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SPECTRAL GAPS IN WASSERSTEIN DISTANCES AND THE 2D
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The University of Warwick and Duke University

We develop a general method to prove the existence of spectral gaps for
Markov semigroups on Banach spaces. Unlike most previous work, the type
of norm we consider for this analysis is neither a weighted supremum norm
nor an IP-type norm, but involves the derivative of the observable as well
and hence can be seen as a type of 1-Wasserstein distance. This turns out to
be a suitable approach for infinite-dimensional spaces where the usual Harris
or Doeblin conditions, which are geared towards total variation convergence,
often fail to hold. In the first part of this paper, we consider semigroups that
have uniform behavior which one can view as the analog of Doeblin’s con-
dition. We then proceed to study situations where the behavior is not so uni-
form, but the system has a suitable Lyapunov structure, leading to a type
of Harris condition. We finally show that the latter condition is satisfied by
the two-dimensional stochastic Navier-Stokers equations, even in situations
where the forcing is extremely degenerate. Using the convergence result, we
show shat the stochastic Navier-Stokes equations’ invariant measures depend
continuously on the viscosity and the structure of the forcing.

1. Introduction. This work is motivated by the study of the two-dimensional
stochastic Navier-Stokes equations on the torus. However, the results and tech-
niques are more general. The main abstract result of the paper gives a criteria
guaranteeing that a Markov semigroup on a Banach space has a spectral gap in a
particular 1-Wasserstein distance. (In the sequel, we will simple write Wasserstein
for 1-Wasserstein.) To the best of our knowledge, these results are the first results
providing a spectral gap in this, or any similar, setting. In turn, the existence of a
spectral gap implies that the Markov semigroup possesses a unique, exponentially
mixing invariant measure.

The results of this article rely on the existence of a “gradient estimate” intro-
duced in [21] in the study of the degenerately forced Navier-Stokes equations on
the two-dimensional torus. This estimate was used there in order to show that the
corresponding Markov semigroup satisfies the “asymptotic strong Feller” property,
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2 M. HAIRER AND J. MATTINGLY

also introduced in [21]. In this work, we show that gradient estimates of this form
are useful not only to show uniqueness of the invariant measure, but are an essential
ingredient to obtain the existence of a spectral gap for a large class of systems. In
this introductory section, we concentrate on the two-dimensional stochastic Navier-
Stokes equations on a torus to show how the main results can be applied. At the
end of this section, we give an overview of the paper.

Recall that the Navier-Stokes equations describing the evolution of the velocity
field v(z,t) (with z € T?) of a fluid under the influence of a body force F'(z) +
F(x,t) are given by:

ow=vAv—(v-Vo—-Vp+F+F, divv=0, (SNYS)

where the pressure p(z,t) is determined by the algebraic condition divv = 0. We
consider for F' a Gaussian stochastic forcing that is centered, white in time, colored
in space and such that [ F(x) dz = [ F(x)dz = 0. Since the gradient part of the
forcing is cancelled by the pressure term, we assume without loss of generality that
div F' = div F = 0. More precisely, we assume that for i, j € {1,2}

2
EF;(z, ) Fj(a,t') = 6(t—t")Qij(x—a'), Y 95,Qi; =0, /Qij(x) dr =0.

1,j=1

Although we are confident that our results are valid for () sufficiently smooth, we
restrict ourselves to the case where () is a trigonometric polynomial, so that we can
make use of the bounds obtained in [39, 21].

Instead of considering the velocity equation (SNS) directly, we will consider the
equation for the vorticity w = V A v = Ojvy — 02v;. Note that v is uniquely
determined from w (we will write v = JCw) through the conditions

w=VAv, divi=0, /v(:n)dx:().

When written in terms of w, (SNS) is equivalent to
ow = vAw — (Kw)-Vw + f+ f, (1)

where we have defined f = VA F and f = V A F. Note that since f is translation
invariant, one can write it as

fxt)=Re > que™&(t),
keZ2\{0}

where the &, are independent white noises and where ¢, = q_. We can therefore
identify the correlation function (Q with a vector ¢ in £2 , the set of square integrable
sequences with positive entries. Denoting by Z the set of indices k for which g;, #
0, we will make throughout this article the following assumptions:
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SPECTRAL GAPS IN WASSERSTEIN DISTANCES 3

Assumption 1 Only finitely many of the q;,’s are non-zero and f lies in the span
of {e™* | qi # 0}. Furthermore, Z generates Z* and there exist k,{ € Z with

k| # 1€].

Remark 1.1 The assumption that only a finite number of g;, are non-zero is only
a technical assumption reflecting a deficiency in [39]. All of the results of this
article certainly hold if the first part of Assumption 1 is replaced by an appropriate
decay property for the g. Note for example that in [21] section 4.5, it is shown
that there exists an NV, such that if the range of @ contains {e**||k| < N.}, f is
as in Assumption 1, and ) q,% < oo, then all of the results of this paper hold. In
particular, this allows infinitely many g to be non-zero.

Remark 1.2 Using the results in [3] one can remove the restriction that the forcing
need consist of Fourier modes and replace it with the requirement that the forced
functions span the Fourier modes required above. Since this is not the main point
of this article, we do not elaborate further here.

Remark 1.3 Itis clear that the assumption that f € span{e®*® | g;, # 0} is far from
optimal. The correct result likely places no restriction on f other that it be suffi-
ciently smooth. This more delicate result requires an improved understanding of
the control problem obtained by replacing the noise by controls. Some steps in this
direction have been made [1, 47, 2], but the current results are not sufficient for our
needs. Nonetheless, the present assumption on f seems reasonable from a model-
ing perspective where one would likely have some noise in all of the directions on
which the body forces act.

We will consider (SNS) as an evolution equation in the subspace H of H' that
consists of velocity fields v with dive = 0 in the sense of distributions. Note
that this is equivalent to w € I?. We make a slight abuse of notations and denote
by P the transition probabilities for (SNS), as well as the corresponding Markov
semigroup on H, i.e.

Pi(v, A) = P(v(t,-) € A|v(0,-) =v),

for every Borel set A C H, and

(Prg) (v) = /H PP, dv),  (Prp)(A) = /H Pu(v, A) pu(dv)

for every ¢ : H — R and probability measure on v on . Analogously we define
the projection up = [ p(z)u(dz). It was shown in [21] that Assumption 1 implies
that (SNS) admits a unique invariant measure i, i.e. [, is a probability measure
on H such that P} 1, = p, for every ¢t > 0.
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4 M. HAIRER AND J. MATTINGLY

This article is concerned with whether, for an arbitrary probability measure i,
Pi i — ps (ast — o0) and in what sense this convergence takes place. Note that
(SNS) is not expected to have the strong Feller property, so that it is a fortiori not
expected that P/ — ., in the total variation topology if p and p, are mutually
singular. (see [9] for a general discussions of the strong Feller property in infinite
dimensions and [21] for a discussion of its limitations in the present setting.)

In order to state the main result of the present article, we introduce the following
norm on the space of smooth observables ¢: H — R:

—nllvll?
HwM::¥5€”””Ow@H+HD¢WND-

Here, we denoted by D¢ the Fréchet derivative of ¢. With this notation, we will
show that the operator P; has a spectral gap in the norm || - ||,, in the following
sense:

Theorem 1.4 Consider (SNS) in the range of parameters allowed by Assump-
tion 1. For every 1 small enough there exist constants C and ~ such that

1Peo = pplly < Ce™ el
for every Fréchet differentiable function ¢: 'H — R and every t > 0.

In [19] a similar operator-norm estimate on P; was obtained in a weighted total
variation norm (|| - ||, without the || D¢ || term) when the forcing was spatially rough
and non-degenerate. Our setting is quite different. The spatially rough and non-
degenerate forcing makes the analysis much closer the finite dimensional setting. It
is not expected that such estimates hold in the total variation norm in the setting of
this article. We should also remark that previous estimates, such as [37, 20, 28, 38],
giving simply exponential convergence to equilibrium are weaker and the results
in this article represent a significant and new extension of those results.

It is sometimes of interest to know that the structure functions of the solution to
(SNS) converge to the structure functions determined by p,. This is not an imme-
diate consequence of Theorem 1.4 because point evaluations of the velocity field
are not continuous functions on H. The smoothing properties of (SNS) neverthe-
less allow us to show the following result, which is an immediate consequence of
Theorem 1.4 and Proposition 5.12 below.

