =Y, W + YW . (13.11)

The case of multi-component rough paths just needs more basis vectors Wi, Wik,
W (with 1 < 4,5, k,I < e). This suggests the following definition.

Definition 13.4. Let o € (1/3,1/2]. The regularity structure for a-Hélder rough
2
paths (over R) is givenby T = T\, ® Toa_1 ® Ty ® T, = R T17¢ with

To = (1), T, = (W ..., W),
Tocr = (W WO,  Thaor1=(W7:1<ij<e),

and structure group G ~ (R® +) acting on T by

Ll =1, LIV =T 40, (13.12)
LLwt=w-, WY = WY + B*IV7 .
It will be seen later in Proposition 13.21 that in this framework the function Z
defined in (13.11) does indeed give rise naturally to Z, the distributional derivative
of the indefinite rough integral [ Y dW.
In a Brownian (rough path) context, one has Holder regularity with exponent
a = 1/2 — &, for arbitrarily small x > 0. The above index set A, relevant for a
“regularity structure view” on stochastic integration, then becomes A = { - % —
K, —2K,0, % — H}, which, in abusive but convenient notation, we write as
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el bady

— 9

Index sets of this form (“half-integers ~”) will also be typical in later SPDE situations
driven by spatial or space-time white noise.

13.3 Definition of a model and first examples

At this stage, a regularity structure is a completely abstract object. It only becomes
useful when endowed with a model, which is a concrete way of associating to
any 7 € T and = € RY, the actual “Taylor polynomial based at z” represented
by 7. Furthermore, we want elements 7 € T, to represent functions (or possibly
distributions!) that “vanish at order o around the given point z, thereby justifying
our terminology of calling v a degree.

Since we would like to allow A to contain negative values and therefore allow
elements in 7" to represent actual distributions, we need a suitable notion of “vanishing
at order ”. We achieve this by considering the size of our distributions, when tested
against test functions that are localised around the given point zy. Given a test
function ¢ on Rd, we write <p; as a shorthand for

er(y) =A"e(X\  (y—w)) .

Given r € N, we also denote by B, the set of all smooth test functions : R? — R
such that ¢ € C" with ||p||cr < 1 that are furthermore supported in the unit ball
around the origin; clearly B, C D(R?), the test function space for D’ (R?), the space
of distributions on R%. With these notations, our definition of a model for a given
regularity structure .7 is as follows.

Definition 13.5. Given a regularity structure = (7, G) and an integer d > 1, a
model M = (II, ") for 7 on R? consists of maps

I:R*— £(T,D'RY)) TI:R'xR*=G
x— I, (,y) = Ioy

such that Iy Iy, = I, and II I, = II,. Write r for the smallest integer such that
r > |min A| > 0 and impose that for every compact set & C R? and every v > 0,
there exists a constant C = C(R, «y) such that the bounds

(L) ()| S CX 7l Tay7lls < Clo—yl*Plirlla,  (13.13)
hold uniformly over z,y € R, A € (0,1],p € B, 7 € T,, witha < yand § < «.

We then call I the realisation map, since 11,7 realises an element 7 € T  as a
distribution, and I" the reexpansion map.
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One very important remark is that the space . of all models for a given regularity
structure is not a linear space. However, it can be viewed as a closed subset (deter-
mined by the nonlinear constraints I, € G, Iy, Iy, = I, and Iy = II,I,)
of the linear space with seminorms (indexed by the compact set & and the upper
bound y) given by the smallest constant C' in (13.13). In particular, there is a natural
collection of “distances” between models (I, I") and (I, I") given by the smallest
constant C' in (13.13), when replacing I, by I, — II, and Iy by Iy — fxy.
Since this collection is essentially countable (consider for example the sequence of
pseudometrics d,, corresponding to the choices (R, v,) with &, the centred ball
of radius n and ~,, = n), it determines a metrisable topology (take for example

d=302,27"(dn A 1)).

Remark 13.6. The precise choice of r in Definition 13.5 is not very important, as
one can see that any other choice r > |min A| > 0 leads to the same definition. See
Lemma 14.13 for a similar statement in the context of Holder spaces.

Remark 13.7. The test functions appearing in (13.13) are smooth. It turns out that if
these bounds hold for smooth elements of B,., then IT, 7 can be extended canonically
to allow any C" test function with compact support.

Remark 13.8. The identity 11,17, = II, reflects the fact that I, is the linear map
that takes an expansion around y and turns it into an expansion around x. The first
bound in (13.13) states what we mean precisely when we say that 7 € T}, represents
a term that vanishes at order «.. (See Exercise 13.2; note that « can be negative, so
that this may actually not vanish at all!) The second bound in (13.13) is very natural
in view of both (13.3) and (13.4). It states that when expanding a monomial of order
« around a new point at distance h from the old one, the coefficient appearing in
front of lower-order monomials of order (3 is of order at most h*~7.

Remark 13.9. In many cases of interest, it is natural to scale the different directions of
R? in a different way. This is the case for example when using the theory of regularity
structures to build solution theories for parabolic stochastic PDEs, in which case
the time direction “counts as” two space directions. This “parabolic scaling” can be
formalised by the integer vector (2,1, ..., 1). More generally, one can introduce a
scaling s of R, which is just a collection of d scalars s; € [1, 00) and to define ) in
such a way that the ith direction is scaled by A®¢. The polynomial structure introduced
earlier, in particular (13.7), should be changed accordingly by postulating that the
degree of X" is given by |k|s = Zle 5;k;. In this case, the Euclidean distance
between two points z,y € R? should be replaced everywhere by the corresponding
scaled distance |z — y|s = >, |; — y;|'/%. See [Hail4b] for more details.

With these definitions at hand, it is then natural to define an analogue in this
context of the space of y-Holder continuous functions in the following way.

Definition 13.10. Given a regularity structure & equipped with amodel M = (I, I")
over R?, the space 2y, is given by the set of functions | : RY - T <~ such that, for
every compact set £ and every « < -, there exists a constant C' with
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1 f(2) = Ty f(y)|la < Cla—y|"™° (13.14)

uniformly over z,y € K. Such functions f are called modelled distributions. For
fixed &, a seminorm || f||m,;% is defined as the smallest constant C' in the bound
(13.14). The space %y, endowed with this family of seminorms is then a Fréchet
space.

It is furthermore convenient to be able to compare two modelled distributions
defined over two different models. In this case, a natural way of comparing them is
to take as a “metric” the smallest constant C' in the bound

Hf(x) - Fryf(y) - f(z) + fryf(ywa S C’|'r - ypia .

Remark 13.11. (Compare with Remark 4.8 in the rough path context.) It is important
to note that while the space of models ./ is not a linear space, the space 2y is a
linear (in fact: Fréchet) space given a model M € .#. The twist of course is that the
space in question depends in a crucial way on the choice of M. The total space then
is the disjoint union
M D= || MY x 7,
Me.#

with base space .2 and “fibres” 7.

The most fundamental result in the theory of regularity structures then states that
given f € 27 with v > 0, there exists a unique distribution R f on R? such that, for
every x € R, R “looks like IT, f (x) near z””. More precisely, one has

Theorem 13.12 (Reconstruction). Let M = (II,I") be a model for a regularity
structure T on R Assume f € Dy with ~y > 0. Then, there exists a unique linear
map
R =Rum: Zy — D'(RY)
such that
[(Rf = M f () (#2)] S A7, (13.15)

uniformly over ¢ € B, and ) as before, and locally uniformly in x. For v < 0,
everything remains valid but uniqueness of R.

Remark 13.13. With a look to Remark 13.11, and M = (II,I") € .#, one should
really view R = Ry /[ as a map from .# X 27 into D’. Since the space .# x 97 is
not a linear space, this shows that the map R isn’t actually linear, despite appearances.
However, the map (I1, I, f) — R/ turns out to be locally Lipschitz continuous
provided that the distance between (II, I, f) and (11, I', f) is given by the smallest
constant C' such that

1f(2) = f(@) = Tay f(¥) + Loy f(y)la < Clz—y|" ™,
|(IT,m = I1,7) (¢})] < CA|7]|
[Ty = Tay7lls < Cla —y|*P|7|| .
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Here, in order to obtain bounds on (R — Rf)(¢) for some smooth compactly
supported test function 1, the above bounds should hold uniformly for x and y in a
neighbourhood of the support of . The proof that this stronger continuity property
also holds is actually crucial when showing that sequences of solutions to mollified
equations all converge to the same limiting object. However, its proof is somewhat
more involved which is why we chose not to give it here but refer instead to [Hail4b,
Thm 3.10].

Remark 13.14. There are obvious analogies between the construction of the recon-
struction operator R and that of the “rough integral” in Section 4. As a matter of fact,
there exists a slightly more abstract formulation of the reconstruction theorem which
can be interpreted as a multidimensional analogue to the sewing lemma, Lemma 4.2,
see [Hail4b, Prop. 3.25].

Remark 13.15. The reconstruction theorem with v < 0 allows one to recover the
Lyons—Victoir extension theorem previously obtained in Exercise 2.14, see also
Exercise 13.6. Note that the reconstruction theorem does not hold for v = 0 (even if
we forego uniqueness of R), for the same reason that the Lyons—Victoir extension
theorem fails for o = % (and more generally when 1/« € N).

In the particular case where 11,7 happens to be a continuous function for every
7 €T (and every z € R%), we will see in Remark 13.27 that R f is also a continuous
function and R is given by the somewhat trivial explicit formula

(RS) (@) = (IT.f(2)) () -

We postpone the proof of the reconstruction theorem to Section 13.4 and turn instead
to our previous list of regularity structures, now adding the relevant models and
indicating the interest of the reconstruction map.

13.3.1 The polynomial model

Recall the polynomial regularity structure in d variables defined in Section 13.2.1. In
this context, the polynomial model P is given by

(HxXk) = (y = (y - I)k) P Fry = Fh, h=z—y
We leave it as an exercise to the reader to verify that this does indeed satisfy the
bounds and relations of Definition 13.5.

In the sense of the following proposition, modelled distributions in the context of
the polynomial model are nothing but classical Holder functions.

Proposition 13.16. Let 5 = n + v withn € Nand v € (0, 1). If f belongs to the
Holder space CP, then [ € @5 with
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®)(z)
flo)=fla)1+ Y / kf ) xk

1<|k|<n

Conversely, if | € @g then f := <f, 1) is in CP and necessarily f=f 0O

This proposition is essentially a consequence of the (well-known) fact that f € C?
if and only if for every = € R?, there exists a polynomial P, = P,(y) of degree n,
such that, locally uniformly in z,y, one has | f(y) — P.(y)| < |y — 2|°. Necessarily
then, such a function f is n times continuously differentiable, and P, is its Taylor
polynomial of degree n. This characterisation and the above proposition remain
valid for integer values of 3 with the caveat that in this context C® means 3 — 1
times continuously differentiable with the highest order derivatives locally Lipschitz
continuous.

It will be convenient for the sequel to introduce a suitable notion of “negative’
Holder spaces. In fact, the definition of a model (see also Exercise 13.2) suggests that
a very natural space of distributions is obtained in the following way. Given o > 0,
we denote by C~¢ the space of all distributions 7 such that, with r the smallest
integer such that r > a,

>

In(e))| S A,

uniformly over all ¢ € B,. and A € (0, 1], and locally uniformly in z. Given any
compact set £, the best possible constant such that the above bound holds uniformly
over z € R yields a seminorm. The collection of these seminorms endows C~“ with
a Fréchet space structure.

Remark 13.17. In terms of the scale of classical Besov spaces, the space C™¢ is a
local version of B. . It is in some sense the largest space of distributions that is

invariant under the scaling ¢(+) — A~“p(A71.), see for example [BPOS].

Let us now give a very simple application of the reconstruction theorem. It is
a classical result in the “folklore” of harmonic analysis (see for example [BCD11,
Thm 2.52] for a very similar statement) that the product extends naturally to C% xC~®
into D’(R?) if and only if 8 > «, which can also be seen as higher-dimensional
version of the Young integral, cf. Exercise 13.1. We illustrate how to use the recon-
struction theorem in order to obtain a straightforward proof of the “if” part of this
result:

Theorem 13.18. For 8 > « > 0, there is a continuous bilinear map
B:C’ x ™™ — D'(RY)
such that B(f, g) = fg for any two continuous functions f and g.

Proof. Assume from now on that g = & € C~ for some a > 0 and that f € C?
for some 5 > «. We then build a regularity structure .7 in the following way. For
the index set A, we take A = NU (N — «) and for T, we set T' = V @ W, where
each one of the spaces V and W is a copy of the polynomial regularity structure (in
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d commuting variables). We also choose I as in the polynomial case above, acting
simultaneously and identically on each of the two instances.

As before, we denote by X k the canonical basis vectors in V. We also use the
suggestive notation “= X" for the corresponding basis vector in T, but we postulate
that =X~ ¢ Tk| - rather than EXFk e T)x)- Given any distribution § € C™%, we
then define a model (17 5, I'), where I is as in the canonical model, while /7 € acts as

(X)) = (y—a) ., (IEX")(y) = (y —2)*¢y)

with the obvious abuse of notation in the second expression. It is then straightforward
to verify that I1,, = II, o I';, and that the relevant analytical bounds are satisfied, so
that this is indeed a model.

Denote now by R¢ the reconstruction map associated to the model (11¢, I") and,
for f € CP, denote by f the element in 2° given by the local Taylor expansion of
f of order /3 at each point. Note that even though the space 2° does in principle
depend on the choice of model, in our situation f € 27 for any choice of £. It
follows immediately from the definitions that the map = +— = f(x) belongs to Z°
so that, provided that 5 > «, one can apply the reconstruction operator to it. This
suggests that the multiplication operator we are looking for can be defined as

B(f.&) =R (=f) .

By Theorem 13.12, this is a jointly continuous map from C” x C~* into D'(R?),
provided that 5 > «. If £ happens to be a smooth function, then it follows immedi-
ately from the remark after Theorem 13.12 that B(f, &) = f(x)¢(z), so that B is
indeed the requested continuous extension of the usual product. 0O

Remark 13.19. In the context of this theorem, one can actually show that B(f, g) €
C~“. More generally, denoting by —« the smallest degree arising in a given regularity
structure .7, i.e. « = — min A, it is possible to show that the reconstruction operator
R takes values in C~“.

The reader may notice that one can also work with a finite-dimensional regularity
structure, based on index set N U (N — «), with N = {0,1,...,n} and 8 = n +~.
In particular, if n = 0, the regularity structure used here is exacty the one already
encountered in (13.8).

13.3.2 The rough path model

Let us see now how some of the results of Section 4 can be reinterpreted in the light
of this theory. Fix a € (1/3,1/2] and let .7 be the rough path regularity structure
put forward in Definition 13.4. Recall that this means that Ty = (1), T, and T,
are copies of R® with respective basis vectors /7 and W7, and Tho_1 is a copy of
R®*¢ with basis vectors W/, The structure group G is isomorphic to R and, for
h € R, acts on T via
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D=1, LW =W', LW =W +hr1, L,WI=W7+nWwi.
(13.16)
Let now W = (W, W) be an «-Holder continuous rough path over R®. It turns out
that this defines a model for .7 in the following way:

Lemma 13.20. Given an a-Hélder continuous rough path W, one can define a model
M = My for 7 on R by setting I'y s = 'y, , and

(IL1)(1) =1, (ILW7) (1) = Wi,
(i) = [ooawy. (@) w = v,

Here, both integrals are perfectly well-defined Riemann integrals, with the differential
in the second case taken with respect to the variable t. Given a controlled rough path
(Y,Y') € D%, this then defines an element Y € 2% by

Y(s)=Y(s)1+Y/(s) W',
with summation over 1 implied.

Proof. We first check that the algebraic properties of Definition 13.5 are satisfied.
It is clear that I's Iy = s+ and that II, [, 7 = II,7 for 7 € {1, W7 W7}
Regarding W/, we differentiate Chen’s relations (2.1) which yields the identity

AW, = dW + Wi dWy .

The last missing algebraic relation then follows at once. The required analytic bounds
follow immediately (exercise!) from the definition of the rough path space €.
Regarding the function Y defined in the statement, we have

1V (s) = TeaY (w)llo = [Y(s) = Y(u) + Y] (W)W,
V(5) = Lo (u)lla = [Y'(s) = Y'(u)] ,

>

so that the condition (13.14) with v = 2« does indeed coincide with the definition of
a controlled rough path. 0O

Theorems 4.4 and 4.10 can then be recovered as a particular case of the recon-
struction theorem in the following way.
Proposition 13.21. In the same context as above, let o € (%, %], and consider

the modelled distribution Y € 91\2,,‘; built as above from a controlled rough path
(Y,Y') € D2%. Then, the map Y W/ given by

(Y1) (s) == Y () T + X (s) W

belongs to 231, Furthermore, there exists a function Z, unique up to addition of
constants, such that
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(RYV)(0) = [v(t)dz(e).
and such that Z y =Y (s) Wgt +Y/(s) Wijt + O(|t — s[39).

Proof. The fact that YW/ e 231 is an immediate consequence of the definitions.
Since o > % by assumption, we can apply the reconstruction theorem to it, from
which it follows that there exists a unique distribution 1 such that, if ) is a smooth
compactly supported test function, one has

n(¥3) =/wi(t)Y(s) de+/wg(tm/(s)dwi,%o@sa_l).

By a simple approximation argument, see Exercise 13.10, one can take for v the
indicator function of the interval [0, 1], so that

N(1(s) = Y (s) W, + Y/ (s) Wi + O([t — s[>) .

Here, the reason why one obtains an exponent 3« rather than 3o — 1 is that it is
really |t — 5|_11[s,t] that scales like an approximate J-distribution as t — s. O

Remark 13.22. Using the formula (13.26), it is straightforward to verify that if W
happens to be a smooth function and W is defined from W via (2.2), but this time
viewing it as a definition for the right-hand side, with the left-hand side given by
a usual Riemann integral, then the function Z constructed in Proposition 13.21
coincides with the usual Riemann integral of Y against W7,

Remark 13.23. The theory of (controlled) rough paths of lower regularity already
hinted at in Section 2.4 can be recovered from the reconstruction operator and a
suitable choice of regularity structure (essentially two copies of the truncated tensor
algebra) in virtually the same way.

13.4 Proof of the reconstruction theorem

The proof of the reconstruction theorem originally given in [Hail4b] relied on
wavelet analysis, in particular on the existence of compactly supported wavelets of
arbitrary regularity [Dau88]. More recently, Otto and coauthors [OSSW 18] and then
Moinat and Weber [MW18] obtained a version of the reconstruction theorem that
bypasses this theory and is completely self-contained. The version of the proof given
here is inspired by their work and has the advantage of being purely local: although
we state the result for models and modelled distributions that are assumed to be
defined on all of RY, the proof generalises immediately to arbitrary domains. The
proof given here also generalises immediately to non-Euclidean scalings, even in
situations where the ratios between scaling exponents are irrational.

A crucial ingredient is the following remark. Fix o > 0 and let o: R? — R be
even, smooth, compactly supported in the ball of radius 1, such that
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/xkg(x) dr =010, O0<|kl<a, (13.17)

where k denotes a d-dimensional multi-index and ¢ denotes Kronecker’s delta. Note
that such a function necessarily exists, since otherwise one would be able to find a
polynomial P of degree at most « such that [ P(x)¢(z) dz = 0 for every smooth
and compactly supported , which is clearly absurd. (See also Exercise 13.8 for a
constructive proof.)

Given such a function g, we define o™ (z) = 2"4p(2"x), as well as

o) = g() 4 (D) Ly p(m) (13.18)

where * denotes convolution. We also set <p(") = lim,,, o0 Q(”’m), so that in particu-
lar (™ = o™ x (1) and we write o\ (y) = o (y — x) and similarly for p{";
see Exercise 13.7 to see that the limit ¢(™) exists and belongs to C2°. We then have

the following preliminary lemma.

Lemma 13.24. Let o > 0, let o be as above and let £,,: R* — R be a sequence of
functions such that for every compact R there exists C'x such that sup ¢ [$n ()| <
Ca2°", and such that furthermore &, = o) x &,.,1. Then, the sequence &, is
Cauchy in C~P for every B > « and its limit £ satisfies &, = ™) * €.

If furthermore, for some = € R% and v > —« one has the bound |&,(y)| <
297 |z —y 7+ 427 0% uniformly over n > 0 and |y — x| < 1, then |£(¥)] <
AY for A < 1.

Proof. Let A € (0, 1] and let v, be a test function that is supported in the ball of
radius \ and such that | D¥4)| < A\=4~1¥l for all |k| < a + 1. In order to show that
&, is Cauchy in C~7 it then suffices to exhibit a bound of the type

[x % (& — Engr)| S ATF2=Am (13.19)

locally uniformly in z, for a proportionality constant independent of 1. Since there
exists C' > 0 such that [ [¢x(z)| dz < C, uniformly over A and 1y, it follows from
the assumption |¢,,(z)| < C2" that the left-hand side of (13.19) is bounded by
(14 2%)C(C2°™, so that the bound (13.19) holds whenever A < 277,

To deal with the converse case 27" < A, we rewrite the left-hand side of (13.19)
as | (1 * 0™ — 1by) * £,41| and we note that, by Taylor’s remainder theorem,

def

k s
baly) = 30 2@ (] < Ny gV

[Ua(y) — T4 (y) o
k<

(13.20)
where N = [«]. Since, by (13.17), one has o™ *Téa) = Téa) and since Téa) (x) =
(), one has

(¥x % 0™ — ) (2) = (o™ * (¥ — TLY)) (2)
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which is bounded by A~V =92 a5 an immediate consequence of (13.20). Since

furthermore the support of this function has diameter at most 2J, it follows that
its integral is at most A=27"" 5o that, combining this with the a priori bound
[€nt1] < 29, we conclude that

[a # (€ =€) S AV

Since N > a, the bound (13.19) then follows for 27" < X as required.
Since we have just shown that the sequence &, is Cauchy, it has a limit ¢ € C~°.
Given a test function 1, we have

En(t) = Eng1 (0 1) = £ (0™ x ) = £(p™ 5 9) ,

showing that &, = (™) x £ as required. (Here we use the fact that the convergence
o™ — (") takes place in C” for r = rz by Exercise 13.7.)
The proof of the second claim follows the same lines. We write

EW) = &) + D (&r1 — &) (WD) .

k>n

where 7 is chosen in such a way that A € [2~("+1) 27"] As a consequence of this
choice and of our assumption on &,,, one has the bound

|£n(w;\)| < )\_d/ 2(’"(|x — y|’7+0¢ + 2—(“/+a)n) dy
By (X)
5 )\’Y+a2an 4 9—n ,S 2\

To bound (€11 — &&)(¢0))) we proceed as above so that

x

|(Exsr — E0) ()| < A-N-dg—nN / €nin(v)] dy
)

< )\'y+a—N2(o¢—N)n + )\—N2—(’Y+N)n )

Since N > o and N > —, this is summable and its sum is again of order \?, thus
concluding the proof. O

Remark 13.25. Note the strong similarity of this setting with that of multiresolution
analysis [Mey92]: the image of the convolution operator with (") plays the role of
V;,, and convolution with (™) plays the role of the projection V, ;1 — V..

Let us now restate the reconstruction theorem for the reader’s convenience. (We
only consider the case v > 0 here.)

Theorem 13.26. Let 7 be a regularity structure as above and let (I1, I") a model
for T on RY. Then, for v > 0, there exists a unique linear map R: 27 — D' (R%)
such that

|(Rf = I f(2)) (@) S N7,
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uniformly over ¢ € B, and \ € (0, 1], and locally uniformly in . The statement still
holds for v < 0, except that uniqueness fails.

Proof. We first define operators R (™) by
(R f)(y) = ("™ # I, f()(y) = (ILy f (1)) (5™ - (13.21)

The idea then is to obtain R as the limit of R(™™) as m — co. This however turns
out not to be that easy to obtain directly. Instead, we try to make use of Lemma 13.24
and define, for m > n,

R(n,m)f _ Q(n,mfl) " R(m,m) f ,

so that, as a consequence of the identity I, = Il I,

(R(n,m)f _ R(n,m—i—l)f) (J,‘) — /ngn,m—l)<y)
[ A @ () = L F) ) ddy

At this stage we note that, as a consequence of the analytical bounds (13.13) im-
posed in the definition of a model, the quantity (I7,7) (™Y is bounded by
C27%™||7 ||, uniformly over |y — z| < 27 and 7 € T,. On the other hand,
the definition of the spaces 27 guarantees that the component of f(y) — I, f(2)
in T,, is bounded by 2(®~%)™_ again uniformly over |y — z| < 2~™. Since
Ik |Q§C"’m_1) (y)| dy < 1, uniformly over m and n, we conclude that

[|(REmm) — REmA) p]| < 27m (13.22)

oo ~

uniformly over n > 0 and m > n. Furthermore, it is straightforward to check that
R F|, . S 279, (13.23)

where o denotes the smallest degree in the ambient regularity structure. It follows
that R (™) f=1limy, R(”’m)f is well-defined and also satisfies the bound (13.23).
Since the identity

R(n,m)f — Q(n) " R(n-{—l,m)f

holds for every m > n + 1, it follows that R f = o) x R+ £ 5o that
Rf =1lim,_ ’R(”)f exists in C* for every o < o by Lemma 13.24.
It remains to show that one has the bound

|(Rf = I f(2)(¥2)] SN (13.24)

For this, we note first that if we define [, € 27 by f,(y) = Iy, f(z), then one has
RM . = <p(") « IT, f(x), so that (13.24) can be written as

IR(f = fa) @) S AT (13.25)
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Since ||(f = f2)W)|la S ly — 2|72, it follows from the definition (13.14) of 27
that

[(RUD(f = F2)) )] = [y (f = =)0y £ D 27"y —

a<ly
< 2—gn<|y —z e+ Q(Q—’)’)") .

By (13.22) the same bound also holds for R(™), so that the claim follows from the
second part of Lemma 13.24.
The case v < 0 works in a similar way, but this time we explicitly define

Rf =ROOf+3 (o™ =)« RO,

where § denotes the Dirac delta-distribution. We leave it as an exercise for the reader
to verify that this sum does indeed converge in C* for every o < « and that the limit
satisfies the required bound. O

Remark 13.27. In the particular case where 11,7 happens to be a continuous function
for every 7 € T (and every z € R?), R is also a continuous function and one has
the identity

(Rf)(z) = (I f(2)) () . (13.26)

We leave it as an exercise to show that this is the case, taking (13.21) as a starting
point.

13.5 Exercises

Exercise 13.1 a) Relate Theorem 13.18, in case d = 1, with the Young integral.
b) Draw inspiration from Weierstrass’s construction of a continuous nowhere dif-
ferentiable function to construct examples demonstrating the “only if” part of
Theorem 13.18.

Exercise 13.2 (Holder spaces) For k € Nand o € (0, 1), it is customary to define
CF e as the space of k times continuously differentiable functions f : R® — R such
that their derivatives of order k are a-Holder continuous. Show that this agrees with
the obvious extension to R? of the definition given earlier in (13.2).

Exercise 13.3 Show that in general, the function Z from Proposition 13.21 coincides,
up to an additive constant, with the rough integral fot Y (s)dXJ, in the sense of
Remark 4.12.

4 Exercise 13.4 Let 7 > v > 0 and let [ € C(R%, T—~) such the “modelled distribu-
tion” bound (13.14) holds for every oo < .

| fllav < oo .



13.5 Exercises 261

Show that the projection of [ on T« belongs to 2.

Exercise 13.5 Let (II,I") be a model for the “rough path” regularity structure
given in Definition 13.4 with the additional property that II, W' is the distributional
derivative of II,W' for every s. Show that it is then necessarily of the form My for
some a-Holder rough path W as in Lemma 13.20.

Exercise 13.6 Using the regularity structure defined in Section 13.3.2, give a proof
of the Lyons—Victoir extension theorem using the case vy < 0 of the reconstruction
theorem. Hint: A useful fact is that, for any symbol T of degree o and any model
(I1,T), the function y — f(y) = I'yz7 — 7 belongs to 9.

« Exercise 13.7 Show that the limit (™) = lim,,,_, o 0™ with o™ as in (13.18)
exists and belongs to C2°, with the limit being taken in C” for any r > 0. Show
furthermore that, despite the fact that one necessarily has [ |o(z)|dx > 1 (why?),
there exists a constant C such that [ |0 (x)|dz < C, uniformly over n,m € N.
Hint: Work in Fourier space to show existence and smoothness of the limit and in

direct space to show that it has compact support.

Exercise 13.8 Show that it is possible to find a smooth compactly supported function
o such that (13.17) holds. Hint: Note first that for any 1) integrating to 1 one can find
a differential operator L of order o with constant coefficients and without constant
term such that [ (z)P(z)dx = ((Id — £)P)(0) for all polynomials P of degree
. Show that then 0 = Y, - (L*)*1) does the trick, where L* denotes the formal
adjoint of L.

Exercise 13.9 Show that the construction of Section 2.4 determines a regularity
structure with T = T®)(RY), structure group GP)(R?), and such that dege,, =
a|w|. Show also that every rough path X determines a model for this regularity
structure and that the definition of a controlled path given in Definition 4.18 coincides
with the definition of the space PP for the model associated to the rough path X.

Exercise 13.10 Show that one can indeed take ¢ = 1|q 1 in the last step of the proof
of Proposition 13.21. Hint: show first that one can write

1[0,1] = Z(‘Pn +¥n),

n>0

where @, is supported on [0,27"), 1y, is supported on [1 — 27" 1], all of these
functions are smooth, and ||D*p,||s + || DFn)e < C28™ for some C > 0,
uniformly over n. > 0 and k € [0,7].

Exercise 13.11 Given a fixed regularity structure and model, given v > 0, 7 € T,
and z € RY, define a function f, . : R? — T, by

fr,T(y) = waT -T.

Show that f,. . € 97 and that one has R .. . = Il 7. Use this to give another proof
of Lyons’ extension theorem (Exercise 4.6).
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13.6 Comments

All basic definitions (regularity structure, model, modelled distribution, ...) are
taken from [Hail4b]. An alternative theory to the theory of regularity structures was
introduced more or less simultaneously in Gubinelli-Imkeller—Perkowski [GIP15].
Instead of the reconstruction theorem, that theory builds on properties of Bony’s
paraproduct [Bon81, BMN10, BCD11] and it introduces a notion of “paracontrolled
distribution” which replaces the notion of “modelled distribution™. This theory is
also able to deal with stochastic PDEs like the KPZ equation or the dynamical &3
equation, see Catellier—Chouk [CC18b], but its scope is not as wide as that of the
theory of regularity structures. For example, as it stands it does not appear to be
able to deal with classical one-dimensional parabolic SPDEs driven by space-time
white noise with a diffusion coefficient depending on the solution or the type of
equation arising as natural evolutions on the space of loops with values in a manifold
[Hail6, BGHZ19]. This is however evolving rapidly as a number of recent results
show that paracontrolled calculus can alternatively be used as the foundation for the
analytical aspects of the theory of regularity structures. We refer to [BB19, BH18,
MP18, BH19, BM19] for more details.

One advantage of the paraproduct-based theory is that one generally deals with
globally defined objects rather than the “jets” used in the theory of regularity struc-
tures. It also uses some already well-studied objects, so that it can rely on a substantial
body of existing literature. On the flip side, it usually achieves a less clean break
between the analytical and the algebraic aspects of a given problem. Furthermore,
while the probabilistic aspects of the theory are expected to be equivalent to some
extent, it is not completely clear how an analogue of the results [CH16] would even
be formulated in the paracontrolled setting, although the results mentioned above
may provide a hint. A third approach, closer in spirit to Wilson’s renormalisation
group ideas, was developed by Kupiainen [Kup16] who used it to give an alternative
construction of the solutions to the dynamical ¢4 equation.

The regularity structure view on rough paths, Sections 13.2.2 and 13.3.2, is
further explored in [BCFP19]; see also [Hail4b, Sec. 4.4]. As already mentioned,
the original proof of the reconstruction theorem given in [Hail4b] (also reproduced
in the first edition of this book) relies on wavelet analysis, in particular on the
existence of compactly supported wavelets of arbitrary regularity [Dau88]. The new
proof in Section 13.4 was inspired by [OSSW18, MW 18] and has the advantage
of being entirely self-contained. One additional advantage is that the current proof
immediately generalises to scalings s that are not necessarily rational. (Rationality of
s was required in the original articles in order to be able to build a suitable wavelet
basis by tensorisation of one-dimensional wavelet bases.)

One advantage of the proof using wavelets is that it implies that a model is
uniquely determined by the actions of I, and I, on countably many translates
and scalings of a finite number of functions and for a countable number of values of
x,y. It also makes it very easy to prove a Kolmogorov-type criterion for models, see
[Hail4b, Prop. 3.32 & Thm. 10.7].



Chapter 14
Operations on modelled distributions

The original motivation for the development of the theory of regularity structures
was to provide robust solution theories for singular stochastic PDEs like the KPZ
equation or the dynamical #3 model. The idea is to reformulate them as fixed point
problems in some space 27 (or rather a slightly modified version that takes into
account possible singular behaviour near time 0) based on a suitable random model
in a regularity structure purpose-built for the problem at hand. In order to achieve
this this chapter provides a systematic way of formulating the standard operations
arising in the construction of the corresponding fixed point problem (differentiation,
multiplication, composition by a regular function, convolution with the heat kernel)
as operations on the spaces 27.

14.1 Differentiation

Being a local operation, differentiating a modelled distribution is straightforward,
provided that the model one works with is sufficiently rich. Denote by £ some
(formal) differential operator with constant coefficients that is homogeneous of
degree m, i.e. it is of the form

L= Z aka,

|k|=m

where k is a d-dimensional multi-index, a; € R, and D* denotes the kth mixed
derivative in the distributional sense.

Given a regularity structure (7, ), it is convenient to define “abstract” differenti-
ation only on suitable substructures. The appropriate notion of sector was already
introduced in Definition 13.1. We have

Definition 14.1. Consider a sector V' C T'. A linear operator 0: V — T is said to
realise L (of degree m) for the model (11, I) if

263
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e one has 97 € T,_,, forevery 7 € V,,
* one has I'07 = 0’7 forevery 7 € V and every I" € G.
« one has 11,07 = LII,7 for every 7 € V and every = € R%.

Writing 27 (V') for those elements in 27 taking values in the sector V, it then
turns out that one has the following fact:

Proposition 14.2. Assume that O realises L for the model (I, I") and let f € 27 (V)
for some v > m. Then, Of € 27~™ and the identity ROf = LR [ holds.

Proof. The fact that 0f € 27~™ is an immediate consequence of the definitions, so
we only need to show that ROf = LR .

By the “uniqueness” part of the reconstruction theorem, this on the other hand
follows immediately if we can show that, for every fixed test function ¢ and every
T E Rd, one has

(I,0f(x) = LRS)(¥2) S A,

for some & > 0. Here, we defined z[;i‘ as before. By the assumption on the model 17,
we have the identity

(I1,0f (x)—LRf) () = (LI f(x)—LRf) (W) = — (Lo f (x) =R [ ) (L*Y})

where £* is the formal adjoint of £. Since, as a consequence of the homogeneity of

L, one has the identity £*1} = A\™™ (ﬁ*q/)) ;\, it then follows immediately from the
reconstruction theorem that the right-hand side of this expression is of order A=,
as required. O

14.2 Products and composition by regular functions

One of the main purposes of the theory presented here is to give a robust way to
multiply distributions (or functions with distributions) that goes beyond the barrier
illustrated by Theorem 13.18. Provided that our functions / distributions are repre-
sented as elements in 27 for some model and regularity structure, we can multiply
their “Taylor expansions” pointwise, provided that we give ourselves a table of
multiplication on 7.

It is natural to consider products with the following properties.

Definition 14.3. Given a regularity structure (7, G) and two sectors V,V C T, a
product on (V, V) is a bilinear map x: V' x V — T such that, for any 7 € V,, and
7 € Vg, one has 7 x 7 € T, and such that, for any element I € G, one has
I'(rx7)=TI7T*IT.

Remark 14.4. The condition that degrees add up under multiplication is very natural,
bearing in mind the case of the polynomial regularity structure. The second condition
is also very natural since it merely states that if one reexpands the product of two
“polynomials” around a different point, one should obtain the same result as if one
reexpands each factor first and then multiplies them together.
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Given such a product, we can ask ourselves when the pointwise product of an
element 27" with an element in 272 again belongs to some Z”. In order to answer
this question, we introduce the notation ) to denote those elements f € 27 such

that furthermore
E T>a @ T[j s
B>a

for every . With this notation at hand, it is not hard to show:

Theorem 14.5. Let f1 € 22 (V), fo € 272(V), and let x be a product on (V, V).
Then, the function | given by f(x) = f1(x) * fo(x) belongs to D) with

a=ao + o, y=(M+ta2) Ay +al). (14.1)

Proof. 1t is clear that f(x) € T>,, so it remains to show that it belongs to 27.
Furthermore, since we are only interested in showing that f| x fo € 27, we discard
all of the components in 1z for 5 > .

By the properties of the product x, it remains to obtain a bound of the type

1Ty f1(y) % Ty fo(y) — f1(2) % fo(@)llg S le =y =7

By adding and subtracting suitable terms, we obtain

[Ty f(y) = f(@)lg < N(Ley f1(y) — f1(2) % (Dey fo(y) — f2(2)) l|g
+ 1(Ley f1(y) = f1(2)) * f2(2)]|5 (14.2)
+ [1f1(2) % (Fay fo(y) = f2(x))]l5 -

It follows from the properties of the product x that the first term in (14.2) is bounded
by a constant times

> ey i) = @) 1Ty 2 () = fo(@)ll,
B1+p2=p8

~

B1+p2=8

S Y =yl P =yl S e -y

Since 1 + 2 > 7, this bound is as required. The second term is bounded by a
constant times

[Ty f1(y) = fr(@)lgl f2(2) . S & =yl 1,50,
>
B1+p2=8 B1+p2=p8

S llz =yl ree?,

where the second inequality uses the identity 31 + 82 = (. Since 1 + ag > 7, this
bound is again of the required type. The last term is bounded similarly by reversing
the roles played by f; and f>. O
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Remark 14.6. Strictly speaking, it is the projection of f(x) = f1(x) x fo(z) to Ty
that belongs to 7, see Exercise 13.4.

Remark 14.7. It is clear that the formula (14.1) for v is optimal in general as can
be seen from the following two “reality checks”. First, consider the case of the
polynomial model and take f; € C”. In this case, the (abstract) truncated Taylor
series f; for f; belong to . It is clear that in this case, the product cannot be
expected to have better regularity than v; A 72 in general, which is indeed what (14.1)
states. The second reality check comes from (the proof of) Theorem 13.18. In this
case, with # > a > 0, one has [ € :@g , while the constant function x — = belongs
to 222, so that, according to (14.1), one expects their product to belong to @E;a,
which is indeed the case.

It turns out that if we have a product on a regularity structure, then in many
cases this also naturally yields a notion of composition with regular functions. Of
course, one could in general not expect to be able to compose a regular function with a
distribution of negative order. As a matter of fact, we will only define the composition
of regular functions with elements in some 27 for which it is guaranteed that the
reconstruction operator yields a continuous function. One might think at this case
that this would yield a triviality, since we know of course how to compose arbitrary
continuous function. The subtlety is that we would like to design our composition
operator in such a way that the result is again an element of 7.

For this purpose, we say that a given sector V' C T is function-like if oo <
0 = V, = 0 and if Vj is one-dimensional. (Denote the unit vector of V; by 1.)
We will furthermore always assume that our models are normal in the sense that
(I1;1)(y) = 1. In this case, it turns out that if / € 27(V') for a function-like sector
V, then R f is a continuous function and one has the identity (R [)(z) = (1, f(z)),
where we denote by (1, +) the element in the dual of V' which picks out the prefactor
of 1.

Assume now that we are given a regularity structure with a function-like sector
V and a product x: V' x V' — V. For any smooth function G: R — R and any
/e 27(V) with v > 0, we can then define G o [ (also denoted G(f)) to be the
V-valued function given by

B ( Flp )
(@2 =3 T ec i,

where we have set

and where Q. : T" — T, is the natural projection. Here, G®) denotes the kth
derivative of G and 7** denotes the k-fold product 7 * - - - x 7. We also used the usual
conventions G(*) = G and 70 = 1.