Theorem 1.5 Consider (SNS) in the range of parameters allowed by Assump-
tion 1. Let n > 1 and define the n-point structure functions by

S"(x1,..., ) = /v(zl) coov(xy) ps(dv) .
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SPECTRAL GAPS IN WASSERSTEIN DISTANCES 5

Then, for every nn > 0, there exist constants C and v > 0 such that, for every
vo € H, one has the bound

n
sup ‘EHv(a:i,t) - S"(x1,. .. ,a:n)‘ < Cenlivoll® =7t
i=1

T1ye5Tm

for everyt > 1. Here, v(x,t) is the solution of (SNS) with initial condition vy.

The remainder of this article is structured as follows. In section 2, we begin
with an abstract discussion of our ideas in a setting with uniform estimates. In sec-
tion 3, we give the main theoretical results of the paper which combine the ideas
from the first section with estimates stemming from an assumed Lyapunov struc-
ture. The convergence is measured in a distance in which paths are weighted by
the Lyapunov function. We then turn in section 5 to the specifics of the stochastic
Navier-Stokes equation and show that it satisfies the general theorems from sec-
tion 3. In section 5.3, we show that the Markov semigroup generated by (SNS) is
strongly continuous on a suitable Banach space and that its generator has a spectral
gap there. Then in section 5.5, we demonstrate the power of the spectral gap esti-
mates by giving a short proof that (SNS)’s invariant measures depend continuously
on all the parameters of the equation.

Acknowledgements. We would like to thank H. Bray, D. Dolgopyat, G. Friesecke,
X.-M. Li, C. Odasso, A.-S. Sznitman, J. York and L.-S. Young for useful discussions and
comments. We would like to thank A. Majda and X. Wang for pushing the authors to ex-
plicitly include forcing with non-zero mean. We also thank Z. BrzeZniak and an anonymous
referee for useful and pertinent comments on the first circulated version of this article.

2. A simplified, uniform setting. In this section, we illustrate many of the
main ideas used through out this article in a simplified setting. We consider the
analogue of one of the simplest (and yet powerful) conditions for a Markov chain
with transition probabilities P to have a unique invariant measure, namely Doe-
blin’s condition’:

Theorem 2.1 (Doeblin) Assume that there exists 0 > 0 and a probability measure
v such that P(z,-) > dv for every x. Then, there exists a unique probability
measure (i, such that P* i, = p.. Furthermore, one has ||Py — pupl|oo < (1 —
0)|le — x|l 0o for every bounded measurable function p.

"Doeblin’s original condition was the existence of a probability measure v and a constant € > 0
such that P(z, A) > e whenever v(A) > 1 — ¢, see [11, 12]. It turns out that, provided that the
Markov chain is aperiodic and v-irreducible, this is equivalent to the (in general stronger) condition
given here, see [40, Thm 16.0.2].
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6 M. HAIRER AND J. MATTINGLY

A typical example of a semigroup for which Theorem 2.1 can be applied is
given by a non-degenerate diffusion on a smooth compact manifold. Theorem 2.1
shows the fundamental mechanism for convergence to equilibrium in total variation
norm. It is simple because the assumed estimates are extremely uniform. In this
section we give a theorem guaranteeing convergence in a Wasserstein distance with
assumptions analogous to Doeblin’s condition.

A classical generalization of Doeblin’s condition was made by Harris [22] who
showed how to combine the existence of a Lyapunov function and a Doeblin-like
estimate localized to a sufficiently large compact set to prove convergence to equi-
librium. We will give a ‘Harris like’ version of our results in section 3.

2.1. Spectral gap under uniform estimates. The aim of this section is to present
a very simple condition that ensures that a Markov semigroup P; on a Banach space
‘H yields a contraction operator on the space of probability measures endowed with
a Wasserstein distance. One can view it as a version of Doeblin’s condition for the
Wasserstein distance instead of the total variation distance. The main motivation
for using a distance that metrises the topology of weak convergence is that proba-
bility measures on infinite-dimensional spaces tend to be mutually singular, so that
strong convergence is not expected to hold in general, even for ergodic systems.

The first assumption captures the regularizing effect of the Markov semigroup.
While it does not imply that one function space is mapped into a more regular one
as often occurs, it does say that at least gradients are decreased.

Assumption 2 There exist constants a; € (0,1), C > 0 and Ty > 0 such that

[DPrplloo < Cll¢lloe + 1| Del|oo (2)

for everyt > T and every Fréchet differentiable function p: H — R.

Remark 2.2 A typical way of checking (2) is to first show that for every ¢ > 0, P,
is bounded as an operator on the space with norm ||¢||sc + || D¢ || - It then suffices
to check that (2) holds with a; < 1 for one particular time ¢ to deduce from the
semigroup property that

IDPeplloc < C(ll¢llos + e[ Dgllos)
is valid with some v > 0 for every ¢ > 0.

Remark 2.3 If the space H is actually a compact manifold, (2) together with the
Arzela-Ascoli theorem imply that the essential spectral radius of P; (as an op-
erator on the space with norm ||¢|/ec + ||D¢||o) is strictly smaller than 1. This
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SPECTRAL GAPS IN WASSERSTEIN DISTANCES 7

is a well-known and often exploited fact’ in the theory of dynamical systems. A
bound like (2) is usually referred to as the Lasota-Yorke inequality [30, 31] or the
Ionescu-Tulcea-Marinescu inequality [26] and is used to show the existence of ab-
solutely continuous invariant measures when P is the transfer operator acting on
densities. Usually, it is used with two different Holder norm on the right-hand side.
The present application with a Lipschitz norm and an infinity norm has a different
flavor.

This bound alone is of course not enough in general to guarantee the uniqueness
of the invariant measure. (Counterexamples with H = S, the unit circle, can easily
be constructed.) Furthermore, we are mainly interested in the case where H is not
even locally compact.

In order to formulate our second assumption, we use the notation C(f1pu2)
for the set of all measures I' on H x H such that I'(A x H) = pi1(A) and
I'(H x A) = pa(A) for every Borel set A C H. Such a measure I" on the product
space is referred to as a coupling of p; and po. We also denote by P/ the semi-
group acting on probability measures which is dual to P;. With these notations, our
second assumption, which is a form of uniform topological irreducibility, reads:

Assumption 3 For every § > 0, there exists a Ty = T5(9) so that for any t > T,
there exists an a > 0 so that

sup {2, y)e HxH: |2/ —y|| <} >a,
TEC(P; 52, Py y)

for every x,y € H.

Remark 2.4 Recall that the total variation distance between probability measures
can be characterized as one minus the supremum over all couplings of the mass
of the diagonal. Therefore, if we set 6 = 0 in Assumption 3, we get || P:(x,-) —
Pi(y,)|lTv < 1 — a for every z and y. By [40, Thm 16.0.2], this is equivalent to
the assumption of Theorem 2.1, so that the results in this section can be viewed as
an analog of Doeblin’s theorem.

To measure the convergence to equilibrium, we will use the following distance
function on H:

d(z,y) = min{1,6~"[|lz — y|} , (3)

21t can be obtained as a corollary of the fact that the essential spectral radius of an operator T can
be characterised as the supremum over all A > 0 such that there exists a singular sequence { f, }n>0
with || fn|| = 1 and ||T'fn|| > X for every n. A slightly different proof can be found in [23] and
is directly based on the study of the essential spectral radius by Nussbaum [42]. It is however very
close in spirit to the much earlier paper [26].
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8 M. HAIRER AND J. MATTINGLY

where 0 is a small parameter to be adjusted later on. The distance (3) extends in a
natural way to a Wasserstein distance between probability measures by

d(p1, p2) = sup \/90 z) p (dz) /s@ z) po(dz))| , 4)

Lipy(¢)<1

where Lip,(¢) denotes the Lipschitz constant of ¢ in the metric d. By the Monge-
Kantorovich duality [44, 49], the right hand side of (4) is equivalent to

d(in, o) = inf / [ dtw.y) nida dy) 5)
neC(p1,p2)

(Note that the infimum is actually achieved, see [S0, Thm 4.1].) With these nota-
tions, one has the following convergence result:

Theorem 2.5 Let (P;)¢>0 be a Markov semigroup over a Banach space H satisfy-
ing Assumptions 2 and 3. Then, there exist constants § > 0, a < 1 and T > 0 such
that

d(Pri1, Prug) < ad(p, p2) (6)

for every pair of probability measures (11, 12 on 'H. In particular, (Pt)e>0 has a
unique invariant measure |1, and its transition probabilities converge exponentially

fast to py.

Proof. We will prove the general result by first proving it for delta measures,
namely

) d(P{ 6z, P;dy) < ad(z,y)

for all (z,y) € H x H. Once this estimate is proven, we can finish the proof of the
general case by the following argument.