Note that as long as G is C*, this expression is well-defined. Indeed, by as-
sumption, there exists some o > 0 such that f () € T>q,- By the properties of
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the product, this implies that one has f (x)** € T>ja,- As a consequence, when
considering the component of G o f in T for 8 < ~, the only terms that give a
contribution are those with k < 7/aq. Since we cannot possibly hope in general that
Gofe 27" for some ~" > ~, this is all we really need.

It turns out that if G is sufficiently regular, then the map f — G o f enjoys
similarly nice continuity properties to what we are used to from classical Holder
spaces. The following result is the analogue in this context to Lemma 7.3:

Proposition 14.8. In the same setting as above, provided that G is of class C* with
k > ~v/ag, the map [ — Go [ is continuous from 27 (V) into itself. If k > v/ag+1,
then it is locally Lipschitz continuous.

The proof of the first statement can be found in [Hail4b], while the second
statement was shown in [HP15]. It is a somewhat lengthy, but ultimately rather
straightforward calculation.

14.3 Classical Schauder estimates

One of the reasons why the theory of regularity structures is very successful at
providing detailed descriptions of the small-scale features of solutions to semilinear
(S)PDEs is that it comes with very sharp Schauder estimates. A full proof of the
Schauder estimates for regularity structures is beyond the scope of this book, but we
want to convey the flavour of the proof. The aim of this section is therefore to give
a self-contained proof of the classical Schauder estimates which state that for any
(compactly supported) kernel K that is approximately homogeneous of degree 3 — d,
the convolution map ¢ — K *  is continuous from C® to C**#, provided that o + 3
is not a positive integer. We first make precise our assumptions on the kernel K.

Definition 14.9. Given 3 > 0, a kernel K: R*\{0} — R, smooth except for a
singularity at the origin, is said to be S-regularising if it is supported in the unit
ball around the origin and, for every k € Nd, there exists a constant C such that
|DFK ()| < Cla|f=a= Ik,

Immediate examples are (smooth truncations of) the Newton potential in dimension
d > 3, proportional to 1/|x|?~2 and hence 2-regularising, the fractional Volterra
kernel (z7=1/21,-¢) with d = 1 and 3 = H + 1/2. The heat kernel on space-time
R"*!, proportional to (¢, z) s t /2 exp(—%)lbo, also fits in this setting (and
is 2-regularising), provided one works with “parabolic” scaling (cf. Remark 13.9).
As in Section 13.3, and for any r € N, we work with 5,. C D, the set of smooth
test functions with C"-norm bounded by 1 and supported in the unit ball. It will be
convenient for the purpose of this section to write Bﬁ: . for the set of all test functions
of the form ¢ with ¢ € B,., as well as BB,. . as a shortcut for B} . Such ¢ € B}, are
characterised by having support in the ball of radius A centred at = and derivatives
bounded by | D¥| < A=~I¥l for |k| < r. We also note that, for any real s € [0, 7],

the estimate |[1)[|cs < A~9* holds true.
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Lemma 14.10. Given a 3-regularising kernel K and r > 0, one can write K =
> n>_1 Ky in such a way that 28" K, € C’B%" for some C' > 0.

Proof. As is common in the construction of Paley—Littlewood blocks, we work with
a dyadic partitions of unity, based on a smooth “cutoff” function” ¢ : Ry — [0, 1],
supported in [271, 2], such that Y, ., ¢, = 1 on (0, 1], where ¢, := ¢(2"+) is
supported in [27"~1 27"+ Since K is supported in {z : |x| < 1}, the stated
decomposition clearly holds with (smooth) K, (z) := ¢p+1(|z|) K (x), supported in
the ball of radius 27" centred at the origin. To see that 2°" K, € CB%H, for given
r > 0, it remains to see that |D/K,,| < (277)%~4=l for |j| < r. This estimate
holds, with K, replaced by K, by the defining property of a S-regularising kernel,
restricted to < 27", On the other hand, | Dip,,| = |(2")/!/Diyp| < (2)%], and we
conclude with Leibnitz’ product rule. 0O

The following simple proposition is the first crucial ingredient in our approach.
Loosely speaking, it states that the convolution of two test functions localised at two
distinct scales is localised at the sum (or equivalently maximum) of the two scales
and that one gains in amplitude if the tighter of the two test functions annihilates
polynomials of a certain degree.

Proposition 14.11. There exists C > 0 such that, for all p € B;\@ and ) € B}, one
has v * p € C’B?Jtrf_y If furthermore X < piand [ P(z)p(z)dz = 0 for every poly-

nomial P withdeg P < v <1, some~y € Ry, then ¢ x ¢ € C()\/,u)VBffLﬂ oty

Proof. Clearly, ¢ *  is supported in the ball of radius A 4 i centred at x 4 y. For the
first claim, by swapping the roles of ¢ and 1) if necessary, we may assume A < p. To
see that the convolution yields an element in Bﬁ‘, Iiy, in view of the characterisation
of such spaces, it suffices to estimate, for |k| < r, D*(¢) x ) = (D*%) % o using
|(DE)| < p= @71kl < (A 4+ p)~4 %l and [ |p(2)|dz < C (independent of \).
Regarding the second claim, we write

D %) (+) = / B+~ 2) (2 da
— /(¢(k)(, —2)— py;(k)(. _ Z)) o(z)dz,

for 0 < |k| < r — 7, where P+(F) denotes the Taylor expansion (at the dotted
base-point) of )(*) = D4 of integer degree v — {7} < ~ (annihilated by ¢). It
remains to be seen that, for all such £,

ID*(p ) ()| S (/) =M
To this end, using that v + |k| < r, one has the estimate

[P0 = 2) = PP = 2)| S [Wllevsm2l S p= M
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We only need to consider z in the support of ¢, and in fact can assume without loss of
generality that x = 0 (otherwise subtract another annihilated Taylor polynomial. . .),
so that [ |z|7]p(2)|dz < XY [ |¢(2)| dz < A7. The desired estimate now follows.
O

Our second crucial ingredient is a characterisation of Holder spaces that is well
adapted to our approach. For this, we define the following scale of spaces of distribu-
tions.

Definition 14.12. For o € R, write r = r,(«) for the smallest non-negative integer
such that r + o > 0. We then define Z¢ as the space of distributions on R¢ such that
for every compact set & C R? there exists a constant C' such that the bounds

Sl <CA%,  KW)<C, (14.3)

hold uniformly over ¢ € B,, A € (0,1, € K and all ¢ € B}, such that
J ¢(z)P(z)dz = 0 for all polynomials P with deg P < «. For any compact set &,
the best possible constant such that the above bound holds uniformly over z € &
yields a seminorm. The collection of these seminorms endows Z“ with a Fréchet

Space structure.

Note that the second bound in (14.3) is implied by the first when o < 0. Fur-
thermore, it turns out that the precise choice of r in Definition 14.12 is not very
important, as one could have taken any other choice r > r,(«). More precisely, one
has the following result.

Lemma 14.13. For r > r,(a), write Z% for Z as defined above, but with r,(«)
replaced by r. Then Z* = Z°.

Proof. We fix a partition of unity {x, },ea for R? such that all the Xy are translates
of xobyy € R? and A ¢ R% s a lattice. In particular, we make sure that x,, € B}

™Y

Given any A > 0, we write x, A (z) = xy/x(2/)) and we set Ay = A/\. We also
fix a function ¢ € C*° with support in the centred unit ball and such that

/ 2*p(x)de =60,  Vk: k[ <7 (14.4)
Rd

(Such functions exist by Exercise 13.8.) We then write ¢ (z) = 2%)(2z) — ¢ (z) and
note that by (14.4) one has [, 2% (x) dz = 0 for || < r.

Let now a < 0 and take ¢ € Z%, we want to show that ¢ € Z°. Given ¢ € B,
and setting \,, = 27"\, we write '

P =@* W\ + Z Z Pn,y » Pn,y = (90 * 1;[;)\") Xy, A - (14.5)

n>0yeAy n
As a simple consequence of the Taylor remainder theorem, one has the bound

Hw % Dquanoo S )\—d2—7'on)\;|k\ _ 2—(d+ro)n)\;d—|k\ ,
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so that there exists a constant C' independent of ¢ such that ¢,, , € C' 2_(d+7"’)"8;\.$,
which in particular implies that

C(pn,y)| S A2 (dFrotain (14.6)

Since the number of terms in A, such that ¢,, , is non-zero is of order 2nd we
conclude that
(@IS A%+ Av2-(rereim g pe,
n>0

where we used the fact that , + o > 0 by definition.

Note that the assumption o < 0 was used in order to obtain the bound (14.6)
since there is no reason for ¢, , to annihilate polynomials even if ¢ does. The case
a > 0 is easier, noting that the definition of Z¢* implies that ¢ * 1?‘" is a continuous
function bounded by O(\%). We then use the fact that

() =Cle* ™) + D> (CxiP,0)

n>0

with (-, -) denoting the L? scalar product, combined with the fact that ¢ integrates to
O(1), to conclude that [((¢)] SA*(1+>,5027%") S A as required.
The case a = 0 is a bit more delicate and we leave it as Exercise 14.3. O

Remark 14.14. Validity of the stated bounds implies that distributions in Z* C D’
can be extended canonically to test functions in C] (elements in C” with compact
support). In this sense, Z% is contained in the topological dual of C.. (The situation
is similar in the definition of models, cf. Remark 13.7.)

For av < 0, the polynomial-annihilation condition is void and there is no additional
condition on ¢ besides ¢ € B;\’w. In this case Z¢ is precisely the negative Holder
space C® introduced in Section 13.3.1. The following proposition shows that to some
extent this is also true in case of positive Holder spaces, as previously encountered in
Section 13.3.1.

Proposition 14.15. For o ¢ N, one has Z* = C®.

Proof. There is nothing to prove for @ < 0, so let a > 0. We first show that
C™ C 2%, this inclusion also being valid for integer values of «. In fact, it suffices to
note that, given f € C* and ¢ € Bﬁ‘T as in Definition 14.12, one has

/ F)oly) dy = / (F) - Py — 2))p(y) dy < 2°

where the identity follows from the fact that ¢ annihilates P, the Taylor expansion

at order « of f, based at x, and the bound is as in the proof of Proposition 14.11.
For the converse inclusion, we first consider the case « € (0,1) and let { € Z.

Let o: R? — R be a smooth function that is compactly supported in the unit ball
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around the origin and such that [ o(z) dz = 1. Note first that, for any z € R? and
A € (0, 1], it follows from the definition of Z¢ that one has the bound

n n—1 n —n—1 —_an
G2 ™M =¢led " M=k " —ar " M <oaveen,
It follows that f(z) = lim,, o ((02 ") is well-defined and that

[f@) = Clen)] S A

As a consequence, one has

1f(@) = f)] S A*+ |02 — 0))] -

Choosing A= \x — y|, it follows that f € C®. The fact that f = ¢ in the sense that
= [ f(z) ¢(z) d= follows immediately from the fact that

(L) = lim i+ 0") = lim [ ¢(a) (o) d

The claim for general non-integer « can then be seen from the fact that { € Z¢
implies D*¢ € Z~I¥l (interpreted as distributional derivatives) for every multi-
index k. Details are left to the reader. O

Remark 14.16. For n € N, the spaces Z™ are usually called Holder—Zygmund spaces
in the literature (thus our choice of symbol Z). They are distinct from the usual
Holder spaces since one can check that z — x™ log x belongs to Z", but not to C".

With all of these preliminaries in place, we can give a very simple proof of
Schauder’s theorem. (See for example [Sim97] for an alternative proof of a very
similar statement.)

Theorem 14.17. For any (-regularising kernel K, the map  — K * ( is continuous
from Z% to ZTP for every a € R.

Proof. Let ¢ € Z%and let ¢ € B;\’ . Where we will (and can by Lemma 14.13) work
with suitable 7 > (a4 /), chosen below, such that [ ¢(z)P(z)dz = 0 for every
P with deg P < a + 3. Lemma 14.10 yields a decomposition (K, : n > —1) for
K(z) = K(—=z), so that

(K +Q)() = C(K # ¢). ZCKw > 2R K ), (147)

with 2°"K,, € 0820 for some C' > 0. It then follows from Proposition 14.11
(applied with p = 27", noting that K, % ¢ also annihilates polynomials of degree
up to « + ) and the definition of Z¢ that

A if27" <A
Bn < o
IC(27" Ky * )| S { (27X)727%" otherwise,
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provided [r — 7] > ro(a + 3). We will also need v > « + f3, so that for instance
r := 2(]a| + B) + 2 is a safe choice. Inserting this bound into (14.7), and using
B8 > 0,7 > a+ [ to estimate the geometric sums, one has the bounds

Z 27671)\04 < )\OHrﬁ’ Z 2(’\/7&73)71)\“/ < )\(H»ﬁ i
n>0 n>0
2-m <A 2=m >

it follows that |(K * ¢)(¢)| < A**#, whence the claim follows. O

Remark 14.18. The proof is (much) simpler in the “negative” case, with Holder
exponents o < « + < 0. In essence, this is due to the absence of polynomial
vanishing conditions. More specifically, one can take » = r,(« 4 3) in the above
proof, and then v = 0 later on, so that only the easy (first) part of Proposition 14.15
is used. A reduction of the general to the negative case, in dimension d = 1, is
discussed in Exercise 14.2.

Remark 14.19. One can verify that the proof never made explicit use of the Euclidean
scaling and can be adapted mutatis mutandis to the case of arbitrary scalings as
mentioned in Remark 13.9, provided that the notion of “/3-regularising kernel” is
adjusted accordingly (replace the exponent 3 — d — |k| by 8 — |s| — |k]s).

14.4 Multilevel Schauder estimates and admissible models

As we saw in the previous section, the classical Schauder estimates state that if
K:R% — Ris a kernel that is smooth everywhere, except for a singularity at the
origin that is approximately homogeneous of degree 3 — d for some fixed 8 > 0 (i.e.
it is S-regularising in the sense of Definition 14.9), then the operator f — K * f
maps C® into C*+P for every a € R, except for those values for which o + 3 € N.

It turns out that similar Schauder estimates hold in the context of general regularity
structures in the sense that it is in general possible to build an operator : 27 —
278 with the property that RK f = K xR f. We call such a statement a “multi-level
Schauder estimate” since it is a form of Schauder estimate for all the components of
fin T, for all @ < «. Of course, such a statement can only be expected to hold if
our regularity structure contains not only the objects necessary to describe R f up to
order -y, but also those required to describe K xR f up to order v+ 3. What are these
objects? At this stage, it might be useful to reflect on the effect of the convolution of
a singular function (or distribution) with K.

Let us assume for a moment that a given real-valued function f is smooth ev-
erywhere, except at some point xg. It is then straightforward to convince ourselves
that K « f is also smooth everywhere, except at z¢. Indeed, for any § > 0, we can
write K = K5 + K§, where K is supported in a ball of radius ¢ around 0 and
K§ is a smooth function. Similarly, we can decompose f as f = fs + f5, where
fs is supported in a d-ball around xo and f§ is smooth. Since the convolution of
a smooth function with an arbitrary distribution is smooth, it follows that the only
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non-smooth component of K * f is given by K * fs, which is supported in a ball of
radius 29 around xg. Since § was arbitrary, the statement follows. By linearity, this
strongly suggests that the local structure of the singularities of K * f can be described
completely by only using knowledge on the local structure of the singularities of f.
It also suggests that the “singular part” of the operator /C should be local, with the
non-local parts of /C only contributing to the “regular part”.

This discussion suggests that we need the following ingredients to build an
operator /C with the desired properties:

* The polynomial structure should be part of our regularity structure in order to be
able to describe the “regular parts”.

¢ We should be given an “abstract integration operator” Z (of order 8) on T" which
describes how the “singular parts” of R f transform under convolution by K.

* We should restrict ourselves to models which are “compatible” with the action
of Z in the sense that the behaviour of I, 77 should relate in a suitable way to
the behaviour of K * II,7 near x.

One way to implement these ingredients is to assume first that our regularity structure
contains abstract polynomials in the following sense.

Assumption 14.20 There exists a sector T C T isomorphic to the polynomial
regularity structure. In other words, To, # 0 if and only if a € N, and one can
find basis vectors X" of T\i| such that every element I' € G acts on T by rxk =

(X + h1)* for some h € R%.

Furthermore, we assume that there exists an abstract integration operator Z, of
fixed order 8 > 0, with the following properties.

Assumption 14.21 There exists a linear map L: V — T for some sector V. C T
such that IV, C Ty and, foreveryI' € Gand 7 € T,

I'Zr—IrT€T. (14.8)

Remark 14.22. We do not want to assume I'Z = Z1I'. This is already seen in case
of the rough path structure given by Definition 13.4. The map Z : W' — W',
1 <1 < e, constitutes an abstract integration operator (defined on the sector T,,_1).
Since a generic I, € G maps W' to W' 4 h'l, we see that I'Z — ZI" # 0 (for
h # 0) and takes values in T = (1).

Finally, we want to restrict our attention to models that are compatible with this
structure for a given kernel K in the following sense.

Definition 14.23. Given a [-regularising kernel K and a regularity structure .7
satisfying Assumptions 14.20 and 14.21, we say that a model (I, I") is admissible if
the identities

(IL XM (y) = (y—2)F, I[Ir=KsxI,7—I,J7, (14.9)
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hold for every 7 € V. Here, J,: V — T is the linear map given on homogeneous
elements by

Jat= Y, ),i!k/D’“K(xy) (I,7)(dy) . (14.10)

|k|<deg 7+

Remark 14.24. In some cases, it will be convenient to introduce a whole family 7y,
of integration operators of order 8 — |k|. The notion of admissibility is then defined
similarly, with Z replaced by 7, and K replaced by D* K, to the extent that these
symbols are included in the structure space.

Remark 14.25. If £ is smooth and we furthermore impose that 17, is multiplicative
(which is not enforced in general!), this yields a recursion to define the canonical
model associated to § provided one manages to construct I, at the same time. The
correct recursion to do this is

Loy(ZT+T))m = (T4 Te)ayT (14.11)

which is clearly consistent with the constraint (14.8) and which one can show guar-
antees that I1, I, 77 = II, 1. See also Exercise 14.6.

Remark 14.26. Recall that if P is a polynomial and K is a compactly supported
function, then K x P is again a polynomial of the same degree as P. Since, for
11,7 smooth enough, the term I, 7,7 appearing in (14.9) is nothing but the Taylor
expansion of K * II,7 around z, it follows that one has IT,Z X k=0 for any multi-
index k and any admissible model, which would suggest that one could have imposed
the identity ZX* = 0 already at the algebraic level. This would however create
inconsistencies later on when incorporating renormalisation, unless we assume that
J K(z)P(x)dx = 0 for every polynomial P of degree N, for some sufficiently
large value of N. Here, we chose to simply add instead Z X" as separate symbols to
our regularity structure and to then set ZX " = ZX*.

Remark 14.27. While K * £ is well-defined for any distribution &, it is not so clear a
priori whether the operator 7, given in (14.10) is also well-defined. It turns out that
the axioms of a model do ensure that this is the case. The correct way of interpreting
(14.10) is by

k

Tot= > > %(Hﬂ) (DFK (2 — )

|k|<deg 7+B8 n>0

with K, asin Lemma 14.10. The scaling properties of the K, ensure that the function
2(B=IkDn DK, (2 — +) is a test function that is localised around z at scale 2. As
a consequence, one has

|(H$T) (DkKn(x — '))| 5 2(|k|_ﬁ—d6g7)n ,

so that this expression is indeed summable as long as |k| < deg 7 + S.
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Remark 14.28. As a matter of fact, it turns out that the above definition of an ad-
missible model dovetails very nicely with our axioms defining a general model.
Indeed, starting from any regularity structure .7, any model (II,I") for 7, and a
[-regularising kernel K, it is usually possible to build a larger regularity structure
g containing .7 (in the “obvious” sense that T C T and the action of G on T is
compatible with that of ) and endowed with an abstract integration map Z, as well
as an admissible model (11, I") on .7 which reduces to (II, I") when restricted to 7.
See [Hail4b] for more details.

The only exception to this rule arises when the original structure 7" contains some
homogeneous element 7 which does not represent a polynomial and which is such
that deg 7 + 8 € N. Since the bounds appearing both in the definition of a model
and in that of a B-regularising kernel are only upper bounds, it is in practice easy to
exclude such a situation by slightly tweaking the definition of either the exponent 3
or of the original regularity structure 7.

With all of these definitions in place, we can finally build the operator K: 27 —
97+5 announced at the beginning of this section. Recalling the definition of 7 from
(14.10), we set

(K1) (@) =Zf(x)+ Tof(x)+ (Nf)(@) . (14.12)

where the operator AV is given by

Xk
W= 3 G5 [DEE-9 (RI- @) . 0413

[k|<~y+8

Note first that thanks to the reconstruction theorem, it is possible to verify that the
right-hand side of (14.13) does indeed make sense for every f € 27 in virtually the
same way as in Remark 14.27. One has:

Theorem 14.29. Let K be a B-regularising kernel, let 7 = (T, G) be a regularity
structure satisfying Assumptions 14.20 and 14.21, and let (I, I") be an admissible
model for . Then, for every [ € 97 withy € (0,N — ) and v+ 8 &€ N, the
function K f defined in (14.12) belongs to 27+ and satisfies RKf = K * Rf.

Proof. The complete proof of this result can be found in [Hail4b] and will not
be given here. Since it is rather straightforward, we will however give a proof
of Schauder’s estimate in the classical case (i.e. that of the polynomial regularity
structure) in Section 14.3 below.

Let us simply show that one has indeed R f = K « R [ in the particular case
when our model consists of continuous functions so that Remark 13.27 applies. In
this case, one has

(RES)(2) = (IL(Zf(x) + Tof(2))) (x) + (L (N [) (2)) () .

As a consequence of (14.9), the first term appearing in the right-hand side of this
expression is given by

(I(Zf(z) + Tuf(2)))(z) = (K * . f(z)) () .
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On the other hand, the only term contributing to the second term is the one with
k = 0 (which is always present since v > 0 by assumption) which then yields

(I (N f) (@) (2) = / K(x —y) (Rf — I, f(x))(dy) -

Adding both of these terms, we see that the expression (K * II, f(z))(x) cancels,
leaving us with the desired result. O

We are now in principle in possession of all of the ingredients required to formulate
fixed point problems for a large number of semilinear stochastic PDEs: multiplication,
composition by regular functions, differentiation, and integration against the Green’s
function of the linearised equation. Before we show how this can be leveraged in
practice in order to build a robust solution theory for the KPZ equation, we briefly
explore some of main concepts in setting of (very) rough paths.

14.5 Rough volatility and robust It6 integration revisited

Recent applications from mathematical finance, where o(t,w) = U(Wt) models
rough stochastic volatility, involve (standard) It6 integrals of the form

T P _ T P T o B
/ o(Wt)d(Wt,Wt)E/ f(Wt)th+/ FW)dW,,  (14.14)
0 0 0

where o = (f, f) : R — R? is a sufficiently smooth map, (W, W) is a 2-dimensional
standard Brownian motion, and W given by

/KH(t —8)dWy , (14.15)

with Riemann-Liouville kernel K () = 2#~1/21,.,. Since K € L (R) but
not in L?(R), we replace it in the sequel by a compactly supported K, smooth away
from zero and equal to K in some neighbourhood of zero. We then require W to
be a two-sided Brownian motion, so that £ := W defines Gaussian white noise on R,
and

W=Kx¢. (14.16)

Alternatively, as done in [BFG™19], see also [BFG20], one can restrict integration in
(14.15) to [0, t] with the benefit of exactly recovering Brownian motion W =W for
H = 1/2 in which case the integral (14.14) fits squarely into rough integration theory
(namely Theorem 4.4, applied with the It6 Brownian rough path from Proposition 3.4).
However, for H € (0,1/2) rough integration must fail. Indeed, K is (1/2 + H)-

regularising so that it follows from Schauder’s Theorem 14.17 that W and then
o (W) have generically H ~-Holder regularity and hence cannot be expected to be
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controlled by W € C/2” . We can make (minor) progress by noting that (W, W)
is a 2-dimensional Gaussian process with independent components. At least for
H > 1/3, the results of Section 10.3 for Gaussian rough paths apply essentially
directly to the final integral [ f (ﬁ/\)dVT/ above and Exercise 14.8 allows to deal with
arbitrary H > 0.

The remainder of this section will focus on the other, seemingly harmless, one-
dimensional It6 integral, with W as given in (14.16),

T
/ FOV)AW . (14.17)
0

We are interested in a robust form of this Itd stochastic integral. In case of W=w
we can in fact express (14.17) via [td’s formula, which immediately gives a version
of this integral which is continuous in W, even in uniform topology. Certainly, this
trick fails when TW #W.

In this section we set up a regularity structure that provides a full solution to this
problem. Needless to say, this structure is much simpler than what is needed for the
KPZ equation in the next chapter. Yet, it showcases a number of features omnipresent
for singular SPDEs, but without some of the added complexity coming from PDE
theory.

Recall that the Holder exponent of Wis H — k for any £ > 0. As a result, we
have |WS”§| < |t — s|™H=%) and the building blocks for a robust representation of
(14.17) are

t
W;’Tt:/ (W)™ dW, (14.18)

withm = 0,1,2,..., M where M is the smallest integer such that (M + 1)H +
1/2 > 1, which reflects the analytic redundancy of W+ in the sense of

(WM (s,1)] S |t — | MFDI=OH2 = ot — ) ,

for small enough « > 0. For definiteness, let us focus on the case

1
H>-, M=3.
8
We first define symbols (these will be the basis vectors of our regularity structure) to
represent (Wg7t)m, 0 <m < 3.If = = ¢ is the symbol for white noise £ = W, we
can write the required symbols indifferently as

{1,7(2),2(2)*, 2(2)°} = {L,1,V,9}.
The map Z : = — Z(=) represents convolution with K and is graphically repre-
sented by a downfacing plain line; multiplication (which we postulate to be commuta-
tive and associative) is depicted by joining trees at their roots. For instance, | xV" = ¥
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(we will omit % in the sequel). Similarly, the symbols denoting (WM)’"'Wt, defined
as the generalised derivative OW?" , are given in the same pictorial representation as
{e, 1,%¥, ¥} (with for example ¥/ = Z(Z)?Z). We then define the structure space of
our regularity structure as the free vector space generated by these symbols, namely

T={(15V%1L1,V,v). (14.19)

The partial product defined on T (for example «\/ = /) does not extend to all of T"." It
is natural to postulate that = has degree deg = = —%_ (the presence of the exponent
‘—’ reflects the fact that in order for the bound (13.13) to be satisfied when ;= is
given by white noise, we need to make sure that deg = is strictly smaller than f%,
but by how much exactly is irrelevant as long as it is a small enough quantity), that Z
increases degree by H + %, and that the degree is additive under multiplication. Since
it is natural to take deg 1 = 0 to retain consistency with the polynomial regularity
structure, this uniquely determines the degree of each of the basis vectors of 7', for
instance

deg®V = dege+ 3 deg! = (3H — 3) .

To understand the structure group, we shift from a base point s to a new base
point ¢. Basic additivity properties of the integral in (14.18) show that

W3 =W +3W2 W, +3WL W2, + W) W2, + W2, .
Considering the (generalised) derivative in the free variable, we have
WS = W3 + 3(OW2 YW, + 3(OWL)W2, + (AW) YW?, . (14.20)
This suggests to “break up” the symbol % (for GW*Z”,) in the form
AP =FR1+3VRI+31V+-0¥eTRTT,

where the introduction of a new space T is justified by the fact that elements in 7'
represent functions of two variables (s and ¢ here), while elements of T represent
functions of one variable (the base point s resp. t) that are distributions in the
remaining free variable. In particular, it is rather natural that 7* (unlike 7T") contains
no symbols of negative degree and that elements of 7' can be multiplied freely. In
other words, it is natural in this context to define T+ as the free commutative algebra
generated by the single element { = 7 (o). The difference between T and T is
emphasised in our notation by drawing basis vectors of 7' in black.

The action of the linear map AT : T — T ® Tt has the appealing graphical
interpretation of cutting off positive branches: for instance, the summand 3% @ T =
Y®37 in AT (%) is explained as follows: there are three ways to “cut off” a “lollipop”
T from %%, which are then painted black and put as 3T € T'" to the right-hand side;

! For instance, we do not want our regularity structure to contain a symbol =2 denoting the square
of white-noise. We also have no need for trees with > 4 branches so that products like {4", V%
etc. remain deliberately undefined within 7.
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the remaining “pruned” tree ¥ € T goes to the left. Similarly, there are three ways to
cut off two lollipops from %7, which then appear as 3% € T'" on the right-hand side,
while the pruned remainder { € T appears on the left.

A concise recursive algebraic description of AT starts with

Afl=1®1, ATE==®1,
followed by an extension to all of 7' by imposing the identities”

At (77) = AT 7. A7,
ATI(r) = (Iel)ATr+10 J(1) .

Here, J(7) is the element in 7" obtained from a (then painted black) symbol 7.
In our pictorial representation J is visualised by a (black) downfacing line. The
tree associated to 7 (7) has exactly one line emerging from the root (such trees are
called planted). In the present example, 7 = © is the only symbol in 7', as given in
(14.19), with image under Z in T', so that the second relation above can only produce
! = J (o) € TT; whereas the first relation leads to powers thereof (in 7'F).

Let now G, denote the set of characters on T, i.e. all linear maps g: 77 — R
with the property that g(c5) = g(o)g(&) for any two elements o and  in 7. There
is not much choice here, since ¢ = ¢g(7) € R fully determines any such map. In order
to get back to (14.20), we introduce I';: T — 1" by

Iyr=(d®g)Atr, (14.21)

so that, for instance, I'y(\¢") = ¥+ 3¢ +3c¢?; +¢® € T, and with ¢ = ¢(f) = ﬁ/\&t
this precisely captures (14.20) as an abstract shift map I'y; = Iy, , with g, ,(T) =
/W\s,t- In principle, (14.21) makes sense for every g € (T +)*, but it turns out that the
set of those maps Iy with g € G forms a group, which is precisely our structure
group:

G:={I,:9€G:}. (14.22)

Written in matrix form, with respect to the ordered basis of 7' consisting of 4 negative
and 4 non-negative symbols, each I'; is block-diagonal with two (4 x 4)-blocks of

the form

lec? &

01 2¢3c?
001 3¢
000 1

=: N,

One can check that N. Nz = N 4z with ¢, ¢ € R so that, as a group, G is isomorphic
to (R, +). This completes the construction of the regularity structure (7', G). We
leave it to the reader to identify pairs of sectors on which (the usually omitted)

2 The multiplicative property is understood for all symbols 7, 7 € T which can be multiplied in T".
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defines a product in the sense of Section 14.2 and to show that Z is indeed an abstract
integration operator® in the sense of Definition 14.21.
As already hinted at, the natural /t6 model M"® := (II,I") in this context is
defined by setting
Oa=1, M==W, [(I(Z)")=W", I(5I(Z)") =W,
as well as I'y; = Iy, , with g, ,(T) = Ws,t. We leave it to the reader to check that
M satisfies the required bounds (13.13) and therefore really defines a random

model for the regularity structure (7, G). We also note that the model is admissible
in the sense of Definition 14.23: in essence, this is seen from the identity

1= = K« 11,2 — II,J(s)= = K« W — (K« W)(s) = W,.  (14.23)

where we used that only £ = 0 figures in the sum of (14.10), so that
J= = /K(s —t) (ILE)(dt) = (K« W)(s) 1.

On the other hand, we can replace white noise 1 = W(w) by a mollification
We := 6%+ W with 6°(t) = e o(e~"t), for some ¢ € C° with [ ¢ = 1, or indeed
any smooth function &, and define the associated canonical model £ (&) = (II,1I")
by prescribing

II,=Z =¢, IL(Z(Z)") = (K=&, HJ(Z1(2)") = () (K =&)L,

as well as g, +(7) = (K = £),,.. We again leave it to the reader to check that £ () is
indeed an admissible model for our regularity structure.

It is interesting to consider the canonical model . (WE) as ¢ — (. Formally, one
would expect convergence to a “Stratonovich model”, but this does not exist because
of an infinite Ito—Stratonovich correction. To wit, assume the approximate bracket

[V[/v W]Tr = Z Ws,th,t
[s,t]em
converges, say in L', upon refinement |7r| — 0. Then the mean would have to
convergence, which is contradicted by the computation, using Itd isometry,
t—s

t
EW, W, = / K(t—r)dr = K(r)dr
s 0

t—s 1
N/ KH(r)dr = cg(t —s)7 T2,
0

3 In the present setting there is no need to include higher order abstract polynomials X, X2, ... as
part of T'.
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and the standing assumption that H < 1/2. As a consequence, the canonical model
Z(W¢) will not converge as ¢ — 0, although the previous discussion suggests to
“cure” this by subtracting a diverging term, namely to consider*

/ Wedwe —E( / ﬁ/\gdWE) , (14.24)

with integration understood over [s, t] with re-centred integrand W\g However, such
Wick renormalisation at the level of generalised increments may destroy the algebraic
Chen relations. (Indeed, they only hold when the expectation is proportional to [s, t],
which has no reason to be the case in general.)

In fact, our admissible model (II, I") here can be described in terms of a single
“base-point free” realisation map IT : T — D’ which enjoys somewhat more natural
relations, such as

7= =K+«I=Z=K«W =K x¢

instead of (14.23) in the It6-model case, and similarly for IT ¢ with W replaced by
We = £°. The full specification reads’

II°1 =1, II° = = ¢, (1425)
IFF(Z(2)") = (K &)™, ITF(EZ(2)") = E(K &)™ .

Remark 14.30. Define a character f; on Tt by specifying (in the Itd model®)

f1) = Ul T(Z)) = / K(t— ) (ILE)(s) = (K*€),.  (1426)

and also a linear map F;: T — T by Fy;7 = (Id ® f;) AT 7. One checks without
difficulty that F} is an invertible map, I}, = F, ' o F, and

I=I1IF"'=ILF"' = ,=ILF'oF,=IoF,.

At the level of the canonical model IT¢, switching to 1y =11 € F}, this construction
merely replaces K * £° with the “base-pointed” expression (K * £%); . and tracks
the induced changes to the higher levels.

The Wick renormalisation in (14.24) points us to the (divergent) quantity’

D ZEIT(1)) = E[(K * 0% % &) (t) (6% * £)(¢)]
_ /R(K*ég)(t—s)és(t — 8)ds = (K %5°)(0) .

4 This is an instance of Wick renormalisation where one replaces the product of two scalar Gaussian
random variables X,Y by X oY := XY — E[XY].

3 One defines IT(=Z(Z)™) as the distributional derivative of an It integral.
6 .. .and similarly in the canonical one, with (K * £); replaced by (K x £%);...

7 Thanks to stationarity, this quantity is independent of ¢. In particular, one could immediately take
t=0.
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where we recall 6° = ¢ "1 p(¢71+); and similarly for ¢ with g = o(—(+)) * 0. Since

K(x) = 2 —1/21,+ in a neighourhood of zero, there is no loss of generality in
assuming that this includes the support of g. For ¢ € (0, 1], it follows that®

D = (K %) / KH(s )ds—sH 1/2/ KH(s) g(s)ds .

We can now replace the informal (14.24) by defining a “renormalised” (admissible)
model
"™ (Z7(2)) := I (ZZ(Z) + c51) ,

with diverging constant

¢ = ~E(TE(1) = -]

In essence, we can leave it to the algebra to handle the correct shifting to different
base points (in other words: to recover (II¢"" I'**") from knowledge of IT°™")
in the same spirit as Chen’s relation allows to work out increments X ; of a given
rough path ¢ — X;.) On the analytic side, we note that the right-hand side still has
controlled blow up of order deg =7 (=) = (—1/2+ H)~ < 0. This further suggests
that the renormalisation procedure can be described by suitable (linear) maps, say
M : T — T, which are (only) allowed to produces additional terms (of higher
degrees) as, for instance, M., : ZZ(=) — ZZ(Z) + ¢11 in our present example.

At this stage we could proceed “by hand” and try to work out the correct fixes for
all [T¢(EZ(=)™), m = 1,2, 3, but care is necessary since “curing” level m = 1, as
done above, will spill over to the higher levels. This is already seen in the instructive
case when m = 0, i.e. for IT,(Z) = W. Indeed, if one “renormalises” W =
W + co, then writing V (t) := t, this leads to’

t t
Wg?t = / (Ws,’r)m dWT = / (Ws,r + COVvs,T')m (dWI + COdVvT) .

and hence affects all higher levels (m = 1,2,...). While V = 1 naturally has 1
as associated symbol, V' leads to a new symbol, indifferently written as 71 = Z()
or [, in agreement with out earlier convention to represent action of Z as single
downfacing line.

Z(ZE)" 5 (5 + cl)(ZZ + coI1)™

Provided we manage to define all these “fixes” (for m = 0, 1, 2, 3) consistently,
we can expect a family of linear maps M = M, indexed by ¢ = (cg, ¢1,¢2,¢3) € R*
which furthermore constitutes a group in the sense that of (the matrix identity)
M Mz = M 4z with¢, ¢ € R*. This is the renormalisation group, here isomorphic
to (R*, +). There was a cheat here, in that our initial collection of symbols (with
linear span 7") was not rich enough to define M, as linear map from 7 into itself. In

8 In the case of H = 1/2, so that K = 1, noting that o(-), and hence g = o(—(+)) * o, has unit
mass, the constant equals 1/2, which is the same 1/2 appearing in the Ito—Stratonovich correction.

9 This is nothing but a variation of the concept of translation of rough paths.
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this sense T" was incomplete, and one should work on a space T O T which contains
required symbols such as | or Y. (The notion of complete rule put forward in [BHZ19]
formalises this.) However, in the present example this was really a consequence of
the (analytically unnecessary!) level-0 renormalisation. In fact, ¢y = 0 is the only
possible choice that respects the symmetry of the noise, in the sense that W and —W
have identical law. This reduces the renormalisation group to (R*, +) and reflects a
general principle: symmetries help to reduce the dimension of the renormalisation
group. See [BGHZ19] for an example where this principle takes centre stage in a
striking manner.

In general one proceeds as follows. Define 7'~ as the free commutative algebra
generated by all negative symbols in 7T'; that is,

T = Alg({, 1,7, %) . (14.27)

(Similarly to before, we colour basis elements of 7'~ differently to distinguish them
from those of 7" and/or T'".) Elements in T~ are naturally represented as linear
combination of (unordered) forests; for instance

—31 -3+t ¥V eT,

where 1 denotes the empty forest. As before, it is useful to introduce a linear map
A™ T — T~ ® T which iterates over all possible ways of extracting possibly
empty collections of subtrees of negative degree, putting them as a forest on the
left-hand side, and leaving the remaining tree (where all “extracted” subtrees have
now been contracted to a point) on the 7'-valued right-hand side. For instance,

A(V) =10V +...+3I10V+...+3:0V+...+¥R1.

The resulting renormalisation maps M : T' — T are then parametrised by characters
on T'~, similar to the construction of the structure group. Consider for instance the
case of a character g = ¢° defined by ¢g(1) = ¢, g(") = ¢5, and set to vanish on
the remaining two generators c and /. Then, the map M, given by

M, =(g®I1d)A~
acts as the identity on all symbols of 7" other than
Mgl =14cil, MYV =Y42c1, My¥V="+3ciV+c51. (1428)

The resulting renormalised model IT°"™" = II°Mg- realises, for instance, the
symbol ¥ as

IT5y = IT° My = £° (K % £°)° 4+ 3¢ (K % £°)° 4 ¢ .