The Monge-Kantorovich duality yields Q € C(u1,u2) so that d(ug, p2) =
[ d(z,y)Q(dz, dy). To complete the proof observe that

AP, Pipn) < [ d(P75,.P70,)Q(de, dy)
< a/d(x,y)@(dm,dy) = ad(p1, p2) -

Let us first show that (7) holds when ||z —y|| < ¢ for some appropriately chosen
0. Note that by (4) this is equivalent to showing that

Pro(z) = Proly)| < ad(z,y) £ ad ™|z —yll , ®)

for all smooth ¢ with Lip;(¢) < 1. Note that we can assume ¢(0) = 0, so that
this implies that || D¢ljcc < 67! and |[¢]|oc < 1. It follows from Assumption 2

imsart—-aap ver. 2007/12/10 file: gap.tex date: October 15, 2008



SPECTRAL GAPS IN WASSERSTEIN DISTANCES 9

that || DP;|cc < C + 157! for every t > T3. Choosing § = (1 — a1)/(2C') and
substituting in for C, we get | DPiplloo < 6 1(1 + a1)/2, so that (8) holds for
t>1T)and o > (1 —|—Oél)/2.

Let us now turn to the case ||z — y|| > 4. It follows from Assumption 3 that for
every t > T5(J) there exists a positive constant a so that for any (z,y) € H? there
exists I' € C(P;d,, P;dy) such that I'(As) > a > 0, where

1
o I . r L
As={@.y) : ' =yl < 56}
Since d(2/,y’) < 1 on As and d(2’,y') < 1 on the complement, one has

D(As) +1—T(Ag) =1 %F(A(g) <1-

e

1
/d(ﬂf/,y/) I(d',dy') < 5

Since we are in the setting d(z,y) = 1, this implies that when ||z — y|| > ¢,

[Pro(x) — Prp(y)| < ad(x,y)

holds for a > 1 — § and t > T5(9).
Setting v = max{1 — %,1(1 + o1)} and T = max{T,7>(6)} completes the
proof. O

Corollary 2.6 Let Py be as in Theorem 2.5. Then, there exist constants o < 1 and
T > 0 such that

), ©

1Pre — paplli00 < all@llioe s Nl = Sug(lw(w)! + [[De()]
S

for every Fréchet differentiable function p: ' H — R.

Proof. Define d(x,y) = 1A ||z —y||. Since d is equivalent to d1, (6) still holds for
arbitrary « (but with a different value for T) with d replaced by d;. The claim then
follows from the Monge-Kantorovich duality, noting that Lip, (¢) < 2|¢||1,00
and, for functions ¢ with [ ¢(z) ps(dz) = 0, [|¢||1,00 < Lipg, (¢). 0

2.2. A more pathwise perspective. In [37, 20, 38], the authors advocated a
pathwise point of view which explicitly constructed coupled versions of the pro-
cess starting from two different initial conditions in such a way that the two coupled
processes converged together exponentially fast. This point of view is very appeal-
ing as it conveys a lot of intuition; however, writing down the details can become a
bit byzantine. Hence the authors prefer the arguments given in the preceding sec-
tion for their succinctness and ease of verification. Nonetheless, the calculations
of the present section provided the intuition which guided the previous section;
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10 M. HAIRER AND J. MATTINGLY

and hence, we find it instructive to present them. As none of the rest of the paper
uses any of the calculations from this section, we do not provide all of the details.
Our goal is to show how the estimates from the previous section can be used to
construct an explicit coupling in which the expectation of the distance between the
trajectories starting from x( and yg converges to zero exponentially in time.

Fix a t > max(7Ty,Ty) where T3 and T5 are the constants in Assumptions 2 and
3. Fix 0 > 0 we did in the proof of Theorem 2.5. Now for k = 0,1, - - - define the
following sequence of stopping times

r =1inf{m > sx_1 : m € N, ||mt — Yme| < (1 — 1)},
sk = inf{m > rp : m € N, ||z — Yl > 0}
where s_; = 0 by definition.

If n € [ry, si), let the distribution of (24(,,41), Y¢(n+1)) e given by a coupling
which minimizes the Ed(z(,,41, Y¢(n+1))- Hence choosing § = (1—a1)/(2C) and
a € ((1 4+ a1)/2,1) as in the paragraph below equation (8), Monge-Kantorovich
duality gives that

E(d(xt(nJrl)u yt(nJrl)) ’ (mtna ytn)) < aéilnxtn - yth (10)
provided n € [ry, si). Given a random variable X and events A and B, for nota-
tional convenience, we define E(X ; A) = E(X14) and P(A; B) = E(141p)
where 14 is the indicator function on the event A. Observe that if ||zg — yol| <
(1 — a)0, then
(1) E(Hmt(n-i-l) - yt(n—i—l)” ;s1>n+1 ’ («Ttna ytn)) < OKthn - ythlsl>n >
which implies that

E([#4(nt1) = Yetnanlls 51> n+1) < o™ ag — yol| -

From this we see that as long as « and y stay in a § ball of each other, they will
converge towards each other exponentially in expectation.
Observe furthermore that

0P (s1 =n) = 0P (||ztn — yen|| > 65 51 >n—1)
< OE(d(@tn, Yin) s 51 > n —1)

= OE(E(d(ztn, ytn) | (aft(n—l)v yt(n71)>) ;s1>n—1)
< aE(th(n—l) - yt(n—l)H ;81 >n— 1) < 04"\\330 — Yo

b

where we used (10) to go to from the third to the last line. Hence, assuming that
[0 = woll < (1 — )9,

n—1
(12) P(sy>n)=1-)Y P(si=k)>1-a,

k=1
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SPECTRAL GAPS IN WASSERSTEIN DISTANCES 11

so that P(s; < 00) < a < 1. This shows that there is a positive chance that the
two paths will indeed stay at distance less than § from each other for all time.

All of the above calculations were predicated on the fact that x¢ and yo were ini-
tially less than (1 — «)d apart. On the other hand, for n € [s;_1, 7)), Assumption 3
guarantees that there exists a coupling for (:ct(n+1) , yt(n+1)) so that

P (Ilz1n 1) = ven )| < (1= )3 | @on,yem)) Z a4

for some fixed a > 0. This shows that P(r; > n) < (1 —a)", so that the two paths
will enter a (1 — )0 ball of each other at a random time which has an exponentially
decaying tail. We now sketch how to put these observations together more formally.

Let di(z,y) = 1 A ||z — y| and define 7 = inf{k : sp4; = oco}. We now
combine the above estimates to sketch to proof of the exponential convergence to
0 of Ed; (znt, Ynt). There are a few subtle issues arising from the fact that 7 is not
adapted to the natural filtration of the process, and we refer the interested reader to
[20, 38, 43] for examples on how to circumvent these technicalities by a specific
construction of (2, ynt ). Since our goal is only to sketch the argument, we do not
concern ourselves with these issues here.

Observe that for any 3 € (0, 1)

Edl(xntyynt> < E<d1 <$nta ynt) s < n/2> + P(T > 5”)
+P(r<pn;r:>n/2).

The first term decays exponentially fast in n by (11), since the paths are guaran-
teed to be at distance less then J on the time interval [n/2, n|. The second term is
bounded by a®™ from the estimate P(s; < oo) < a. Recall that the parameter (3 is
still free. Using the estimates from the preceding paragraph, it can be show that for
(3 small enough the probability P(7 < (n; r; > n/2) has exponentially decaying
tails since the random variable r;4; — 7 has exponentially decaying tails when
restricted to the set where s, < oc.

3. Spectral gap under a Lyapunov structure. There are situations (the stochas-
tic Navier-Stokes equations being a prime example), where it is not possible to ver-
ify Assumptions 2 and 3 in such a uniform way. The present section is an attempt
to circumvent this by assuming that the system possesses a type of Lyapunov struc-
ture that compensates for the lack of uniformity of these estimates. The relationship
between the results of the previous section and those of this section is analogous to
the relationship between Doeblin’s condition mentioned in the last section and Har-
ris’ conditions [22, 16, 40]. While the assumptions given in this section are heavily
influenced by the known a priori bounds on the dynamics of the two-dimensional
Navier-Stokes equations, we suspect the result will be useful more widely.
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12 M. HAIRER AND J. MATTINGLY

Throughout this section and the remainder of this article, we assume that we
are given a random flow ®; on a Banach space H. We will assume that the map
x + ®4(w, ) is C! for almost every element w of the underlying probability space.
We will denote by D®, the Fréchet derivative of ®;(w, x) with respect to .