It is a non-trivial but nevertheless fairly general fact that it is possible to choose
the character ¢° in such a way that the model IT™" converges to a limiting model.
This is the case if we choose ¢g° as the BPHZ character (see [BHZ19, Thm 6.18])
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associated to IT¢. This is defined in general as the unique character g° of T~ such
that the renormalised model IT°"" satisfies EIT®"*"r = 0 for every symbol 7 of
strictly negative degree. With our earlier choice

¢ = ~E(IT°1)(0) = -

it is immediate from (14.28) that one has indeed E(II°My 1) = 0. Further-
more, since first and third moments of centred Gaussians vanish, we also have
E(IT°My%Y) = E(II°M,%Y) = 0 as a consequence of the fact that we set
g(°) = g(¥) = 0. Finally, it follows from Wick’s formula that

EIT° M- = E[¢° (K * £°)%] 4+ 3cSE(K x £°)2 + ¢
= 3(BIE° (K +€)] + f ) E(K « €)% + 65

=3()+S) V+e=c,

so that IT° M ;<% has vanishing mean if and only if we also choose c§ = 0.
We have made it plausible that

egren | __ g;ren €;ren giren
MSTe = ([I50) [0 o TT5™")

indeed gives rise to an (admissible) model, with all analytic bounds and algebraic
constraints intact, and such that in the sense of model convergence,

METen _y \VBPHZ — MIt6 . (1429)

The main result of [CH16] is that the convergence M*™" — M**” remains true in
vastly greater generality and that the limiting model is independent of the specific
choice of M* for a large class of stationary approximations £° to the noise .

At last, we leave it to the reader to adapt the material of Section 13.3.2 to define
the modelled distribution that allows to reconstruct the It6 integral fot f (WS)dWS
and further deduce from (14.29) the following (renormalised) Wong—Zakai result,

t t t
| @iz~ [ @eds > [ v aw, (1430)

0 0 0
where we recall that ¢§ = e ~1/2 [ KH (s) p(s)ds. Noting that g = o(—(+)) * ¢
is even and has unit mass, we see that ¢ = % when H = 1/2. We can then pass to

the limit for each term on the right-hand side of (14.30) separately. This allows us to
recover the identity

/Otf(Ws) o dW, — ;/Ot f'(Wy)ds = /Otf(Ws)dWs ’

in agreement with the usual Itd—Stratonovich correction familiar from stochastic
calculus.
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14.6 Exercises

Exercise 14.1 a) Construct an example of a regularity structure with trivial group
G, as well as a model and modelled distributions f; such that both R f, and
‘R fo are continuous functions but the identity

R(f1x f2)(x) = (Rf1)(z) (Rf2)(2)

fails.
b) Transfer Exercise 2.10 to the present context.

Solution. (We only address the first part.) Consider for instance the regularity struc-
ture given by A = (—2k, —k, 0) for fixed x > 0 with each T, being a copy of R
given by T_,,,. = (). We furthermore take for G the trivial group. This regularity
structure comes with an obvious product by setting =" x =" = =" provided
that m +n < 2.

Then, we could for example take as a model for .7 = (T, G):

(ILE")(y) =1, (IL=)(y) =0, (II,Z*)(y)=c, (14.31)
where c is an arbitrary constant. Let furthermore
filz) = A@)E"+ fi(2)=, fox) = f2(2) 20 + fa(2) = .

Since our group G is trivial, one has f; € 27 provided that each of the f; belongs to
C7 and each of the fl belongs to C?Y**. (And one has v + k < 1.) One furthermore
has the identity (R f;)(z) = f;().

However, the pointwise product is given by

(f1% f2)(2) = fi(@)fa(x) =0 + (fl(fﬂ)fz(x) + fg(x)fl(x))E + fi(z) fal2) =7,

which by Theorem 14.5 belongs to 27~ *. Provided that v > «, one can then apply
the reconstruction operator to this product and one obtains

R(f1*f2)(x) = fi(2)f2(2) + cfi(z) fa(2)

which is obviously quite different from the pointwise product (R f1)(z) - (Rf2)(z).
How should this be interpreted? For n > 0, we could have defined a model 17 (n)
by

(M= (y) =1, (T E)(y) = V2esin(ny), (I E?)(y) = 2¢sin(ny).
Denoting by R(™) the corresponding reconstruction operator, we have the identity

(RM™ f)(x) = fi(x) + V2¢fi(x) sin(nz)
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as well as RV (f) % fo) = R f - R f,. As a model, the model I7(™ actually
converges to the limiting model I/ defined in (14.31). As a consequence of the
continuity of the reconstruction operator, this implies that

RO f1-RM fo = RO(f) % fo) = R(f1 % f2) # Rf1-Rfa,

which is of course also easy to see “by hand”. This shows that in some cases, the
“non-canonical” models as in (14.31) can be interpreted as limits of “canonical”
models for which the usual rules of calculus hold. Even this is however not always
the case (think of the It6 Brownian rough path).

Exercise 14.2 Consider Z* = Z*(R%).

a) Show that distributional derivatives satisfy D*Z* C Z*~I¥l for any multi-index
k. Show that for d = 1 equality holds. That is, any g € Z“~F, with k € N, is
the kth distributional derivative of some f € Z°.

b) The proof of Schauder’s theorem in Section 14.3 was more involved in the
“positive” case, when 0 < a+ 8 € [n—1,n), some n € N. Give an easier proof
in the case d = 1 by reducing the positive to the negative case.

+xx Exercise 14.3 Provide a proof of the case o = 0 in Lemma 14.13.

Solution. As in Lemma 14.13, we aim to bound [{(¢)| for ¢ € B} , and ( € Z
for some r > r,. One strategy is to consider a compactly supported wavelet basis of
regularity r and to separately bound the terms in the wavelet expansion of ¢.

If we wish to rely purely on elementary arguments, one strategy goes as follows.

a) Show first that ( € Z2 if and only if (x € ZZ for every smooth compactly
supported function . This allows us to reduce ourselves to the case when ¢
itself is compactly supported and we assume this from now on.

b) Show that if ¢ € Z? is supported in a ball of radius 1 and if 1 is such that
[ 4(x) dx = 0 and such that | DFv(x)| < (14 |2|)~#~I*I for |k| < r and some
large enough exponent k, then |¢(¢})| < 1, uniformly over such ) and over
x € R%and \ € (0,1].

¢) Choose a function v with the property that its Fourier transform is smooth,
identically 1 in the ball of radius 1, and identically O outside of the ball of radius
2 and define 7,/; as in the proof of Lemma 14.13. Write

p=px + > @xiin

n>0

as in the proof of Lemma 14.13.

d) Choose x such that its Fourier transform is smooth, identically equal to 1 on
the annulus of radii in [1, 4] and vanishes outside the annulus of radii in [1/2, 5].
Note that this implies that 1/;)‘" = 1/?‘" * x™ and conclude that

Clp* ) = (Cx ™, o x™)
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e) Use the fact that ¢ € C! and x integrates to 0 to conclude that [ * x| <
27" \~% and therefore that | (¢ * ¢p*=)| < 277, which is summable as required.

Exercise 14.4 Show that, for g smooth enough, one has K x (gn) — g(K *n) €
CotBHL for every B-regularising kernel K and n € C* with o < 0. How smooth is
smooth enough? Compare the following two strategies.

Strategy 1: Go through the proof of the Schauder estimate in Section 14.3 and
estimate the difference (K,, x (gn) — g(K, *1),1¥x).

Strategy 2: Consider the regularity structure T' spanned by the Taylor polynomials
and an additional symbol = of degree o, with the structure group acting trivially on
Z. We extend this by adding an integration operator of order 5 and all products with
Taylor polynomials. We also consider on it the natural model mapping = to 1. Writing
g € D7 for the Taylor lift of g as in Proposition 13.16, verify that g= € 97, The
multilevel Schauder estimate then shows that, provided that v + o > 0, one has
K(9Z) € 2778 and gK(Z) € 97+mmi0e+8} 5o in particular

P K(92) = gK(Z) € 7147,

provided that v > max{1, —a, 1 + a + B}. Furthermore, the explicit expression for
IC shows that

K(9Z) = gT(2) + gT(XE) +(.).  gK(Z) = gZ(2) +(...),

where (. ..) denotes terms that either belong to the polynomial part of the regularity
structure or are of degree strictly greater than o + 3 + 1 (which is the degree of
Z(X Z)). In particular, the truncation of F' at level a + 3 + 1 belongs to %?Jrﬁﬂ,
and we conclude by the second part of Proposition 13.16.

Exercise 14.5 Consider space-time R® with one temporal and (d — 1) spatial di-
mensions, under the parabolic scaling (2,1, ...,1), as introduced in Remark 13.9.
Denote by G the heat kernel (i.e. the Green’s function of the operator 0, — 02). Show
that one has the decomposition

G=K+K,

where the kernel K satisfies all of the assumptions of Section 14.4 (with 8 = 2) and
the remainder K is smooth and bounded.

Exercise 14.6 (From [Brul8]) In the context of Remark 14.25, establish the recur-

sion
Iyt = I(nyT) — Ty TuyT s (14.32)
with
Xk
TayT = Z FHI(Ik(nyT))(y) .
|k|<deg T+

Exercise 14.7 Show that if one defines Iy, L7 in such a way that (14.11) holds, then
it guarantees that I, 1y, TT = II,IT.
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Exercise 14.8 Adapt the material in Section 14.5 and construct a suitable regularity
structure and model so that the two-dimensional It integral (14.14) is obtained as
reconstruction of a suitable modelled distribution.

14.7 Comments

The material on differentiation, products and admissible models follows essentially
[Hail4b], although the conditions on the kernel K — previously assumed to annihilate
certain polynomials —are now more flexible. In particular, we do not enforce the
identity Z(X") = 0 and instead allow for the possibility of simply including symbols
T(X") as basis vectors of our regularity structure. It is the case that any admissible
model will necessarily satisfy I1,Z(X") = 0, but in general I, Z(X") # 0. The
material of Section 14.5 is essentially taken from [BFG™19], with a viewpoint similar
to [BCFP19].



Chapter 15
Application to the KPZ equation

We show how the theory of regularity structures can be used to build a robust
solution theory for the KPZ equation. We also give a very short survey of the original
approach to the same problem using controlled rough paths and we discuss how the
two approaches are linked.

15.1 Formulation of the main result

Let us now briefly explain how the theory of regularity structures can be used to
make sense of solutions to very singular semilinear stochastic PDEs. We will keep
the discussion in this chapter at a very informal level without attempting to make
mathematically precise statements. The interested reader may find more details in
[Hail3, Hail4b].
For definiteness, we focus on the case of the KPZ equation [KPZ86], which is
formally given by
Oth = 9*h + (0.h)* +€—C, (15.1)

where ¢ denotes space-time white noise, the spatial variable takes values in the
one-dimensional torus T, i.e. in the interval [0, 271] endowed with periodic boundary
conditions, and C' is a fixed constant. The problem with such an equation is that even
the solution to the linear part of the equation, namely

W = 9P + ¢,

is not differentiable as a function of the spatial variable. As a matter of fact, as already
noted in Section 12.3, for any fixed time ¢, ¥ has the regularity of Brownian motion
as a function of the spatial variable x. As a consequence, the only way of possibly
giving meaning to (15.1) is to “renormalise” the equation by subtracting from its
right-hand side an “infinite constant”, which counteracts the divergence of the term
(0.h)%.

289
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This has usually been interpreted in the following way. Assuming for a moment
that £ is a smooth function, a simple consequence of the change of variables formula
shows that if we define h = log Z, then Z satisfies the PDE

nZ =027+ Z¢.

The only ill-posed product appearing in this equation now is the product of the
solution Z with white noise £. As long as Z takes values in L2, this product can
be given a meaning as a classical Itd integral, so that the equation for Z can be
interpreted as the It6 equation

dZ = 02Z dt + Z dW , (15.2)

were W is an L2-cylindrical Wiener process. It is well known [DPZ92] that this
equation has a unique (mild) solution and we can then go backwards and define the
solution to the KPZ equation as h = log Z. The expert reader will have noticed that
this argument appears to be flawed: since (15.2) is interpreted as an Itd equation,
we should really use Itd’s formula to find out what equation h satisfies. If one does
this a bit more carefully, one notices that the It correction term appearing in this
way is indeed an infinite constant! This is the case in the following sense. If W,
is a Wiener process with spatial covariance given by = + £ 1o(¢~1x) for some
smooth compactly supported function p integrating to 1 and Z, solves (15.2) with
W replaced by W, then h. = log Z. solves

dh = 92hdt + (9,h)* dt + dW. — e~ 'C, dt , (15.3)

for some constant C, depending on p. Since Z. converges to a strictly positive limit
Z, this shows that the sequence of functions h. solving (15.3) converges to a limit
h. This limit is called the Hopf—Cole solution to the KPZ equation [Hop50, Col51,
BG97, Quall].

This notion of solution is of course not very satisfactory since it relies on a nonlin-
ear transformation and provides no direct interpretation of the term (9,.h)? appearing
in the right-hand side of (15.1). Furthermore, many natural growth models lead to
equations that structurally “look like” (15.1), rather than (15.2). Since perturbations
are usually rather badly behaved under exponentiation and since there is no really
good approximation theory for (15.2) either (for example it had been an open problem
for some time whether space-time regularisations of the noise lead to the same notion
of solution), one would like to have a robust solution theory for (15.1) directly.

Such a robust solution theory is precisely what the theory of regularity structures
provides. More precisely, it provides spaces .# (a suitable space of “admissible
models”) and 27, maps S, (an abstract “solution map”), R (the reconstruction
operator) and .Z (a “canonical lift map”), as well as a finite-dimensional group R
acting both on R and ./ such that the following diagram commutes:
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(™)

CeF x M'x (@——v
| -f‘ : R (15.4)
5.
F X C x (Cco—(C(0,7T],C%)
U w w w
2 3 ho h

Here, S, denotes the classical solution map S.(C, &, ho) which provides the solution
(up to some fixed final time 7") to the equation

Oth = *h + (8.h)? +€—C, h(0,z) = ho(z), (15.5)

for regular instances of the noise £. The space F of “formal right-hand sides” is in
this case just a copy of R which holds the value of the constant C' appearing in (15.5).
The diagram commutes in the sense that if M € R, then

Se(M(C), &, ho) = REa(C, M(Z(£)), ho) »

where we identify M with its respective actions on R and .. A full justification of
these considerations for a very large class of systems of SPDEs is beyond the scope
of this text. The construction of fR in full generality and its action on the space of
admissible models was obtained in [BHZ19]. Its adjoint action on a suitable space of
equations F as well as the commutativity of the above diagram were then obtained
in [BCCH17]. Important additional features of this picture are the following:

o If £ denotes a “natural” regularisation of space-time white noise, then there ex-
ists a sequence M, of elements in R such that M..Z(£.) converges to a limiting
random element (I1,I") € .# . This element can also be characterised directly
without resorting to specific approximation procedures and RS, (0, (I1, "), ho)
coincides almost surely with the Hopf—Cole solution to the KPZ equation. The
fact that an analogous statement “always” holds for subcritical equations was
shown in the work [CH16].

e The maps S, and R are both continuous, unlike the map S, which is discon-
tinuous in its second argument for any topology for which £, converges to
&

* As an abstract group, the “renormalisation group” fR is simply equal to (RS, +).
However, it is possible to extend the picture to deal with much larger classes of
approximations, which has the effect of increasing both R and the space F of
possible right-hand sides. See for example [HQ18] for a proof of convergence to
KPZ for a much larger class of interface growth models.

Remark 15.1. An important condition for the convergence result in [CH16] to hold is
that T" does not contain any symbol 7 with deg 7 < —% and such that 7 contains more
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than one noise as a subsymbol. This in particular explains why fractional Brownian

motion B with Hurst parameter H can only be lifted to a rough path when H > %

even though SDEs driven by fractional Brownian motion are “subcritical” for every

H > 0. Indeed, for H = i, the natural degree of the symbol W of Section 13.2.2

(which would be represented by { in the graphical notation used earlier and contains
1

two instances of the noise) would be (2H —1)” = —5 < —%.

An example of statement that can be proved from these considerations (see
[Hail3, Hail4b, HQ18]) is the following.

Theorem 15.2. Consider the sequence of equations
aths = aihs + (aa:he)2 + fs - CE ’ (156)

where . = 6. x £ with 0.(t,x) = e 30(e~%t, e~ x), for some smooth compactly
supported function g with [ 0 = 1, and & denotes space-time white noise. Then, there
exists a (diverging) choice of constants C. such that the sequence h. converges in
probability to a limiting process h.

Furthermore, one can ensure that the limiting process h does not depend on the
choice of mollifier o and that it coincides with the Hopf—Cole solution to the KPZ
equation.

Remark 15.3. 1t is important to note that although the limiting process is independent
of the choice of mollifier g, the constant C. does very much depend on this choice,
as we already alluded to earlier.

Remark 15.4. Regarding the initial condition, one can take hy € C? for any fixed
B8 > 0. Unfortunately, this result does not cover the case of “infinite wedge” initial
conditions, see for example [Corl2].

The aim of this section is to sketch how the theory of regularity structures can be
used to obtain this kind of convergence results and how (15.4) is constructed. First of
all, we note that while our solution ~ will be a Holder continuous space-time function
(or rather an element of 2" for some regularity structure with a model over R?), the
“time” direction has a different scaling behaviour from the three “space” directions.
As a consequence, it turns out to be effective to slightly change our definition of
“localised test functions” by setting

Soz\s,z) (t7 y) = )‘_390()‘_2@ - 8)7 A_l(y - .’E)) .

Accordingly, the “effective dimension” of our space-time is actually 3, rather than 2.
The theory presented in Chapter 13 extends mutatis mutandis to this setting. (Note
however that when considering the degree of a regular monomial, powers of the time
variable should now be counted double.) Note also that with this way of measuring
regularity, space-time white noise belongs to C~< for every o > % This is because

of the bound 172
(E(& 02)?)

_3
= llezllie ®A77,
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combined with an argument somewhat similar to the proof of Kolmogorov’s continu-
ity lemma.

15.2 Construction of the associated regularity structure

Our first step is to build a regularity structure that is sufficiently large to allow to
reformulate (15.1) as a fixed point in 27 for some v > 0. Denoting by G the heat
kernel (i.e. the Green’s function of the operator 0; — 83), we can rewrite the solution
to (15.1) with initial condition hg as

h=Gx ((0:h)* +&) + Gho , (15.7)

where * denotes space-time convolution and where we denote by Ghg the harmonic
extension of hg. (That is the solution to the heat equation with initial condition h.)

Remark 15.5. We view (15.7) as an equation on the whole space by considering its
periodic extension.

In order to have a chance of fitting this into the framework described above, we
first decompose the heat kernel G as in Exercise 14.5 as

Gg=K+K,

where the kernel K satisfies all of the assumptions of Section 14.4 (with 8 = 2) and
the remainder K is smooth. If we consider any regularity structure containing the
usual Taylor polynomials and equipped with an admissible model, is straightforward
to associate to K an operator K: 27 — 2 via

(Kfﬂ@::}jji(pﬁk*ij@,

k

where z denotes a space-time point and k£ runs over all possible 2-dimensional
multiindices. Similarly, the harmonic extension of hy can be lifted to an element
in 2°° which we denote again by Gh by considering its Taylor expansion around
every space-time point. At this stage, we note that we actually cheated a little: while
Ghyg is smooth in {(¢,z) : t > 0,2 € T} and vanishes when ¢ < 0, it is of course
singular on the time-0 hyperplane {(0,2) : = € T}. This problem can be cured
by introducing weighted versions of the spaces 27 allowing for singularities on
a given hyperplane. A precise definition of these singular model spaces and their
behaviour under multiplication and the action of the integral operator /C can be found
in [Hail4b]; but see Exercise 4.12 for the (singular, controlled) rough path analogue.
For the purpose of the informal discussion given here, we will simply ignore this
problem.
This suggests that the “abstract” formulation of (15.1) should be given by
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H=K(0H)*+Z)+K((0H)*> + Z) + Gho , (15.8)

where it still remains to be seen how to define an “abstract differentiation operator” 0
realising the spatial derivative J,. as in Section 14.1. In view of (14.12), this equation
is of the type

H=T(0H)?*+Z)+(...)., (15.9)

where the terms (...) consist of functions that take values in the subspace T' of
T spanned by regular Taylor polynomials in the time variable X, and the space
variable X;. (As previously, X denotes the collection of both.) In order to build
a regularity structure in which (15.9) can be formulated, it is then natural to start
with the structure 7" given by these abstract polynomials (again with the parabolic

scaling which causes the abstract “time” variable to have degree 2 rather than 1),
and to then add a symbol = to it which we postulate to have degree —%7, where
we denote by o~ an exponent strictly smaller than, but arbitrarily close to, the value
a. As a consequence of our definitions, it will also turn out that the symbol 0 is
always immediately followed by the symbol Z, so that it makes sense to introduce the
shorthand 7' = 9Z. This is also suggestive of the fact that Z’ can itself be considered
an abstract integration map, associated to the kernel K’ = 9, K. Comparing this to

Remark 14.24, we see that we could alternatively view 7' as the operator Z ;).

Remark 15.6. In order to avoid a proliferation of inconsequential terms, we impose
from the start the identity Z'(1) = 0 in T (we can do this by Remark 15.6). We could
also set Z(1) = 0 by choosing K appropriately, but this is irrelevant anyway in view
of Remark 15.8 below.

We then simply add to 7" all of the formal expressions that an application of the
right-hand side of (15.9) can generate for the description of /, OH, and (0H)2.
The degree of a given expression is furthermore completely determined by the rules
degZt = degT + 2,deg 07 = deg ™ — 1 and deg 77 = deg 7 + deg 7. For example,
it follows from (15.9) that the symbol Z (=) is required for the description of H, so
that 7/( =) is required for the description of /. This then implies that 7/(=)? is
required for the description of the right-hand side of (15.9), which in turn implies
that Z(Z'(=)?) is also required for the description of /7, etc. This “Picard iteration”
yields the (formal) expansion, writing z for a generic space-time point,'

H(2) =h(2) 1+ Z(2)+Z(Z'(2)*) + I/ (2) X,
+2Z(T'(2)T(T'(E)?)) + 20 (2)Z(T'(2)) + ...

where h and h' are to be considered as independent functions (similar to a controlled
rough path). In particular, A may not be differentiable at all.

Remark 15.7. Here we made a distinction between Z(=), interpreted as the linear

map Z applied to the symbol =, and the symbol Z(=). Since the map Z is then

! Note that A/ is treated as an independent function (similar to the Gubinelli derivative of a controlled
path); we do not even expect h to be differentiable!
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defined by Z(=) := Z(=), this distinction is somewhat moot and will be blurred in
the sequel. Similarly, the abstract (spatial) differentiation operator O acts on suitable
symbols as A(Z(...)) := Z'(...), plus of course (X X [1) := ky X o x 171 for
every multi-index (ko, k1).

More formally, denote by U/ the collection of those formal expressions that are
required to describe /7. This is then defined as the smallest collection containing X ”
for all multiindices k& > 0, Z(=), and such that

T, EU = 1(871872) ceu.

We then set
W=UU{E}uU{0ronrn : n €U}, (15.10)

and define T as the set of all linear combinations of elements in a finite subset
Wy C W, sufficiently large to allow close the fixed pointed problem (15.8). Remark
that this defines (implicitly!) a multiplication between some (but not all) of the
symbols, notably 97 * 075 := 07107, so that we can safely omit * in the sequel.
Naturally, 77, consists of those linear combinations that only involve elements in W,
of degree .. (Already W contains only finitely many elements of degree less than a,
which reflects subcriticality of the problem.)

In order to simplify expressions later, we use again a shorthand graphical notation
for elements of WV as we already did in Section 14.5. Similarly to before, = is
represented a small circle, while the integration map Z is represented by a downfacing
wavy line and Z' = 07 is represented by a downfacing plain line. For example, we
write

T(EP=1x1=V, (TTEH=Y+xYV=, ITEH=Y.

Symbols containing factors of X have no particular graphical representation, so we
will for example write X;7'(=)? = X,%7. With this notation,

H=hl1+i+Y+h X +2¢+20/{+...

described with symbolsini/ = {1,1,%, X, R@, <. .}, here spelled out up to degree
% (which will turn out to be “enough”, cf. Remark 15.8 below). For the “right-hand
side” of the equation we need to include = and, spelling out symbols up to degree 0
which is the minimum required to be able to apply the reconstruction operator to it,

{87_187—2 LT EU}Z{V7R&7Ta%®Fa 7%})’&717"'}‘

As it turns out, provided that we also include the noise itself, the 14 symbols encoun-
tered so far already generate a sufficiently large structure space, given by

T =T, & Wo) = (Z,9,°, 1,0V, 61,1, X060 . asan

Here we ordered symbols by increasing order of degree. In fact, if 7 is a tree with

[ circles, m plain lines and k& wavy lines, then deg™ = n X %7 + m + 2k. Note
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that deg X1 = 1 for the abstract space variable, whereas due to parabolic scaling the
abstract time variable has deg Xy, = 2 and does not show up here.

Note that at this stage, we have not defined a regularity structure yet, as we have
not described a structure group G acting on 7. However, similarly to what was done
in (14.25), it is already natural to consider “representations” of the existing structure,
which are linear maps IT from 7T into some suitable space of functions / distributions
respecting a form of admissibility condition. For the sake of the present discussion,
we assume that all objects are smooth. Given a (smooth) realisation of a “driving
noise” &, we can then define its canonical lift by setting

(=) (z) =€&(x),  (ITXF)(2) =", (15.12)
and then recursively by
I =11t -IIT, IN7iT =K« IIT . (15.13)

In general, we say that a linear map IT: T — C (Rd) is admissible if one has the
relations

OIr=KxIr, MH1=1, HX"r=)*Mr. (15.14)

(And similarly with Z replaced by Z’ and K replaced by 9, K in the case of KPZ...)

Such a map IT is clearly not a model since it is a single linear map rather than a
family of such maps and the admissibility condition (14.9) is replaced by the more
“natural” identity IIZ7T = K «x ITT. We will see in the next section how to construct
the structure group G and how to use its construction to assign in a unique way a
model to the linear map IT.

Remark 15.8 (Where to truncate?). The (14-dimensional) space T, is indeed suffi-
cient to treat the KPZ equation. Indeed, once in possession of an admissible model,
thanks to Theorem 14.5, the fixed point problem (15.8) can be solved in 27 as soon
as +y is a little bit greater than 3/2. This is why we only need to keep track of terms
describing the abstract KPZ solution up to degree 3/2. Regarding the terms required
to describe the right-hand side of the fixed point problem, we need to go up to degree
0, which guarantees that the reconstruction operator (and therefore also the integra-
tion operator K) is well-defined. This is similar to 7" = T'; /5, as in Definition 13.4,
being sufficient to treat rough / stochastic integration (and then SDEs) in a Brown-
ian rough path / model context. Indeed, in that context (Proposition 13.21) consider
Y e @go‘ (now for « to be determined!) and abstract Brownian noise 1/ € @fol o
Then f(V'), composition with a nice function f, is also in Z3* and the product is
in 22“~1/2” _ We needed this exponent to be positive to have a well-defined rough
integration which in turn allows to formulate a fixed point problem, so that we need
2a > 1/2. By definition of 22 this means that we need Y to take values in T /2
which is of course what we did by working in (W', W, 1, W), ignoring all symbols
of higher degree.
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15.3 The structure group and positive renormalisation

Recall that the purpose of the group G is to provide a class of linear maps I": T' — T
arising as possible candidates for the action of “reexpanding” a “Taylor series” around
a different point. In our case, in view of (14.9) and Definition 14.3, the coefficients
of these reexpansions will naturally be some polynomials in x and in the expressions
appearing in (14.10). This suggests that we should define a space 7' whose basis
vectors consist of formal expressions of the type

N
bl | FACOR (15.15)

=1

where IV is an arbitrary but finite number, the 7; are canonical basis elements in
W defined in (15.10), and the ¢; are d-dimensional multiindices satisfying |¢;| <
deg 7; + 2. (The last bound is a reflection of the restriction of the summands in (14.10)
with 8 = 2.) The space T'F, which also contains the empty product 1, is endowed
with a natural commutative product, written as - or (usually) omitted. (7F,-, 1)
is nothing but the free commutative algebra over the symbols {X;, 7;(7)} with
i€{l,...,d} and 7 € W with deg Jy(7) :=deg7 +2 — |¢| > 0.)

Remark 15.9. While the canonical basis of T is related to that of 7', it should be
viewed as a completely disjoint space. We emphasise this by using the notation 7
rather than Z,.

The space T'" also has a natural graded structure 7t = @ T, similarly to before
by setting
deg Jo(7) =degr+2—|¢|,  degX" =k,

and by postulating that the degree of a product is the sum of the degrees of its factors.
Unlike in the case of T however, elements of T all have strictly positive degree,
except for the empty product 1 which we postulate to have degree 0.

Still inspired by (14.9), as well as by the multiplicativity constraint given by
Definition 14.3, we consider the following construction. We define a linear map,
sometimes called coaction, At : T — T ® T+ in the following way. For the basic
elements =, 1 and X; (¢ € {0,1}), we set

Afl=181, ATZ=2Q@1, ATX,=X,1+1X;.
We then extend this recursively to all of 7" by imposing the following identities

AN (77) = AT AT 7,

Xﬁ
AYI(r) = (T A T+ @ Til7)
(!

X/
ATT(7) = (T @A T+ Y 50 © Jer o) (7) -

l,m
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Here, we extend 7 — Jj(7) to a linear map J;,: T'— T+ by setting J;(7) = 0 for
those basis vectors 7 € W for which deg 7 < |k| — 2. This in particular shows that
the sums appearing in the above expressions are actually finite.

Let now G, denote the set of characters on T'T, i.e. all linear maps g: 77 — R
with the property that g(c5) = g(c)g(a) for any two elements o and & in 7t Then,
to any such map, we can associate a linear map I'y;: T' — T by

Iyr=>1d®g)ATr. (15.16)

In principle, this definition makes sense for every g € (T7)*. However, as already
seen in (14.22) it turns out that the set of such maps with g € G forms a group,
which we take as our structure group G by setting again

G=E{l,:9€G,}. (15.17)

Remark 15.10. A less explicit way to define G is to simply take it as the set of
all linear maps that are ‘allowed’ in the sense that they are upper triangular with
the identity on the diagonal as imposed by (13.5), commute with derivatives as in
Definition 14.1, are multiplicative with respect to the product as in Definition 14.3,
and satisfy (14.8). See for example [Hail6].

Example 15.11 (KPZ structure group). Running through this procedure, and restrict-
ing to T' = Tkpy reveals G as a 7-dimensional (non-commutative) matrix group,
canonically realised as a subgroup of the invertible maps T' — T, themselves repre-
sentable as 16 x 16-matrix. Full details are left for Exercise 15.1.

Example 15.12 (KPZ). Recall T = (=,V, (s, 1, W%, Y, <, 1,...) in the
case of KPZ. Then T is linearly spanned by the symbol 1 and polynomials in the
commuting symbols as (partially!) listed in

{jl(vxj/((r)? e 7J(E)’j(v)aX17j(R&)vj(T)v . }

with (non-negative) degrees {1, 37,...,17,1,27, 37 ..} and shorthands .7 =
Jo0,J = J(0,1)- We note that all symbols here can be represented by elementary
trees,” where [J(7) (resp. J'(7)) is represented by attaching a single downfacing

wavy (resp. plain) line to the root of 7. For instance
3-1-J(E=E)+2-70)- T () et

but the symbol 7' (=) (which would be of negative homogeneity) is not an element
of T+,

Before we show that G does indeed form a group (actually a subgroup of the
invertible maps from 7" to T"), we show how to use it to turn an admissible linear

2 With some goodwill this even includes X -factors, which then appear as polynomial decorations
of the trees.
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map IT: T — C>(R?) (in the sense of (15.14)) into a model (II, I"). Consider the
recursion

—X k )
Lo =- 3 SEE [0t —y) (i) @),
[k+e)<|7|+2
7= (II® f) AT, (15.18)

where we furthermore impose that the f, are characters, namely that they extend
to all of (7F)* in a multiplicative fashion, f,(05) = f.(0)f+(7). We leave it as a
simple exercise to verify that these two identities are sufficient to define the f, and
the I1,, uniquely.

Remark 15.13. The correspondence IT < (II,1") can also be inverted and the two
notions of admissibility are consistent, so that these are two completely equivalent
ways of looking at admissible models for our regularity structure. Indeed, it suffices
to set II'T = RH,, where the elements H, € 2 (i.e. one can make sure that
H, € 27 for any fixed ) are given by Hy«(z) = (X + z)*, H=(r) = =, and
then recursively by

HI(T) = ICHT s HTT = HT . H‘r .

In particular, this correspondence does not at all rely on the fact that the model
was built by lifting a smooth function. Note that this is strongly reminiscent of the
construction given in Exercise 13.11. See also Exercise 15.3.

If we now define elements F,, € G by
F,r =Ty, = (d® f,) AT, (15.19)
and then set (an expression for F, ! is given below)
I, =F'F,, (15.20)

it follows immediately from (15.18) that the II,; and the maps I, do indeed satisfy
the desired algebraic relation 11,1, = II,,. We also note that the coefficients of
the linear maps I, are expressed as polynomials of the numbers f,(J¢,(7;)) and
Jy(Te, (1)) for suitable expressions 7, and multiindices ¢;. Note that the linear maps
F, : T — T perform a kind of “recentering” of II around z in the sense that (15.18)
guarantees that, at least when IT is sufficiently smooth, IT,Z(7) vanishes at the order
determined by the degree of 7. As a matter of fact, one could even have taken this as
the defining property of the maps F), (together with the fact that they are of the form
(15.19) for some multiplicative functional f,). We will see in Section 15.5 below
that the renormalisation procedure required to give a meaning to singular SPDEs
like the KPZ equation can equally be interpreted as a type of recentering procedure,
but this time in “probability space”. This also explains the terminology “positive
renormalisation” which is sometimes encountered for the maps F,.
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We now argue that GG as defined above actually forms a group, so that in particular
the maps F, are invertible. To this end, define a linear map AT: T+ — T+ @ T,
very similarly to the previously defined map A™: T'— T ® T, by

Af1=1®1, ATX=X®1+1®X,
extended recursively to all of 7T by imposing the identities, for all multiindices k,

At (05) = (At o) (A 5)

X* 15.21
A J(7) = (R @ WA T+ Y S0 © Tepn(r) - (15.21)
eN2
It can be verified that AT is coassociatve in the sense
® 1 =(Id® . 15.
At d) At d® AT AT (15.22)

This and the multiplicative property make A" a coproduct and T a (connected,
graded) coalgebra. From general principles there exists a unique linear map AT :
T+ — T, called antipode, so that (T, -, AY, AT) is a Hopf algebra. Moreover,
our notational overload is justified by the fact that (15.22) also holds when both sides
of the identity are interpreted as linear maps T’ — T @ Tt @ T'.

We then define a product o on the space of linear functionals f: T — R by

(fog)lo)=(frg)ATo, (15.23)

noting that coassociativity of At implies associativity of o. Restricted to multiplica-
tive elements, i.e. to G, the definition of the antipode implies that G is indeed
a group with f~! = fAY thatis f~'of = fo f! = e, wheree: TT — R
maps every basis vector of the form (15.15) to zero, except for e(1) = 1. This is a
general construction for Hopf algebras and G is known as the character group of
T*. The product o in this context is usually called the convolution product. Indeed,
the first identity in (15.21), valid by definition for every coproduct in a Hopf algebra,
ensures that if f and g belong to G, then f o g € G,. (Spelled out, this says if
f,g € (T)* are both multiplicative in the sense that f(c5) = f(o)f(7), then fog
is again multiplicative.)

Since, by definition, I'y = (Id ® f)A we can rewrite (15.19) as F, = I'y,, and
the intertwining identity (15.22) entails that

[jog = IyT, .

Also, the element e is neutral in the sense that I, is the identity operator, and as a
consequence [ f-1 = F;l whenever f € G. In particular then,

Fl= Ly =Ty o+

and we can fully spell out (15.20) as
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Loy =TI, 4405, = (Id@W&r,y)A—i_ s Vzyy = foAT o fy = (f:vA+ ® fy)A+ .

The fact that AT preserves degree (as can be seen by induction from its definition)
and that elements of 7" all have strictly positive degree, except for 1 leads to
the conclusion that, for every I" € G and every 7 € T, I'T is indeed of the form
(13.5). The multiplicativity property of AT furthermore guarantees that the constraint
mentioned in Definition 14.3 does hold. This justifies our definition of structure group
G associated to T as the set of all multiplicative linear functionals on 7'", acting on
T via (15.16), as given in (15.17), for G has group structure induced from G.

Returning to the relation between /I, and IT, we showed actually more, namely
that the knowledge of IT and the knowledge of (II,1I") are equivalent. Indeed, on
the one hand one has IT = IT, F; ! and the map F), can be recovered from II, by
(15.18) and (15.19). On the other hand however, one also has of course /1, = ITF),
and, if we equip 7" with an adequate recursive structure, then we have already seen
that the coefficients f, are uniquely determined by IT.

Furthermore, the correspondence (I1,I") < IT outlined above works for any
admissible model and does not at all rely on the fact that it was built by lifting a
continuous function. In particular, it does not rely on the fact that I7,, and IT are
multiplicative. In the general case, the first identity in (15.13) may then of course
fail to be true, even if II7 happens to be a continuous function for every 7 € T'. The
only reason why our definition of an admissible model does not simply consist of
the single map I is that there seems to be no simple way of describing the topology
given by Definition 13.5 in terms of IT.

15.4 Reconstruction for canonical lifts

Recall that, given any sufficiently regular function £ (say a continuous space-time
function), there is a canonical way of lifting £ to an admissible model ¢ = (I1, 1)
for T' by imposing (15.12) and (15.13), and then turning IT into a model as described
in the previous paragraph. With such a model .Z’¢ at hand, it follows from (15.13)
and (13.26) that the associated reconstruction operator satisfies the properties

RKf=K+Rf. R(fg9)=R[ Ry.

as long as all the functions to which R is applied belong to 27 for some v > 0. As
a consequence, applying the reconstruction operator R to both sides of (15.8), we
see that if [ solves (15.8) then, provided that the model (I7, ") = £¢ was built as
above starting from any continuous realisation £ of the driving noise, the function
h = R H solves the equation (15.1).

At this stage, the situation is as follows. For any continuous realisation ¢ of the
driving noise, we have factorised the solution map (ho, &) — h associated to (15.1)
into maps

(ho, &) = (ho, L&) — H— h=RH,
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where the middle arrow corresponds to the solution to (15.8) in some weighted
27 -space. The advantage of such a factorisation is that the last two arrows yield
continuous maps, even in topologies sufficiently weak to be able to describe driving
noise having the lack of regularity of space-time white noise. The only arrow that
isn’t continuous in such a weak topology is the first one. At this stage, it should
be believable that a similar construction can be performed for a very large class of
semilinear stochastic PDEs, provided that certain scaling properties are satisfied.
This is indeed the case and large parts of this programme have been carried out in
[Hail4b].

Given this construction, one is lead naturally to the following question: given a
sequence &, of “natural” regularisations of space-time white noise, for example as
in (15.6), do the lifts Z¢. converge in probably in a suitable space of admissible
models? Unfortunately, unlike in the theory of rough paths where this is very often
the case (see Section 10), the answer to this question in the context of SPDE:s is often
an emphatic no. Indeed, if it were the case for the KPZ equation, then one could
have been able to choose the constant C; to be independent of € in (15.6), which is
certainly not the case.

15.5 Renormalisation of the KPZ equation

One way of circumventing the fact that .Z¢. does not converge to a limiting model
as € — 0 is to consider instead a sequence of renormalised models. The main idea
is to exploit the fact that our definition of an admissible model does not impose the
multiplicative identity

IIT7 =1II7-IIT,

used in (15.13) for the canonical lift, even in situations where ¢ itself happens to be a
continuous function. One question that then imposes itself is: what are the natural
ways of “deforming” the usual product which still lead to lifts to an admissible model?
It turns out that the regularity structure whose construction was sketched above comes
equipped with a natural finite-dimensional group of continuous transformations R
on its space of admissible models (henceforth called the “renormalisation group”),
which essentially amounts to the space of all natural deformations of the product. It
then turns out that even though the canonical lift £¢. does not converge, it is possible
to find a sequence M. of elements in R such that the sequence M. .Z¢. converges
to a limiting model (I, I"). Unfortunately, the elements M. do not preserve the
image of .Z in the space of admissible models. As a consequence, when solving the
fixed point map (15.8) with respect to the model M..Z¢. and inserting the solution
into the reconstruction operator, it is not clear a priori that the resulting function
(or distribution) can again be interpreted as the solution to some modified PDE. It
turns out that in the present setting this is again the case and the modified equation
is precisely given by (15.6), where C. is some linear combination of the constants
appearing in the description of M..
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There are now three questions that remain to be answered:

1. How does one construct the renormalisation group R?
2. How does one derive the new equation obtained when renormalising a model?
3. What is the right choice of M. ensuring that the renormalised models converge?