Our first assumption is a strong type of Lyapunov structure on the flow:

Assumption 4 There exists a continuous function V. : H — [1,00) with the fol-
lowing properties:

1. There exist two strictly increasing continuous functions V* and V. from
[0,00) — [1,00) so that

(13) Villzl)) < V(z) < V([l=]])

for all x € H and such that lim,_,+ Vi(a) = oo.
2. There exist constants C and xk > 1 such that

aV*(a) < CVi(a), (14)

for every a > 0.
3. There exist a positive constant C, vy < 1, a decreasing function £ : [0,1] —
[0, 1] with £(1) < 1 such that for every h € H with ||h|| = 1

EV"(®(z)) (1 + || DPy(z)n])) < CV"¢D(z), (15)
for every x € H, every r € [rg,2k], and every t € [0, 1].

Remark 3.1 It follows from (15) and Jensen’s inequality that there exists a con-
stant C' such that

EV"(®(z)) < CVEWMIEE10) () & Gyre® (| (16)

for every t > 0 and every r € [0, 2], where [¢] is the greatest integer smaller than
t. In the last equality, we have extended the definition of £ to values of ¢ in [0, 00).

For r € (0, 1], we introduce a family of distances p, on H by

1
pr(a,y) = inf [ V7 ((0) K] de

where the infimum runs over all paths -y such that v(0) = x and (1) = y.

In the interest of brevity, we will write p for p;. The main consequence of As-
sumption 4 used in this paper is that, via the distance function p,, it also induces a
kind of Lyapunov structure on the two-point dynamics:
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SPECTRAL GAPS IN WASSERSTEIN DISTANCES 13

Lemma 3.2 Assume that ®, is as above and that Assumption 4 holds. Then, for
every r € [ro, 1], there exist constants o € (0,1) and C, K > 0 such that

Epr(CDt(x)v (Dt(y)) < CPT(:E7Z/) ’
Ep, (@0 (2), O(y)) < a”py(2,) + K ,

foreveryn €N, every t € [0,1], and every pair (x,y) € H>.

a7)

Proof. 1t suffices to show the second inequality in (17) for n = 1, since the other
cases follow by iteration. Fix any € > 0 and fix a curve y connecting x to y such
that

() prle) < [ VIO O] dt < pr(ep) + 6

and denote J(s) = ®¢(7(s)) for some ¢ € [0, 1]. We then have
B (@1(2), #4(0)) < B [ V()R ds
<B [ VIEE)IDBGE)E)] ds

<c /O VSO (3(5) |4(5)l| ds < Cpy(a, ) + Ce

where the last inequality uses the fact that {(¢) < 1 by assumption. Since ¢ was
arbitrary and C' independent of e this yields the first bound in (17). Let now R be
sufficiently large so that CV"¢(M) () < o V7 (z) for every z with |2| > R. Such an
R exists since V, tends to infinity. This yields

Epr(®1(2), ®1(y)) < Oépr(w,y)+CV*(R)/01 L) (Y()IF(s)l ds+e, (19)

where we denoted by B(R) the ball of radius R in H centered at the origin. Note
now that

[ 1w ol < 2r () e,

since one could otherwise replace the corresponding piece of curve by a straight
line and obtain a value which differed from p,.(x, y) by more then €. Plugging this
into (19) and again recalling the € was arbitrary concludes the proof. O

Our next assumption is a type of gradient inequality for the Markov semigroup
‘P: on ‘H generated by the flow ®;. In practice, this inequality can be verified if
the system is hypoelliptic, in the sense of Hormander, (or effectively elliptic) and
has suitable dissipative properties, but this is a hard task in general. (see [21] for
a discussion of hypoellipticity and effectively ellipticity in the setting of the 2D
Navier Stokes equations.)
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14 M. HAIRER AND J. MATTINGLY

Assumption 5 There exists a C1 > 0 and p € [0, 1) so that for every o € (0,1)
there exists positive T («) and C(«) with

| DPrp(a) | < CLVP () (Cla)y/ (Pilel?) (@) + o/ (P De|2) (), 20)
foreveryx € Handt > T(«).

Remark 3.3 While (20) is reminiscent of gradient estimates of the type considered
in [4], there does not seem to be an obvious link between the two approaches. The
main reason is that (20) is really a statement about the long-time behavior of P;
whereas the bounds in [4] are statements about the short time behavior of P;.

Our final assumption is a relatively weak form of irreducibility:

Assumption 6 Given any C > 0, r € (0,1) and 6 > 0, there exists a Ty so that
for any T' > Ty there exists an a > 0 so that

inf sup C{(2',y)e HxH:p(2,y) <} >a.
2L IYI<C Tec(Pros,Phéy)

The main result of the present article is that under these conditions, one has
uniform exponential convergence of the transition probabilities Py(z, ) to the
(unique) invariant measure of the system:

Theorem 3.4 Let O, be a stochastic flow on a Banach space H which is almost
surely C' and satisfies Assumption 4. Denote by P; the corresponding Markov
semigroup and assume that it satisfies Assumptions 5 and 6. Then, there exist pos-
itive constants C' and vy such that

p(Pf 11, Py ) < Ce™V plpn, p2) 1)
for every t > 0 and any two probability measures (11 and j2 on 'H.

Since the space of probability measures p on H such that p(u,dy) < oo is
complete for the topology induced by p (see for example [49]), (21) immediately
yields

Corollary 3.5 Under the assumptions of Theorem 3.4, there exists a unique invari-
ant probability measure Ly for P;.

Before we turn to the proof of Theorem 3.4, we give a statement that is equiv-
alent, but involves the semigroup acting on observables instead of the semigroup
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acting on measures. Since in this setting the semigroup P; possesses an invariant
measure (i, we can define the norm

lell, = A P R (@) 1) ]/ ) e da: : (22)

An alternative definition of this norm is given in Lemma 4.2 in the next section.

Recall that we also make an abuse of notation by defining the projection oper-
ator [, by pip = [ ©(y)px(dy). With these notations, we have the following
statement, which is the dual statement of Theorem 3.4:

Theorem 3.6 Let P, be as in Theorem 3.4. Then, there exist constants v > 0 and
C > 0 such that

1P = patllpy < Ce™ ™l — pacell
for every Fréchet differentiable function ¢o: H — R and everyt > 0.

Remark 3.7 This implies that the spectrum of P, — i, as an operator on the space
of Fréchet differentiable functions with finite || - || ,-norm is contained in the disk
of radius e~ 7" around 0. Alternatively, /i, is an eigenvector for P; with eigenvalue
1. All other eigenvectors have real part whose magnitude is at most e~ "%, This is
the gap referred to in the title of the article.

Proof. Since [Py — ppllp = ||Pe( — pa)||p» we can assume without loss of
generality that p,o = 0. The claim then follows immediately from the fact that

1Pro(z) — Pro()| < lellpp(Pros, P1oy) < Cllelle " p(z,y) |

where the last inequality follows from Theorem 3.4. dividing both sides by p(z, y)
and taking the supremum over x and y concludes the proof. 0

3.1. Proof of Theorem 3.4. The proof of Theorem 3.4 is technically very sim-
ple but relies on a trick, which consists in considering instead of p a distance d
which is equivalent to p but behaves like a large constant times p,. for nearby points
and like a small constant times p for points that are far apart.

More precisely, given three constants 6 > 0, 7 € [rp,1) and 5 € (0,1) to be
determined later, we define

priZ,y
d(z,y) = (11 r((s)) +Bp(z,y) -
Note that d is indeed equivalent to p since p, < p and therefore

Bp(w,y) < d(z,y) < (67" +B)p(a.y) -
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16 M. HAIRER AND J. MATTINGLY

However, d is much better than p in capturing the geometry of the bounds available
to us. This will allow us to proceed in a way similar to Section 2. This time, we will
consider separately three cases. The first case, p > K, p, > 6, will be treated by
using the Lyapunov structure given by Lemma 3.2. The second case, p, < 9, will
be treated by using the gradient estimate of Assumption 5. Finally, the last case,
p < Ky, pr > 9, will be treated using the irreducibility of Assumption 6. Lemma
3.9 is like the first part of the proof of Theorem 2.5 and Lemma 3.10 is like the
second part. The first makes use of the local contraction guaranteed by Assumption
5. The second covers intermediate scales and uses Assumption 6 to ensure that the
two points move close together some of the time to obtain a contraction estimate.
Lemma 3.8 covers points far from the center of the space. Because of the weighting
of the distance function by the Lyapunov function, there is contraction if the distant
points simply move towards the center of the space.
The following three lemmas provide rigorous formulations of these claims.

Lemma 3.8 In the setting of Theorem 3.4, there exists a constant K, such that
forevery 6 > 0, every 8 € (0,1), and every r € [ro, 1) there exists a constant
ay € (0, 1) such that

=

p(x,y)
Pr(xv y)

*

AV
>

} = Ed(P;;0z, Ppoy) < a1 d(z,y)

foralln € N.

Lemma 3.9 In the setting of Theorem 3.4, for any as € (0, 1) there exists a ng >
0, 7 € [ro,1) and 6 > 0 so that

pr(,y) <0 = Ed(P,dz, Prdy) < azd(z,y)
foralln > ngand € (0,1).

Lemma 3.10 In the setting of Theorem 3.4, for any K,, 6 > 0, r € [rg, 1) there
exists a ny so that for any n. > ny there isa 3 € (0,1) and a az € (0,1) so the
following implication holds:

pz,y) < Ky

— Ed(P!6,, P:5,) < asd(z,y).

It now suffices to show that the conditions of all three statement can be satisfied
simultaneously in order to complete the proof of Theorem 3.4:
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Proof of Theorem 3.4. By the same argument as in the proof of Theorem 2.5, it
suffices to prove that

(23) d(Pf oz, Pidy) < ad(z,y)

forall (z,y) € H x H.

We begin by fixing K, as in Lemma 3.8. We then choose an arbitrary as € (0, 1)
and apply Lemma 3.9 which fixesang > 1, r € [ro,1) and § > 0. With these in
hand, we turn to Lemma 3.10 and fix an N with N > max{ng, n; }. This in turn
fixes 5 € (0,1) and a3 € (0, 1). Fixing [ sets the value of «; in Lemma 3.8.
Setting v = max{a1, aa, g} < 1 completes the proof. O

We now turn to the proof of Lemmas 3.8-3.10.

Proof of Lemma 3.8. It follows from Lemma 3.2 that there exist constants o, €
(0,1) and K, > 0 such that

E p(®n(z), Pn(y)) < awp(w,y) ,

for every (x,y) such that p(z,y) > K,. Since d(P}05, Pdy) < E d(P,(z), Pn(y))
we thus get the bound

d(Phdz, Prdy) < 1+ awfp(w,y) .
On the other hand, p,(z,y) > ¢ by assumption, so that
L+ oufp(z,y) =1 - aw+ aud(z,y) -

Since d(z,y) > 1 + BK,, this implies the claim with

14+ aBK,
o = ————
1+ BK,
which is smaller than 1 (but close to it when /3 is small) by construction. O

Proof of Lemma 3.9. This lemma is the most delicate of the three in the sense that
it does not follow from “soft” a priori estimates on the dynamic but requires to
make use of the “hard,” quantitative bound given by Assumption 5.

For the proof of this result, we use representation (4) for the distance d. No-
tice that we can assume without loss of generality that the test functions ¢ satisfy
©(0) = 0 and are Fréchet differentiable, so that the condition Lip;(¢) < 1 together
with (14) imply that

Do ()]
o ()

G+ BV (),

. ; (24)
L+ Bllz[[VE(llzl]) <1+ BCVE(2])) -

| <
| <
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18 M. HAIRER AND J. MATTINGLY

Combining Assumption 5 with (24) and (16), we see that there exists a constant C'
such that, for every o > 0 there exists C'(«) and 77 () such that

IDPrp()]| < CVOHP(2)(Cla) +ad ™).,

for every x € 'H, every t > T («) and every choice for ¢ and (3 in (0, 1]. Now fix
an arbitrary value for ag € (0, 1) and pick « so that aC' < ag/2. By (15) there
exists a T'(a) > Ti(«v) so that k€(t) + p < 1forall ¢ > T'(«x). At this point, we
choose r = max{rg, k(T (a)) + p} < 1. Using the above estimates produces

|DPip(a)l| < 671V (@) (5C(0) + 52) < asd ™V (@),

where we choose § sufficiently small in order to obtain the last inequality. Fixing
any € > 0, let y: [0, 1] — H be a curve connecting x and y as in (18) with r = 1.
We have

1 1
Prp(e) = Peol)| = | | (DPue(r(9). 4 ds| < aso™ [V (@)l ds
= a30 . (z,y) + eazd ™t < azd(z,y) + eazd ™t

where the last inequality uses the fact that we are in the case p,(x,y) < . Since €
was arbitrary, the proof is complete. O

In order to be able to prove Lemma 3.10 and thus conclude the proof of Theo-
rem 3.4, it is essential to know that the region corresponding to the third case is a
bounded subset of H x H. This is given by the following result:

Lemma 3.11 Suppose that V is as above and define, for some constants 6 > 0
and K > 0, the set

C={(z,y) : pr(z,y) > and p(z,y) < K} .
Then, there exists an R > 0 such that |x| V |y| < R for every (z,y) € C.

Proof. Note first that if §/ K > V. ~1(0), the set C is empty and there is nothing to
prove.

We now show the contrapositive of the statement, i.e. there exists R > 0 such
thatif |x| > R and p(z,y) < K, then p,(x,y) < d. Fixing any € > 0, let v denote
a curve connecting z to y as in (18) with » = 1. Since p(z,y) < Kand V > 1, v
never leaves the ball of radius K + € around . We thus have the bound

1
prla,) < [ VI (o)) ds < (z:|zf;ﬁ‘i V) (el )
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r—1
— (Z:|xj£1|f§K+€V(z)) (K+ e) .

Since € was arbitrary and V' is continuous, the bound holds for ¢ = 0. It follows
from (13) that if one chooses R = K + V;71((6/K)'/("=1), one has

(Lot ve) <o

for every x with || > R, which concludes the proof of the statement. O

With this fact secured, we are in the position to give the proof of Lemma 3.10.

Proof of Lemma 3.10. Given K,, 6 and r € (0, 1), it follows from Lemma 3.11
that there exists a C\ (K, d, ) so that

C={(z,y): pr(z,y) > 6,p(x,y) < Ko} C {(2,y) : [|lz], [ly]| < Ci}.

Hence by assumption 6 for every 1" large enough there exists a positive constant a
so that for any (zo,yo) € C there exists a coupling (z7, yr) of (®r(z0), Pr(y0))
such that

P(pr($T,yT) < %5) >a>0.

Clearly « is independent of the choice of 3. Note now that there exists a constant
C such that, for every z € H,

1
p(2,0) S/O V(sz)lzl ds < [[[V*(llz]) < CV=(2) .

Hence it follows from (15) that there exists a constant C* (also independent of [3)
such that Ep(zr, yr) < Ep(z7,0) + Ep(yr,0) < C* for all (z,yo) € C.

As before given a random variable X and an event A, we define E[X ; A] =
E[X14]. Now

T,
Ed(5ﬂT,yT) = E(l A pT(Z;yT) ) p?” ,CCT)yT

T, yr
pr((s) ) pT($T7 yr

<39)
) > =

+ E(l A L ) + BEp(zr,yr)

IN

%(1 - P(Pr(xTvyT) > g)) + P(Pr(mT,yT) > g)
+ BEp(zT, yr)
< 1Jr 11:'(ﬂr(962myT) > %5) + BC*

-2 2
<t la_wysser—1-tatser
2 2 N 2 '

imsart—-aap ver. 2007/12/10 file: gap.tex date: October 15, 2008



20 M. HAIRER AND J. MATTINGLY

By making (3 small enough we can ensure that the right-hand side is less then one.
We denote this number by «s. Since p,(z,y) > 6 we know that d(x,y) > 1 and
hence

Ed(rr,yr) < azd(z,y) ,

which is the quoted result. O

4. Quasi-equivalence of norms. In the finite-dimensional setting where a Lya-
punov function exists, it is natural to consider the norm on functions given by

[o(@)]
Vi(x)

sup (25)
x

(See for example [40].) The norm on measures associated to it by duality is a

weighted total variation norm. This norm can still be used in the infinite-dimensional

setting provided that the driving noise is sufficiently non-degenerate, see for exam-

ple [9] for a general theory and [19] for a recent ergodicity result on the stochastic

two-dimensional Navier-Stokes equation.