As already pointed out at the start of this chapter, these questions have now been an-
swered in full generality in the series of articles [Hail4b, BHZ19, CH16, BCCH17].
The aim of this section is to illlustrate how the machinery developed there applies to
the particular case of the KPZ equation and go give a feeling for how the main steps
of the construction generalise to other settings.

15.5.1 The renormalisation group

How does all this help with the identification of a natural class of deformations for
the usual product? Throughout this section, we will only consider models constructed
from a single map IT by the recursive procedure given in (15.18), combined with
(15.20). At this point, we crucially note that if IT: T — C>°(R%) is an arbitrary
admissible linear map (in the sense that IIZ7T = K * IIT as before), then there is no
reason in general for (15.18) and (15.20) to define a model. The reason is that while
these definitions do guarantee that I1, 77 satisfies the first bound in (13.13), there
is no reason in general for (Hx’f) (y) to vanish at the right order as y — z for an
arbitrary symbol 7 that is not obtained by applying the integration map to some other
symbol. It is however the case that these bounds hold whenever IT is obtained as the
canonical lift of a smooth function, as can easily be seen from the multiplicativity
property of the canonical lift.

This suggests to define a space .#, consisting of those admissible maps IT: T —
Cc> (Rd) which do generate a model by the above procedure. By Remark 15.13, there
is a canonical bijection between .#, and the set of all smooth admissible models,
so we henceforth also call an element IT € .#, simply a model (or an admissible
model). Note that even though the space of linear maps T — C°°(R?) is linear, the
space ./ is far from being a linear space.

At this stage, we would like to introduce probability into the game. For this, note
first that we have a natural action S of the group of translations (Rd, +) onto T by
setting S, X" = (X + h)¥, S, = = =, and then recursively by

St =187, SpTT = SpTSLT .

We then note that if £ happens to be a stationary stochastic process and IT = Z¢€ is
its canonical lift as a random model, then IT is a stationary stochastic process in the
generalised sense that

(IT7) (- + h) = (ITSy7)(-) -



304 15 Application to the KPZ equation

In order to define the renormalisation group *R, it is then natural to consider only
transformations of the space of admissible models that preserve this property. Since
we are not in general allowed to multiply components of I1 and we do not want
to “pull arbitrary functions out of a hat”, the only remaining operation is to form
linear combinations. It is therefore natural to look for linear maps M : T' — T" which
furthermore preserve .#Z in the sense that if, given Il € .#,, we define IT M by

oMr=1mMr, (15.24)

one would like to have again IT € /... It is clear that in order to guarantee this,
M needs to commute with the integration operators Z and Z’, but this alone is by no
means sufficient.

It turns out that the construction of a natural family of operators with the required
properties goes in a way that is strongly reminiscent of the construction of the
structure group, but with many aspects of the construction “reversed”. A natural
starting point of the construction is given by the set W_ C W consisting of the
canonical basis vectors of strictly negative degree of our regularity structure 7" which
furthermore have the property that they can be built from products and integrations
applied to =, i.e. do not involve any X* for k > 0. We then define 7'~ similarly to
T as the free unital algebra generated by W_, i.e.?

N A ARA R AR

the algebra given by all polynomials with real coefficients and indeterminates in
W_; the unit is denoted by 1 (or, equivalently, as the empty forest ¢). The reason
why W_ is expected to play a major role is that, by combing Exercise 13.11 with
admissibility and multiplicativity of the action of I', IT7 for deg 7 > 0 is uniquely
determined by the knowledge of II7 for all symbols 7 with deg 7 < 0.

By analogy with the BPHZ renormalisation procedure in quantum field theory
[BP57, Hep69, Zim69], it is natural to look for renormalisation maps that consist in
“contracting subtrees of negative degree”. In order to formalise such an operation, we
take more seriously the interpretation of the canonical basis elements of T as “trees”.
More precisely, we consider labelled trees 7 = (V, E, g, n, ¢), where V is a finite
vertex set, ¥ C V x Visanedgeset,p € Visaroot,n: V — N%isa “polynomial
label” and e: E — {Z,Z,7'} is an “edge label”. As usual, we identify labelled
trees if they can be related by a tree isomorphism preserving the root and labels.
The way this correspondence works is as follows. The symbol X * is represented as
the (unique) tree with a sole vertex V' = {p} and polynomial label n(o) = k. The
symbol = is represented by the tree with two vertices V' = {p, ¢}, one (oriented)
edge E = {e} = {(eo, 0)}, and labels n = 0, ¢(e) = =. Integration is then performed
by adding an edge of the corresponding type to the root, i.e. we have for example

3 As in the case of rough volatility, cf. 14.27, we colour basis elements of 7'~ differently to
distinguish them from those of T and / or TF. Elements in T~ are naturally represented as
(unordered) forests.
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I(V.E,one) = (VU{a}, EU{(e 0)}, 0, In,Te) ,

where Zn(p) = 0 and otherwise agrees with n, while Ze((9,8)) = Z and again
otherwise agrees with ¢. Multiplication is obtained by joining roots:

(V,E,o,n,e)- (V,E p,0,¢) = ((VUV)/{o,0},EUE,{0,0},nUn,elUe),

where (nUn)({o, 2}) = n(o) +n(0).

Remark 15.14. This is nothing but a formalisation of the graphical notation already
used earlier. The notation used in (15.11) for example suggests that one could equiva-
lently have viewed the noise as part of a “vertex label” and this is the viewpoint taken
for example in [BCCH17]. It appears however that viewing noises as edges, as for
example in [BHZ19], usually yields a more consistent formalism. This is especially
the case in situations where one would like to “attach” additional information to
noises as done in [CCHS20, Sec. 5].

In a similar way, elements of 7'~ can be interpreted as elements A = (V, E, o, ¢)
as above, except that there is no “polynomial label” n and (V, E) is allowed to be a
forest, with o denoting the set of its roots, one per connected component. In particular,
the empty forest V' = ¢ is allowed, which wasn’t the case for 7.

Given A = (V,E,p,¢) ¢ T~ and 7 = (V,E,o,n,¢) € T, we say that A C 7
if one has an injective map ¢: V LI E — V LI E preserving connectivity and edge
labels. Note that the injectivity of + implies in particular that the different connected
components of A are vertex-disjoint in 7. In such a situation, we then write R 47 for
the tree obtained by contracting the connected components of A in 7, i.e. the vertex
set of R o7 consists of V//~ where v ~ ¥ if v and © are equal or belong to the image
of the same connected component of A, while the edge set of R A7 equals E \ L E.

We then define an operator A~ : T'— T~ ® T by

AT = Z O AQRAT, (15.25)
ACT

where @A = A if every connected component of A has negative degree and
Q_A = 0 otherwise. Note again the graphical interpretation of extracting possibly
empty collections of subtrees of negative degree.

Example 15.15. For the regularity structure associated to the KPZ equation, we have
for example*

Ae=%01+10¢+200l+40Y
+Y0l+210G+10¢+10%, (15.26)
+211 @+ 21T ¢+ 2101 e,

where we used red symbols to denote elements of 7'~ just as in Section 14.5. In most
situations it is natural to only consider characters of 7'~ that vanish on planted trees,

4 Mind that <}> = (\/’ C R@ in three distinct ways which explains the terms 2@7 ® {) + Cﬁ ® (\]))
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i.e. trees with only one edge incident to the root,> in which case this simplifies to
AG=%01+10G+25S+S0 .

Note also that there is for example no term @; ® 1 appearing in (15.26); indeed @
fails to have negative degree, hence is not an element of 7'~ and killed by Q_.

Remark 15.16. Since Z'(1) = 0 by Remark 15.6, there is no term such as V ®
appearing in the right-hand side of (15.26).

Remark 15.17. While the present construction is sufficient for KPZ, in full generality,
one should also allow polynomial decorations for elements in 7~ in which case
the expression for A~ involves additional combinatorial factors, similarly to the
definition of AT.

Our motivation for the definition of A~ is as follows. Assigning a number to each
T € W_ is equivalent to choosing an algebra morphism g: T~ — R. If we ignore
for a moment the labels n and ¢, an operation of the type M, : T' — T with

Myt =(9@Id)A™ T, (15.27)

then corresponds to iterating over all ways of contracting subtrees of negative degree
contained in 7 and replacing them by the corresponding constant assigned to it by g.
This corresponds to replacing a kernel of possibly several variables by a multiple of
a Dirac delta function forcing all arguments to collapse.
Similarly to before, one can also define an operator A~: T~ — T~ ® T~ by
setting
AB=> Q A®Q RuB,

ACB

where the notions of inclusion A C B and the contraction R 4B are defined in
complete analogy to above.

This yields an algebraic structure very similar to the one given by 7" and T+. We
will however not describe it in any more detail here, but refer instead to [BHZ19] for
additional details. In particular, 7, with forest product and coproduct A~, admits
an antipode .4~ turning it into a commutative Hopf algebra. Its characters then form
a group with product analogous to (15.23) and inverse given by g — ¢g.A~, acting on
T by (15.27).

Definition 15.18. The renormalisation group ‘R for our regularity structure 7T is
defined as the character group of 7.

Remark 15.19. The original definition of the “renormalisation group” given in
[Hail4b] (and in the first edition of this book) is slightly more general. In the
situation of the regularity structure built for a two-component KPZ equation, i.e.

5 In essence, extracting negative trees will help to renormalise otherwise ill-posed products. A single
edge incident to the root corresponds to convolution with a (compactly supported) kernel, which is
always well-posed.
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exactly the same as discussed here, except that there are two “noises” =7 and =5
and every occurrence of = can be replaced by either of them, the old definition
would for example include the map M that swaps the two noises in a consistent
way. (Consistency is in the sense that MZ'(=,)7'(7'(=,)?) = T'(Z1)T' (' (Z2)?)
for example.) This is not an operation that is described by a character of 7~. The
advantage of the present definition is that it is much more explicit. Furthermore, it
follows from the analytical results of [CH16] that it is sufficiently large to serve the
purpose of renormalising divergent models.

Example 15.20. Continuing the above example, we have
AE="¢e1+18%+2000+00 Y+ VR,

Note that we have not considered the simplification of removing planted trees. Instead,
the analogues of the remaining terms appearing in (15.26) are killed by the projection
Q_. We also note that this expression is symmetric in the two factors 7~ which
is the case for all the symbols appearing in the analysis of the KPZ equation. This
implies that the KPZ renormalisation group R is abelian. (In general though, the
presence of “overlapping divergencies” can cause R to be non-abelian.)

One of the main results of [BHZ19] is a generalisation of the following statement,
which shows that the action of the renormalisation group plays nice with our notion
of admissible model.

Theorem 15.21. Let g € R and define My = (g ® Id)A™ as in (15.27). Then, for
any IT € M, one has IT° < TIM,, € M. Furthermore, one has

I = II,My, I, =M;'T;,M,. (15.28)

Proof. We sketch the proof. Recall that A~ has been defined (with notational over-
load) as map from 7" — T~ ® Tand T~ — T~ ® T~ ; we now also define
A™ : Tt — T~ ® T as multiplicative linear map, determined by

ATX, =1® X, A" TJo(r) = 1d® Te(-))A™ 7.

In the special case of KPZ one can check by hand that, thanks in particular to the
fact that Z'(1) = 0 by Remark 15.6 (which correctly suggests that we should also
impose J'(1) = 0),

(i) On T one has the cointeraction formula
Mz(A~ @ A)AT = (Ide AT)A™, (15.29)

where Mi3: T~ @T QT ®@TT — T~ ®T @ T is the map that multiplies
the first and third factor (in 77), and the same holds also on 7.

(ii) The actions of R onto 7" and T'" given by M, do not decrease the degree. (For
the relevant set of characters g, this is seen explicitly in Exercise 15.2.)
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Recall the correspondence IT < (I, 1) given in Remark 15.13. With the special
properties (i)-(ii) it is straightforward to verify that, for g € 9 arbitrary, ITY = IT M,
defines a model ITY < (I19,1'9) with

I =T, My = (g®II,)A™, I9,=1d®@~d,)AT, v, = (9@ 7ay)A .

(The second identity in (15.28) then follows from the formula for fygy, combined
with the cointeraction formula.) To show all this, first write f, = f for f, obtained
from IT as in (15.18). One shows recursively that

g
F = 1My

One then uses (i), on 7', to show that the required identity for /79 holds. Finally, one
uses (i), on T to show that if one views M, = (g ® Id)A~ as acting on T'", then
its action distributes over the product in the character group defined in (15.23) in the
sense that (M, f) o (M, f) = M,(f o f), which then implies the required identity
for vJ,. The fact that the action of M, does not decrease degrees guarantees that
(I19,19) is again a model (since (I1,I")is). O

Remark 15.22. In general (i.e. in the case of similar regularity structures set up
for different examples of subcritical semilinear SPDESs), the cointeraction property
(15.29) may fail. It turns out however that it can still be rescued by working in a
suitably extended regularity structure, see [Hail6, BHZ19].

One important feature of this theorem is that the last statement provides quantita-
tive bounds on the map IT — IT? which show that it can be extended to a continuous
action of R onto the space . of all admissible models. A crucial property of %R is
that it is sufficiently large to allow us to “recenter” models in a natural way.

Definition 15.23. Let £ be a (smooth) stationary stochastic process and let IT be its
canonical lift. Then, there exists a unique character g®** € R such that IT*" =
IT M senz satisfies E(IT°"“7)(0) = 0 for every canonical basis vector 7 € T with
deg 7 < 0. We call IT*™" the BPHZ lift of £.

Remark 15.24. This is named after Bogoliubow, Parasiuk, Hepp and Zimmermann
[BP57, Hep69, Zim69] who introduced an analogous renormalisation procedure in
the context of perturbative quantum field theory in the sixties.

Remark 15.25. Note also that while the BPHZ lift of a noise £ is “canonical”, it
does depend on the choice of kernel K for our notion of admissibility. In particular,
different truncations of the heat kernel will in general lead to different values for the
BPHZ renormalisation constants.

A beautiful property of the BPHZ lift is that it is much more stable than the
canonical lift. Indeed, it was shown in [CH16] that one can introduce a natural
measure of the “size” N (&) of a stationary noise £ which is such that for any sequence
&, such that sup,, N (§,,) < oo and &, — & in probability as random distributions, the
corresponding BPHZ lifts IT}™ converge to a limiting model IT°". This limiting
model is furthermore independent of the choice of approximating sequence.
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15.5.2 The renormalised equations

As introduced, the renormalisation group R for KPZ is a Lie group of dimension
8, equal to the number of symbols (¢, %/, (>, 7, €Y, &, . {») used to generate 7.
As already hinted in Example 15.15 above, we will not need to renormalise planted
trees, nor the noise symbol itself, nor symbols with three leaves (cubic in Gaussian
noise, hence of zero mean, so that the BPHZ condition is trivially satisfied). We thus
define a character g on 7'~ by specifying

g(&)=Co,  gW)=C1,  g()=Cy  g(G)=0Cs, (1530)

and set to vanish on the remaining symbols which require no renormalisation. The
resulting renormalisation maps M : T — T is then given by M := (g ® Id)A~.
(It turns out that we only need a three-parameter subgroup of R to renormalise the
equation, but in order to explain the procedure we prefer to work with the larger
4-dimensional subgroup of fR.) It is now rather straightforward to show the following:

Proposition 15.26. Ler M := (g ® Id)A~ with g as specified in (15.30) and let
(ITM M) = M L€, where L€ is the canonical lift of some smooth function &. Let
furthermore H be the solution to (15.8) with respect to the model (IT™ , I'™). Then,
writing R™ for the reconstruction operator associated to this renormalised model,
the function h(t,z) = (RMH)(t,x) solves the equation

Oth = 02h + (0,h)? — 4Cy Oph + € — (Cy + Cy + 4C3) .

Proof. By Theorem 14.5, it turns out that (15.8) can be solved in 27 as soon as -y is
a little bit greater than 3/2. Therefore, we only need to keep track of its solution -
up to terms of degree 3/2. By repeatedly applying the identity (15.9), we see that the
solution H € 27 for y close enough to 3/2 is necessarily of the form

H=h1+3+Y+HW X, +2¢+20'<,

for some real-valued functions h and h’. (Note that 1’ is treated as an independent
function here, we certainly do not suggest that the function % is differentiable! Our
notation is only by analogy with the classical Taylor expansion.) As an immediate
consequence, 0/ is given by

OH =1+ +h14+2C¢+20 <, (15.31)

as an element of 27 for ~ sufficiently close to 1/2. Similarly, the right-hand side of
the equation is given up to order 0 by

(OH)?+ 2 = E+4+ V42520 T+ 44" G20 YV +40 S+ ()2 1. (15.32)
It follows from the definition of M that one then has the identity

MOH = 0H — 4C)<
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so that, as an element of &7 with very small (but positive) -y, one has the identity
(MOH)* = (0H)? — 8Cy<s .

As a consequence, after neglecting all terms of strictly positive order, one has the
identity (writing c instead of c1 for real constants c)

M((OH)* + 2) = (0H)* + = — Co (4T + 4Y +8(r+4h'1) — C1 — Co — 4C;
= (MOH)* + = — 4Cy MOH — (Cy 4 Cy + 4C3) .

Combining this with the fact that M and 0 commute, the claim now follows at once.
O

Remark 15.27. Tt turns out that, thanks to the symmetry x — —x enjoyed by our
problem, the corresponding model can be renormalised by a map M as above, but
with Cp = 0. The reason why we considered the general case here is twofold. First, it
shows that it is possible to obtain renormalised equations that differ from the original
equation in a more complicated way than just by the addition of a large constant.
Second, if one tries to approximate the KPZ equation by a microscopic model which
is not symmetric under space inversion, then the constant Cy plays a non-trivial role,
see for example [HS17].

15.5.3 Convergence of the renormalised models

It remains to argue why one expects to be able to find constants C; such that the
sequence of renormalised models M<.Z¢. with M€ = exp(Z?zl C¢L;) converges
to a limiting model. Instead of considering the actual sequence of models, we only

. . ~ € .
consider the sequence of stationary processes II 7 := II°M¢7, where II° is
associated to (I1¢,I'¢) = £¢. as in Section 15.5.1.

Remark 15.28. Tt is important to note that we do not attempt here to give a full proof
that the renormalised model converges to a limit in the correct topology for the space
of admissible models. We only aim to argue that it is plausible that ig converges
to a limit in some topology. A full proof of convergence (but in a slightly different
setting) can be found in [Hail3], see also [Hail4b, Section 10] and [CH16] for most
general statements.

Since there are general arguments available to deal with all the expressions 7
of positive degree as well as expressions of the type Z'(7) and = itself, we restrict
ourselves to those that remain. Inspecting (15.11), we see that they are given by

v, &, U, %, &

For this part, some elementary notions from the theory of Wiener chaos expansions
are required, but we’ll try to hide this as much as possible. At a formal level, one has
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the identity
II*1 = K'«¢. = KL+ &,

where the kernel K is given by K. = K’ % ¢.. This shows that, at least formally,
one has

(IT°V) (2) = (K’ % &) (2)* = / Kl(z — 21)KL(z — 22) £(21)&(22) dz1 d2o .

Similar but more complicated expressions can be found for any formal expression 7.
This naturally leads to the study of random variables of the type

L(f) = / ~ '/f(zl, ) E() () - (15.33)

Ideally, one would hope to have an It isometry of the type EI.(f)Ix(g9) =
(fsym gm), where (-, -) denotes the L?-scalar product and ™ denotes the sym-
metrisation of f. This is unfortunately not the case. Instead, one should replace the
products in (15.33) by Wick products, which are formally generated by all possible
contractions of the type

§(2:)8(z5) > &(2i) 0 &(z5) + (2 — 25) -

If we then set

fk(f):/.../f(zh,_,7zk)§(zl)<>--~<>§(zk)dzl-~de,
One has indeed A A
El(f)Ik(g) = (/™ g™™) .

Furthermore, one has equivalence of moments in the sense that, for every k£ > 0 and
p > 0 there exists a constant Cy, ,, such that

E|LL.(f)P < Crpll ™7 .

Finally, one has EI},(f)I;(g) = 0 if k # . Random variables of the form Iy (f) for
some k > 0 and some square integrable function f are said to belong to the kth
homogeneous Wiener chaos.