In the present article, we are however interested in the situation where the driv-
ing noise is very degenerate. Indeed we assumed, for our main example of interest,
that the driving noise is finite-dimensional, whereas the state space of our system
is of course infinite-dimensional. In this setting, although it is possible to show
that topological irreducibility holds, we do not expect the corresponding Markov
process to be -irreducible for any measure . This is because, even though the
system is formally hypoelliptic, we consider it very unlikely that it has the strong
Feller property. It is indeed very simple to construct infinite-dimensional Ornstein-
Uhlenbeck processes where the noise acts on every degree of freedom (so that
the system is formally elliptic), but the system nevertheless lacks v -irreducibility.
Therefore, the results from [40] are not applicable to the present situation and we
do not expect to be able to get convergence results in the total variation norm. It is
therefore natural to look for a modification of (25) to the Wasserstein setting.

Motivated by these considerations, we introduce the following family of norms

lp(@)| + [ De(2)]|
yr = Su .

When we take » = 1, we will simply write ||¢||y. The remainder of this section is
devoted to showing that, modulo the semigroup P;, these norms can be considered
to be equivalent to the norms || - ||, introduced in (22). Once this has been shown,
we will have that Theorem 3.6 holds with the || - ||, norm replaced by the || - ||/
norm defined above. This result is contained in Corollary 4.4. We begin by showing
that the norm || - ||, is bounded from above and from below by the || - ||,,» norm
for a choice of r’ not necessarily equal to r.
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Proposition 4.1 There exist a constant C' such that
CHgllver < llellp < Cllellve,
for every r € [0, 1] and every Fréchet differentiable function .

Note first that

Lemma 4.2 Recall the definition of || - ||, from (22) and let ¢: H — R be Fréchet
differentiable. Then one also has

_ up 1P2@)l
Il = sup S+ [ o) (i) 26)
Proof. Since
: lp(x) — )| _ Do)l
1 = :
6I_I%y: H:EEHSE Pr(%y) VT(:U)

|||l is greater or equal to the right hand side in (26). In order to prove the reverse
inequality, we can assume without loss of generality that [ ¢(z) u.(dz) = 0 and
|Do(x)|| < V" (z) for all . One then has

1

o)~ o)l = [ (Dot At ds < [ VOEIAEds
for any smooth path v connecting z to y. Taking the infimum over all such -y proves
the claim. O

Proof of Proposition 4.1. We start with the second inequality. It follows from Lemma 4.2
that it suffices to show that there exists C' > 0 such that

[ oty nldn) < Cllly

This follows immediately from the fact that V' is integrable against ., by (15).
In order to show that the first inequality holds, fix ¢ with ||¢|,, = 1. One then
has

lp(x) = (0)] < pr(z,0) < CV™(x) ,
where the second inequality follows from (14). Furthermore, [ p,(x,0) p.(dz) <
[ p(x,0) pi(dx) = C. This yields

‘/ ) pix(dz) /Iso 0)| pu(dz) < C',
so that |¢(0)] < C + ||¢||,. < C + 1. Combining these bounds, we get
(@) < [e(0)] + |p(x) = (0)] < CV*(a) ,

for some C' > 0, which completes the proof. O
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22 M. HAIRER AND J. MATTINGLY

We now show that the semigroup P; has the following contraction properties:

Theorem 4.3 There exist constants C and v such that, for every r € [rg, k|, every
Fréchet differentiable function ¢, and every t > 0, one has the bounds

[Pellyrn < Cellellve s IPello,e < Cellellp, »
where r(t) = max{{(t)r,ro}.

Proof. 1t suffices to show the claims for ¢ € [0, 1] since the other cases follow by
iteration. To begin with, we get bounds on the common term in both norms.

1DPep(x)]| < E[|Dp(@:(2)) [ D+ (2) |

< (s LD ooy,

where we made use of (15) in the last inequality. On the other hand, we have

IPeoto)] < (sup WEDL) Ove(e).

and, from the invariance of pi,
[ Pret@) nalde) = [ olw) pulda).
Combining these estimates proves the quoted results. O

Corollary 4.4 There exists a time T and a constant C' such that
[Prellv- < Cliellp,
for every Fréchet differentiable function ¢ and every r € (¢/(1 —&(1)), 1].

Proof. Letr, = &(1)"kr +e(1 —&(1)™)/(1 —&(1)) as above. Then, we get from
Theorem 4.3 and Proposition 4.1 that

[Prpllvrn < C[@llver < KC[lgllp,

for some constants C' and K. Since we assume that r > ¢/(1 — £(1)) = lim,, 7y,
there exists m such that r,,, < r. The fact that ||¢||y+ < |¢|/vrm completes the
proof. O

An immediate consequence of Corollary 4.4 is the following result which states
that Theorem 3.6 holds with || - ||, replaced by || - ||v.

Theorem 4.5 Let P, be as in Theorem 3.4. Then, there exist constants v > 0 and
C > 0 such that

1Pep — mepllv < Ce™ o — ppllv
for every p € B and every t > 0.
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5. Application to the 2D stochastic Navier-Stokes equations. We now apply
the results of the previous sections to the two-dimensional Navier-Stokes equations
on the torus T2, which is our main motivation for the present work. Recall that, in
the vorticity formulation (1), these equations are given by:

dw = vAwdt + B(Kw,w)dt + fdt + QdW(t), wo e IZ(T?) £ H, (27)

where B(u,v) = —(u - V)v is the usual Navier-Stokes nonlinearity, W is a cylin-
drical Wiener process on H, and (): H — 'H is positive selfadjoint finite rank
operator commuting with translations. The viscosity v > 0 is arbitrary. We use the
notations laid out in the introduction. In particular, we denote by ey, k € Z? the
eigenfunctions of A and by gj the corresponding eigenvalues of ). Unless indi-
cated otherwise, we will assume that the constant component f of the body force
and the coefficients gy satisfy Assumption 1.

It is well known (see for example [8, 17]) that (27) has a unique solution under
much weaker assumptions on the covariance operator . It is also well known that
under similar conditions, (27) has an invariant measure ... The uniqueness of this
invariant measure is a much harder problem and has been a field of intense research
over the past decade. Early results can be found in [17, 9, 36]. Until recently, the
consensus that emerged in [14, 5, 29, 34, 6, 37, 20, 38] was that the uniqueness of
the invariant measure can be obtained, provided that all the g with |k|?> < N are
non-zero, for some value N ~ _ q,% /v3. To the best of the author’s knowledge, the
only exception to this were the results of [15], that indicated that the invariant mea-
sure . should be unique provided that there exists R > 0 and « large enough such
that all the g; with |k| > R are bounded from above and from below by multiples
of |k|~%. The uniqueness problem was eventually solved under Assumption 1 by
the authors in the recent article [21]. This assumption is close to optimal since it
only fails in situations where there exists a closed subspace H C 'H that is invariant
for (27). It can then be shown that there always exists a unique ergodic invariant
measure i, for (27) such that y1, (H) = 1.

We will show in this section that under Assumption 1, the random flow gener-
ated by the solutions of (27) satisfies the assumptions of Theorem 3.4 with V' (w) =
exp(n]|jw||?) for a positive 7 sufficiently small. We will then exhibit a Banach space
of observables BB which is such that the semigroup P, generated by (27) extends to
a strongly continuous semigroup of operators on B. The results from Theorem 3.4
will then be shown to imply that the operator norm of P; converges to 0, so that
in particular its generator £ has a spectral gap in the sense that there exists a con-
stant ¢ > 0 such that the spectrum of £ is contained in {0} U {ReX < —g}. We
conclude by showing first that £ acts on cylindrical function as a second-order dif-
ferential operator as one would expect and then that all the structure functions for
(27) converge exponentially fast to their limit values.
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5.1. General Lyapunov Structure. We start with a result that we have found to
be very useful when trying to check that (15) holds for a particular system.

Lemma 5.1 Let U be a real-valued semimartingale
dU (t,w) = F(t,w)dt + G(t,w) dB(t,w) ,
where B is a standard Brownian motion. Assume that there exists a process Z and

positive constants by, by, bs, with by > b3, such that F(t,w) < by — boZ(t,w),
U(t,w) < Z(t,w), and G(t,w)? < b3Z(t,w) almost surely. Then, the bound

boe—b2t/4  pt by exp (2L
E exp (U(t) + 26T/0 Z(s) ds) < szp(bi):) exp (U(O)e*%t) .

holds for any t > Q.

Proof. Fixing atime ¢ > 0 and a > 0, set

( s—t 4/exp r—t))Z(r)dr,

and M(s) = [j exp(%2(r — t))G(r, w)dB(r,w). Then

dY (s) = exp (Zﬁ(s — 1) (F(s,0) + %(U(s) +Z(s))) ds + dM(s).

If we restrict to s € [0, ¢] then we have that

V() < YO+ 32— 2 [ exp (2= 0)20) dr + M(s).
Next observe that Y (0) = exp(——t)U(O) Y(t) > U(t) + b26_b2t/4 fo Z(s)ds
and

by [* b 1b
M(s) = 5 [ exp (S (r = ) Z(r)dr < M(s) = 532 (M)(s)
0 4 2 b3
because exp (%2 (r — t))G(r)? < exp (% (r — t)) Z(r) almost surely for r € [0,¢].
Since for continuous local Martingales M (t), one has the exponential martingale
inequality

P ( sup M (s) —

S

S)(s) > B) < exp(—aB).

we have that

boe~b2t/4 by 20 ba
P(U(t) —i—T/O Z(s)ds —U(0)e” 2" — By > K) gexp(— %K)
In order to conclude, it now suffices to use the fact that if X is an arbitrary random
variable and @ > 1 is a constant such that P(X > K) < exp(—aK) for every

K >0,then Eexp(X) <a/(a—1). |
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5.2. Verification of the assumptions of Theorem 3.4. We first show that Lemma 5.1

indeed implies that

Proposition 5.2 There exists 0o such that, for every n € (0,ng], the solutions to
(27) satisfy Assumption 4 with V (w) = exp(n]||w||?).

Proof. Ttis clear that V satisfies (13) and (14) so that it remains to show that (15)
holds. Note that if we set U (t) = n||w]||?, we have from It6’s formula

dU(t) = n(tr Q* + 2{w(t), f) — 2vw(t)[[7) dt + 20| Qu(t)|| dB(?) .

for some Brownian motion B. Here and in the sequel, we denote by ||w|| the L*-
norm of w and by ||w||; = ||Vw|| its H'-norm. Since ||w||; > |Jw]|| and 2(w, f) <
v £I|? + v||w||?, this shows that we are in the situation of Lemma 5.1 if we set
Z(t) = nfw(t)|? and

£112
blzntrQ2+HfUH, b

2 =v, bz=4n|Q] .

In particular, this shows that, for every n < v/(4/|Q||), there exists a constant C
such that, for every ¢ € [0, 1],

v e—l//2 t e
Bexp(nlw(®)]* + 25— [ ()t ds) < Coxp(nw(@f* %) . @8)

On the other hand, we know from Lemma A.1 that, for every x > 0, there exists a
constant C' such that

t
1D®u(wo)| < Cexp(r [ u(s)lfds) . vee 0.1,

holds almost surely for every w € ‘H. Combining this with (28) shows that (15)
holds with £(t) = e™% for arbitrarily small values of rg. 0

Recall now that the following “gradient estimate” is the main technical result of
[21]:

Proposition 5.3 For every n > 0 and every o > 0, there exist constants Cy, o, such
that, for every Fréchet differentiable function ¢ from H to R, one has the bound

| DPap(w)]] < exp(nllwl]?) (Crar/ (Paliel?) (w) + o™ (Pl Dell?) (w)) ,

for everyw € Handn € N.
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Remark 5.4 The works [39, 21] made the assumption f = 0. However, the ar-
guments presented there work without any modification under the assumption that
f € range Q. Note for example that Girsanov’s formula implies that the transition
probabilities for (SNS) with f = 0 are equivalent to the transition probabilities
with f € range Q. In particular, this means that the proof of weak irreducibility
from [21] carries over to the setting of this paper.

Proposition 5.3 immediately implies that Assumption 5 is satisfied for every
choice of 7, so that it remains to verify Assumption 6. This however follows im-
mediately from [13, Lemma 3.1] and Remark 5.4 above. As a consequence, we
have just shown that

Theorem 5.5 If Assumption 1 holds, there exists ng > 0 such that, for every n <
No, the stochastic flow solving (27) satisfies the assumptions of Theorem 3.4 with
V(w) = exp(n||w||?). Hence, the conclusions of Theorems 3.4, 3.6 and 4.5 hold.

5.3. Spectral gap for the generator. In this section, we show that it is possible
to extend the Markov semigroup P; generated by solutions to (27) to some Banach
space of observables B in such a way that:

1. The semigroup P is strongly continuous on 5.

2. There exists g > 0 such that o(P;) \ {1} is included in the disk of radius
e 9t for every t > 0. Here, o(P;) denotes the spectrum of P; viewed as a
bounded operator on B.

Remark 5.6 It follows from standard semigroup theory that the above statements
imply that P, possesses a generator £ densely defined on B (see e.g. [10, The-
orem 1.7]) and that there exists g > 0 such that Re(\) < —g for every A €
(L) \ {0} (see e.g. [10, Theorem 2.16]).

Before we give the precise statement of our results, let us turn to the construction
of the Banach space B. Given a Hilbert space H, we define C§°(H) by

C°(H) = {poll|II: H — R" linear, ¢ € C(R")}.

Note in particular that elements of C3°(H) are Fréchet differentiable of all orders.
Given 1 > 0, define B, as the closure of C§°(H) under the norm

lelly = Sg%exp(—nllw\\Q)(lw(w)! + [ De(w)ll) - (29)

We also denote by 5’,7 the closure under this norm of the space of all Fréchet dif-
ferentiable functions ¢ such that |||, is finite.
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Remark 5.7 The space 5, is much smaller than Bn- In particular, elements of 5,
are continuous when H is equipped with the topology of weak convergence, so
that w +— |lw||? does not belong to B,, even though it obviously belongs to 5.
However, w — || Kw||? does belong to B,, provided that K : H — H is a compact
operator.

Remark 5.8 The fact that the vorticity belongs to H = I? does not ensure that
the corresponding velocity field is continuous. Therefore, point evaluations of the
velocity field do not belong to B;,. This fact can however be dealt with and we will
do so in Section 5.4.

Remark 5.9 Given an orthonormal basis {e,} of H, one could have restricted
oneself to the set of all functions of the type w — ¢((w,e1),..., (w,e,)) with
¢ € C3°(R™). It is easy to check that the closure of this set under the norm (29) is
again equal to 53,), independently of the choice of basis.

As a consequence of this, it is a straightforward exercise to check that polyno-
mials in (w, e,,) with rational coefficients form a dense subset of 3,, so that it is a
separable Banach space.

The first result of this section is the following:

Theorem 5.10 For 1 sufficiently small, P; extends to a Co-semigroup on B,,.

Proof. Define I1,, as the orthogonal projection in H onto the first n Fourier modes.
The proof of this result is broken into two distinct steps as follows:

1. The semigroup P; extends to a semigroup of bounded operators on 13, that
is uniformly bounded as ¢t — 0.

2. One has ||Psp — ¢, — 0as t — 0 for a dense subset of elements of 53,,.

Note first that it follows from the a priori bounds of Lemma A.1 thatif ¢: H —
R is a Fréchet differentiable function such that |||, < oo, then Py is again
Fréchet differentiable and there exist constants C; that remain bounded as t — 0
such that

[Prelly < Cillelly »

provided that 7 is sufficiently small. This shows that P, can be extended to a semi-
group on Bn which is uniformly bounded as ¢ — 0.

Since the norm on Bn is the same as on B,), the first claim follows if we can
show that P; maps B, into itself. For an arbitrary function ¢ € C§°(H), we will
show that

Jim [P — (Prp) o |, =0, (30)
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where II,, denotes the orthogonal projection in H onto the Fourier modes with
|k| < n. This is sufficient since it follows from the a priori bounds (46), (43),
(40) and (42) that the function (Ptcp) o II,, is twice Fréchet differentiable and that,
together with its derivative, it grows slower than exp(n||z||?) at infinity, so that it
belongs to B;,.

Fix a generic element w € H and a natural number n > 0, and write w = II,w.
We denote by ®; the random flow solving (27) and set w; = ®4(w), Wy = Py(w),
pr = wy — wWe. We also use the notations

Jt = (D(I)t) (’UJ) . jt = (D‘I)t)(ﬁ]) . in = Jt — jt .

Since the derivatives of ¢ are bounded, the expression inside the limit in (30) is
bounded by

C sup e~ (El|pf]| + /Bl pe|PEILI + B Tl
weH

The claim the follows immediately from Theorem A.3 and from the a priori bounds
of Lemma A.1.