Returning to our problem, we first argue that it should be possible to choose M*®

in such a way that Iy converges to a limit as ¢ — 0. The above considerations
suggest that one should rewrite IT%7 as

(IT°%) (2) = (K’ * &) (2)° (15.34)

:/ K/ (z — 21)K! (2 — 2) £(21) 0 £(22) dz1 dzg + O |

where the constant Cg(l) is given by the contraction
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L o 9
ch =\« (KL(2)) dz .

Note now that K7 is an e-approximation of the kernel K’ which has the same singular
behaviour as the derivative of the heat kernel. In terms of the parabolic distance, the
singularity of the derivative of the heat kernel scales like K (2) ~ |z|~2 for z — 0.
(Recall that we consider the parabolic distance |(¢, z)| = \/|t| + |2/, so that this is
consistent with the fact that the derivative of the heat kernel is bounded by ¢~!.) This
suggests that one has (K (z))2 ~ |z| =% for |z| > e. Since parabolic space-time has
scaling dimension 3 (time counts double!), this is a non-integrable singularity. As a
matter of fact, there is a whole power of z missing to make it borderline integrable,
which suggests that one has .

1 o=

C; -

This already shows that one should not expect IT°% to converge to a limit as € — 0.
However, it turns out that the first term in (15.34) converges to a distribution-valued
stationary space-time process, so that one would like to somehow get rid of this
diverging constant Cg(l). This is exactly where the renormalisation map M*® (in
particular the factor exp(—C1L1)) enters into play. Following the above definitions,
we see that one has

(II"V)(z) = (IT*MYV) (2) = (IT*V) (2) — C1 .

This suggests that if we make the choice C; = Cgl), then IT 6‘\]’ does indeed converge
to a non-trivial limit as € — 0. This limit is a distribution given, at least formally, by

(1) () = / / WK (2 — 21)K' (5 — 29) dz£(21) 0 £(20) don d2 |

Using again the scaling properties of the kernel K”, it is not too difficult to show that
this yields indeed a random variable belonging to the second homogeneous Wiener
chaos for every choice of smooth test function .

The case 7 = <s is treated in a somewhat similar way. This time one has

(IT°5) (2) = (K # &) (2) (K K’ % &) (2)
N // Kl(z = 21)(K * K[)(2 — 22) {(21) 0 £(22) dz1 dzp + CL0)

where the constant C’S(O) is given by the contraction

oo = = /K;(z) (K" K.)(2)dz .

This time however K is an odd function (in the spatial variable) and K’ * K is an

even function, so that Cg(o) vanishes for every £ > 0. This is why we can set Cy = 0
and no renormalisation is required for &,
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Turning to our list of terms of negative degree, it remains to consider (-, ‘¥, and
R@. It turns out that the latter two are the more difficult ones, so we only discuss
these. Let us first argue why we expect to be able to choose the constant Cs in such
a way that I1 E(@F converges to a limit. In this case, the “bad” term comes from the
part of (IT°(") (z) belonging to the homogeneous chaos of order 0. This is simply
a constant, which is given by

c? = 2\Q/

where the kernel (). is given by

2 [ KOK(@QG-2deds. (1539

Q:(2) = /K;(E)K;(z— 2)dz .

Remark 15.29. The factor 2 comes from the fact that the contraction (15.35) appears
twice, since it is equal to the contraction V. In principle, one would think that the
contraction U also contributes to 05(2). This term however vanishes due to the fact
that the integral of K vanishes.

Since K! is an e-mollification of a kernel with a singularity of order —2 and
the scaling dimension of the underlying space is 3, we see that (). behaves like an
e-mollification of a kernel with a singularity of order —2 — 2 + 3 = —1 at the origin.
As a consequence, the singularity of the integrand in (15.35) is of order —6, which
gives rise to a logarithmic divergence as ¢ — 0. This suggests that one should choose
Cy = Cs(z) in order to cancel out this diverging term and obtain a non-trivial limit
for IT ¥ as ¢ — 0. This is indeed the case.

We finally turn to the case 7 = q@ In this case, there are “bad” terms appearing in
the Wiener chaos decomposition of IT ER@S both in the second and the zeroth Wiener
chaos. This time, the constant appearing in the zeroth Wiener chaos is given by

oW —2¢) =y [ K@K EQ(0.(+ 2 d=ds.

which diverges logarithmically for exactly the same reason as CE(Z). Setting Co =
C’f), this diverging constant can again be cancelled out. The combinatorial factor 2
arises in essentially the same way as for .}’ and the contribution of the term where
the two top nodes are contracted vanishes for the same reason as previously.

It remains to consider the contribution of IT ER@} to the second Wiener chaos. This
contribution consists of three terms, which correspond to the contractions

%

It turns out that the first one of these terms does not give raise to any singularity. The
last two terms can be treated in essentially the same way, so we focus on the last one,
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which we denote by n®. For fixed ¢, the distribution (actually smooth function) n° is
given by

) = [ W) (20— 2)Q (a0 — 2K (22— 21)
X Kl(23 — 20) KL(24 — 22) €(23) 0 £(24) d2 .

The problem with this is that as € — 0, the product QE := K'Q. converges to a
kernel Q = K’(Q, which has a non-integrable singularity at the origin. In particular,
it is not clear a priori whether the action of integrating a test function against Q.
converges to a limiting distribution as ¢ — 0. Our saving grace here is that since .
is even and K" is odd, the kernel QE integrates to 0 for every fixed ¢.

This is akin to the problem of making sense of the “Cauchy principal value”
distribution, which formally corresponds to the integration against 1/x. For the sake
of the argument, let us consider a function W : R — R which is compactly supported
and smooth everywhere except at the origin, where it diverges like |W (x)| ~ 1/|z]|.
It is then natural to associate to W a “renormalised” distribution ZW given by

(@) (p) = / W (a) (p(x) — (0)) d .

Note that ZW has the property that if ©(0) = 0, then it simply corresponds to
integration against W, which is the standard way of associating a distribution to
a function. Furthermore, the above expression is always well-defined, since ¢ is
smooth and therefore the factor (¢(z) — ¢(0)) cancels out the singularity of W at
the origin. It is also straightforward to verify that if W is a sequence of smooth
approximations to W (say one has W, (x) = W(z) for |x| > ¢ and |W,| < 1/e
otherwise) which has the property that each W, integrates to 0, then W¢ — ZW in
a distributional sense.

In the same way, one can show that Q. converges as € — 0 to a limiting distribu-
tion %’Q As a consequence, one can show that n° converges to a limiting (random)
distribution 7 given by

n() = / (20) B (20— 21) K (22— 51 ) K (25— 52) K (24— 22) E(25) 0 (24) iz

It should be clear from this whole discussion that while the precise values of the
constants C; depend on the details of the mollifier J., the limiting (random) model
(.ﬁ , f‘) obtained in this way is independent of it. Combining this with the continuity
of the solution to the fixed point map (15.8) and of the reconstruction operator R
with respect to the underlying model, we see that the statement of Theorem 15.2
follows almost immediately.
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15.6 The KPZ equation and rough paths

In the particular case of the KPZ equation, it turns out that is possible to give a robust
solution theory by only using “classical” controlled rough path theory, as exposed in
the earlier part of this book. This is actually how it was originally treated in [Hail3].
To see how this can be the case, we make the following crucial remarks:

1. First, looking at the expression (15.31) for 0H, we see that most symbols come
with constant coefficients. The only non-constant coefficients that appear are
in front of the term 1, which is some kind of renormalised value for 9H, and
in front of the term <. This suggests that the problem of finding a solution A to
the KPZ equation (or equivalently a solution &’ to the corresponding Burgers’
equation) can be simplified considerably by considering instead the function v
given by

v=0,h—I(1+%Y +2), (15.36)

where IT is the operator given by (15.12-15.14).
2. The only symbol 7 appearing in H such that deg 7 + deg < < 0 is the symbol
7. Furthermore, one has

Al=101, A =<{e1+1cJ(1),
Al=1®1, Ar=(e1+10J(1).

It then follows from this and the definition (15.16) of the structure group G that
the space (T,O, 1, < ) C T is invariant under the action of GG. Furthermore, its ac-
tion on this subspace is completely described by one real number corresponding
to J'(1). Finally, viewing this subspace as a regularity structure in its own right,
we see that it is nothing but the regularity structure of Section 13.3.2, provided
that we make the identifications | ~ W’, Cno W, and & ~ W.

3. One has the identities

AC=Co1+10J' (), AGC=%e1+10J(Y),

so that the pair of symbols { ¢, %} could also have played the role of {17/, W}
in the previous remark.

Let now £ be a smooth function and let h be given by the solution to the unrenor-
malised KPZ equation (15.1). Defining IT by IT= = £ and then recursively as in
(15.13), and defining v by (15.36), we then obtain for v the equation

O =020+ 0, (vIIT +4IT°G) + R, (15.37)

where the “remainder” R belongs to C* for every a < —1. Similarly to before, it also
turns out that if we replace IT bi IT = IT" defined as in (15.24) (with Cy = 0) and
h as the solution to the renormalised KPZ equation (15.6) with C, = Cy + Cy +4C',
then v also satisfies (15.37), but with IT replaced by the renormalised model II.
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We are now in the following situation. As a consequence of (15.31) we can guess
that for any fixed time ¢, the solution v should be controlled by the function Ir < s
which we can interpret as one component (say W1) of some rough path (W, W).
Note that here the spatial variable plays the role of time! The time variables merely
plays the role of a parameter, so we really have a family of rough paths indexed
by time. Furthermore, IT7 can be interpreted as the distributional derivative of
another component (say W?) of the rough path . Finally, the function I R@ can be
interpreted as a third component W?2 of W.

As a consequence of the second and third remarks above, the two distributions
IT<s and IT %@ can then be interpreted as the distributional derivatives of the “iterated
integrals” W% and W2, It follows automatically from these algebraic relations
combined with the analytic bounds (13.13) that W':° and W?'! then satisfy the
required estimates (2.3). Our model does not provide any values for W12, but these
turn out not to be required. Assuming that v is indeed controlled by X; = II<, it
is then possible to give meaning to the term v ITT appearing in (15.37) by using
“classical” rough integration.

As a consequence, we then see that the right-hand side of (15.37) is of the form
92Y , for some function Y controlled by W°. One of the main technical results of
[Hail3] guarantees that if Z solves

NZ =027 + %Y,

and Y is controlled by WP, then Z is necessarily controlled by W' = I1<. This
“closes the loop” and allows to set up a fixed point equation for v that is stable as
a function of the underlying model IT and therefore also allows to deal with the
limiting case of the KPZ equation driven by space-time white noise.

15.7 Exercises

Exercise 15.1 (KPZ Structure Group) Consider the 16-dimensional KPZ regular-
ity structure with T' = Txpz given by

T= <Eﬂovo7 %7 Tvqi.;?v%a (\(’7 G; 17 R@a <)5 ia (\fﬁa Xla q?;7 <>

Show that the structure group G is a T-dimensional (non-commutative) Lie group, an
element I' € G C L(T,T) of which has the upper triangular matrix representation
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EXCIEYE1CC 1Y X el
1
1

1
1lcicacgeq cs5 cger

Aoy Pl o Py i G0 < o <o <8 )

where empty entries mean zeros. Note that the upper-triangular form reflects the fact
that I' — Id is only allowed to produce lower order terms. (Remark: It is immediate
from this representation that (7, q@’ 1, q@> and (1,$r,1,<) are indeed sectors, with

“rough path” index set {—%7, 0—,0, %7}, and action of the structure group exactly
as in the rough path case (13.12) (with “h” replaced by c1 and co, respectively.)

Solution. We first derive the coaction on all the symbols, and here prefer to write A
for the coaction and keep AT for the coproduct on T'+. By definition of the coaction,
A(E)==Z®1and

- X" —
A(T) :I/(:)®1+ Z ?@)Jk/}(:) =1®1,
keN?
since deg 7, (Z) = deg Jit(0,1)(Z) = deg = + 1 — |k| < 0so that J}(Z) = 0.
Similarly, write A instead of A for better readability,

AW)=AMAN) =1+ @1=V1,
AY) = AT'(V) = ... =V o1,
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Note the interpretation of cutting off positive branches: deg J' (\») = 1+3(=3 ") +

4=1">0,and alsodeg J'(7) = 2 asseenin

A =¢@1+10 (),
A) = AR AN =& @1+ 10T (7).

To deal with § = Z(='), note deg 7 (=) > 0,deg J'(=) < 0 so that the latter term
does not figure (same reasoning for Y = Z(%)), and obtain

A =101+1® J(2),
AY) =Y ®1+10T().

By definition, AX; = X; ® 1 + 1 ® X;. Next consider R@ and <. In view of
|7 ()| and |7’ ("(»)| > 0 we have (same reasoning for <),

A(R@) =Ce1+10J00) + X1 T (),
AK)=<@1+1aJ(1)+ X1 0 J(1),

Inspecting the above reveals that we need 1 and then the following 7 “positive”
symbols (also viewable as trees) in 7',

T, T, T(2), TE), X1, T(E), T(1), (15.38)

of resp. homogeneities £ , %2 , 1" ,17,1,2", 2", On the other hand, 7" was
introduced abstractly as free commutative algebra generated by all of the above
symbols (with unit element 1). Even upon truncation, say 7'+ = Tig /2 with abusive
notation, this leaves us with 10 + 4 + 1 = 15 generating symbols,

TG, T (1), T (1);T(5),...,T(1); X4 (15.39)

(of which only 7 are needed). Of course, 7" also contains (free) products such as
T TN, X1 T (), T'(1)T (V) (all of degree < 3/2), however by working
in T these did not appear as “right-hand side”-image of A above.

Consider now a character of the algebra T that is, an element g € (T*)*,
so that g(1) = 1 and g(05) = ¢(0)g(7). (Actually, in view of the truncation we
impose this only for o, & with deg(cc) = dego +dega < 3/2.) Such g is obviously
determined by its value on each of the 15 basis symbols listed in (15.39). Now T'*
can be given a Hopf structure, with coproduct A" and antipode, so that the set of
characters forms the group G, with product given by

(fog)o)=(f®gA s =" (f0'){g,0");
@

inverses are given in terms of the antipode. One thus sees that G is a 15-dimensional
(Lie) group. However, only a 7-dimensioal subgroup is needed, for we only care



15.7 Exercises 319

about the 7 values arising from (15.38), which we call

a=g(T" (&) ser = g(T (D).

It then follows from I, := (Id® g)A that I'; : T — T acts as identity on all
symbols other than

Fg(q@):q@+g TGN ="C+al,
)

Fq(q@) =G+ 9T () ="G+al,

L) =<{+9(T ))1—<+021

Iy (&) =+ o,

Iy(1) =1+ 9(T(2)1 =1 +cs3l,

L) =Y+ 9(T(@)1 =7 +eal,

Iy(X1) = X1 + 51,
)=
)=

q@ ¢+ col + c1 X1,
(< <H el e Xy,

The matrix representation of I'y is then immediate.

Exercise 15.2 (KPZ Renormalisation Group) Consider again the 16-dimensional
KPZ regularity structure with structure space T’ = Txpz. The renormalisation group
was given as subgroup R C L(T,T), given by My1 = (¢g®Id) A~ T, where g ranges
over the characters of T~ . Consider more specifically M = M, with g as specified
in (15.30), i.e. g($) = Cy, g(V) = C1, g() = Cg,g(@) = (5 and set to vanish
on the remaining symbols.

Show that this gives a subgroup of R which is a 4-dimensional (commutative)
Lie group, an element M € R C L(T,T) of which has lower triangular matrix
representation
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EV IR YLLeLivYx ¥ <
= /1
1% 1
e 1
f 20, 1
‘i/"\ji’ 1
& 1
N Cy 1
& 20, 1
1 o Cy C3 Cpl
¢ 1
< 20, 1
g 1
Y 1
X, 1
A 1
< 20, 1

Exercise 15.3 Show that the two procedures for recovering I1 from the knowledge
of (II, I') outlined in Remark 15.13 and on page 301 are equivalent.

15.8 Comments

The original proof [Hail3] of well-posedness of the KPZ equation without using the
Cole-Hopf transform did not use regularity structures but instead viewed the solution
at any fixed time as a spatial rough path controlled by the solution to the linearised
equation, in the spirit of Section 12.3. An alternative approach using paracontrolled
distributions as developed in [GIP15] was used in [GP17] to obtain a number of
additional properties of the solutions, including a clean variational formulation.
Given that the KPZ equation is expected to enjoy a form of “universality”, a very
natural question is that of showing that “most” classes of interface fluctuation models
converge to it in the weakly asymmetric regime. The first result in this direction was
obtained by Bertini—-Giacomin [BG97], but this relied crucially on a microscopic
version of the Hopf—Cole transform to show that the transformed particle system
converges to the multiplicative stochastic heat equation. A first more general result
was obtained by Jara—Congalves [GJ14] who showed that the large scale fluctuations
of a large number of particle systems solve the KPZ equation in a relatively weak
sense. It has been an open problem for quite some time now whether such a weak
notion of solution characterises solutions to the KPZ uniquely. Major progress in
this direction was obtained by Gubinelli-Perkowski [GP18] who showed that this
is indeed the case at stationarity under an additional structural assumption on the
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generator of the particle system that can be verified for a number of systems of
interest.

On the other hand, a large class of interface fluctuation models that fall outside of
this approach is given by solutions to an equation of the type

Othe = 02h. + eF(d,h.) +n(t, x) , (15.40)

where 7 is a (smooth) space-time random field with sufficiently good mixing prop-
erties, F': R — R is an even function growing at infinity, and € > 0 is a parameter
controlling the asymmetry of the problem. Under rather weak assumptions on  and F’
one then expects to be able to find constants C. such that e 1/2p, (e 2t,e o)~ C.t
converges to solutions to the KPZ equation. This was shown to be indeed the case in
various special cases of increasing generality in [HS17, HQ18, HX19, FG19]. (The
last reference treats a different class of models but its proofs could be adapted to the
setting of (15.40).)

There is a natural generalisation of the KPZ equation going in a completely
different direction. Indeed, given a Riemannian manifold (M, g) (where g denotes
the metric tensor), we can ask ourselves what the natural “stochastic heat equation
with values in M” looks like. A moment’s thought suggests that it should be given,
in local coordinates, by an equation of the form

Do = O2u® + I (u) D Dy + 02 (u) & (1541)

where the §; are i.i.d. space-time white noises, I'g_ are the Christoffel symbols for
M, the o; are any finite collection of vector fields such that

ool =g, (15.42)

and summation over repeated indices is implied. By combining the results of
[CH16, BHZ19, BCCHI17], it is not difficult to see that there are natural notions
of solution to (15.41), but these are of course only well-defined modulo an element
of the renormalisation group fR. It turns out that in this case, even after taking into
account simplifications due to the symmetry x <+ —x and the fact that the noises are
i.i.d. Gaussian, the relevant subgroup of R is generically (namely for large enough
dimension of M) of dimension 54.

This is a good example illustrating the role played by symmetries. In this particular
case, there are two additional symmetries one would like to exploit. On the one hand,
one would like to enforce equivariance under the group of diffeomorphisms of M.
In other words, solutions to (15.41) should be independent of the specific coordinate
system used to write (15.41). This is akin to the property of solutions to regular
SDEs written in Stratonovich form (or indeed those of RDEs driven by a geometric
rough path). On the other hand, the derivation of (15.41) implicitly makes use of
It6’s isometry to guarantee that, at least in law, its solutions do not depend on the
specific choice of the vector fields satisfying (15.42). This in turn is akin to the
property of solutions to SDEs written in /16 form. It turns out — and this is the main
result of [BGHZ19] - that in this context it is possible to find solution theories that
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do satisfy both properties simultaneously! In fact there still exists a two-parameter
family of them, but if we restrict ourselves to (15.1) (i.e. with I" and o related to
the same metric g), then it reduces to a one-parameter family and the corresponding
correction term (analogous to the Itd-Stratonovich correction term allowing to switch
between solution theories for SDEs) is given by a multiple of the gradient of the
scalar curvature of M. This sheds new light on observations that had previously
been made in a closely related context both in the physics [Che72, Um74] and in the
mathematics [Dar84, IM85, AD99] literatures.
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