In order to show that the second claim holds, fix a function ¢ € C§°(H) which is
of the form ¢ = ¢ o I1,, for a C§° function ¢ and some n > 0. It is straightforward
to check that there exists a constant C' (depending on () such that

o= lly < € sup 1 (B[ My = T + BTy = T
we

“ G sup eI (G (1) + Galt)) -

weH

Since n is fixed, both terms are relatively easy to control in the limit ¢ — 0.
Let us first bound G (t). It follows from the variation of constants formula (or
the mild formulation of a solution) and (37) from the Appendix that

G1(t) <||(1 — Hne"At)HwH + E| /Ot Hne”A(t_s)B(les, ws)ds||
<= e full + O [ BB (K, w,)]- ds
<(1- e_”"Qt)HwH +Cn? /OtEHwSH2ds )
Since n is fixed, it is obvious that the first term converges to 0 as ¢ — 0. By (41),

E||ws]|? is uniformly bounded in time by C exp(n||w||?). Hence the second term is
bounded by C exp(n]||w]|?)t and thus converges to 0 as ¢ — 0.
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The term G2(s) is bounded in much the same way. Again it follows from the
variation of constants formula that

t
I, i€ = IL,e"™¢ + /0 AL, (B(K o€, ws) + B(Kws, Ji£)) ds .
It follows from (37) that one has the almost sure bound
t
T, — T < 1— e 4 C’n3/0 ws |75 ds

Taking expectations, the needed bound showing that G5(¢t) — 0 as t — 0 follows
from Lemma A.1 and the same reasoning as used for G'; (¢). O

Since the semigroup P; is strongly continuous on B,, it has an infinitesimal
generator L. [t6’s formula allows us to show that £ is an extension of some concrete
second-order differential operator:

Lemma 5.11 Let L be the generator of P; on B, and let ¢ € B, be of the form
p(w) = ¢ oI, for some n and some function ¢ € C°(R™). Then ¢ € D(L) and

(Lp)(w) = v(ADp(w), w) = (B(Kw, Dp(w)), w) a0
+(f, Dp(w)) + 5 1(QD*p(w)) ,
for every w € H.

Proof. Fix a function ¢ as in the statement of the Lemma. Note first that Dp(w) €
D(A) so that (31) does indeed make sense for every w € H.
One has

¢ ¢
II,w; = 1// AIL,w, ds —|—/ 1, B(Kws, ws) ds + QW (t) ,
0 0

so that It6’s formula immediately implies that

Prolu) - plw) = [ PuLp(w) ds (32)

where Lo is given by (31). Let us show that Ly € B,. The only term in (31)
for which this is not immediate is the one involving the nonlinearity B. Since
Dy(w) = De(I1,,w) for m > n, one has the bound

[(B(Kw,Dp(w)), w) = (B(KIlnw, Dp(lnw)), Mynw)|
< (B(Kw — KIL,w, Do(w)), w)| + [(B(KIlw, De(w)), w — Hpw)|
< OlK(w = pw) [[[wl[[[ De(w)lr + Cllw|[[[ De(w)|[3]lw = Tpwl|
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< —wlf?,

=1Q

and similarly for its derivative. The penultimate inequality in this equation is ob-
tained by making use of the bound || B(Kw,w)|[; < C||lwl|||@||3. The result then
follows from (32) and the fact that P; is strongly continuous. O

5.4. Convergence of structure functions. In this section, we show thatif ¢: H' —
R is a smooth function with at most polynomial growth, then there exist constants
C, n and ~ (with only C depending on ¢) such that

(P ()= [ plw) p(dw)] < centPor, (33)

In particular, since w € H' implies that v € H? C C(T?2,R?), polynomials of
point evaluations of the velocity field fall into this class of observables.

It follows from the results of the previous section that (33) is an immediate
consequence of the following result:

Proposition 5.12 Let N > 0 and let o: H' — R be a smooth function with

< 0.

ol — sup [P0 F 1D
S Ty PRI

Then, for every t > 0 and every nn > 0 one has P;p € l’;’n. In particular there exist

constants Cn ¢ such that | Peo|ly < Cnillell 5

Proof. Fix arbitrary values for ¢ > 0 and n > 0. Let w € H and let w; denote the
solution to (SNS) starting at w. One then has

Pro(w)] < lellyEQ + lwell) < Cexplnllwl®)lelly -

where the second inequality follows from (41). One furthermore has, for an arbi-
trary vector £ € 'H,

DPrp(w)é] = [ED(we) Jo €] < ol (B + w2V | Jo€]13)

< Cexp(nl|wl*)lelly -

where the last bound was obtained by combining (41), (44) and (40). The claim
follows immediately from these two estimates. O
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5.5. Regular dependence on the parameters. In this section, we present one
possible application of the results obtained in this article. It was shown in [21] that,
for a large class of parameters v, (), and f, (SNS) has a unique invariant measure
1« One question which was not addressed was the nature of the dependence of i,
on these parameters. The results obtained in this article enable us to give a rela-
tively simple argument that shows that i, depends in a continuous way on all the
parameters involved. In [32], Majda and Wang proved that in the setting where the
dissipation dominates the dynamics, the invariant measure depends continuously
on the viscosity. This is a reflection of the fact in this context the random attrac-
tor consists of a single point (see [36, 38, 32]). Hence the continuous dependence
of the invariant measure follows from the continuous dependence of the random
attractor. This can be found in [45] in an abstract setting and [32] in this setting.
In the setting of this article, the random attractor is not necessarily a single point,
hence results for the attractor to not translate to results for the invariant measure.
Nonetheless we show that the long term statistics of the equations with nearby
parameters are near to each other. In particular, our results hold even when the
viscosity is not large relative to the typical scale of the energy of the forcing.

In order to keep the notations at a bearable level, we introduce the parameter
space A = R, X 61 x H and we denote its elements by

o = (V7 Q7 f) .
We equip A with the natural distance given by
d(a,&)” = v = 7> +1Q = QI + |If — fII* .

We denote by Ag the subset of A that satisfies Assumption 1. For every a € Ag, we
denote by 1 the unique invariant measure for (SNS) with parameters « and by P;*
the corresponding semigroup. For & € A, u& will simply denote any probability
measure invariant, not necessarily unique, for (P{)*. One then has the following
regularity result:

Theorem 5.13 For every a € Ay, there exist > 0, € > 0, and C,, > 0 such that
dﬂ(:u’fv Mf) S Cad(aa d) ’
forevery & € Awithd(a, &) < e.

Remark 5.14 Going carefully through the proofs of the results in this article and
keeping track of the dependence of all a priori estimates on the parameters, we
believe that one can show that it is possible to choose for 1, €, and C', continuous
functions of a.. The main obstacle to this program is to recover the bounds of [39]
under weaker assumptions on Q).
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Remark 5.15 Even though A is dense in A, this result does not allow to conclude
anything about the set of invariant measures for o ¢ Ag. One would expect that
there exist values of « such that (SNS) with parameters o has more than one invari-
ant measure. This would then necessarily imply that Cg 2 1/d(«, 3) for 5 € Ay
close to a.

Theorem 5.13 is the result of the following meta theorem. Given two Markov
semigroup, if one is uniformly ergodic and the other is close to the first on O(1)
time intervals then any invariant measure of the second is close to the unique in-
variant measure of the first. Theorem 1.4 gives the needed ergodicity for o € Ay.
The closeness of the time ¢ transition densities is given by Corollary 5.17 below.
It follows from the following bound on the difference between solutions to (SNS)
with different sets of parameters:

Proposition 5.16 Let wg € 'H and, for any two sets of parameters o and &, let us
denote by wy the solution to (SNS) starting at wg with parameters o and by W, the
solution starting at wg with parameters c.

Then, for every a € A, there exist ng > 0 and € > 0 such that, for every n < ng
there exist v > 0, and C' > 0 so that

Eljw; — w2 < CertllwlP g, &)2
forevery & € Awithd(a, &) < e.

We now use this result to prove the needed estimate on the closeness of the time ¢
dynamics.

Corollary 5.17 For any o € A there exists a ng > 0 so that for any n < 1o there
exists vy > 0, € > 0, tg > 0 and C > 0 so that one has

4y (PP (PE)' 1) < Ced(0,) | P (a)

for any measure yon 'H, t >ty and & € A with d(«o, &) < e.
For brevity in the sequel, we will write simply write Pf** for (P/)*.

Proof of Corollary 5.17. First note that, for every pair (w,w) in H and for every
1 > 0, one has the upper bound

d(w, ) < [lw — ] (711 + enI%) (34)

Fix now o > 0, let € be as given by Proposition 5.16, and choose an arbitrary
a € A with d(a, @) < e. Using the notations of Proposition 5.16, we have for 7
sufficiently small

- _ 1/2
Ay (PE* By, Pi*0uy) < By wr, ) < (Bl — iy PR 4 20l )
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—(v=e)t
~ 2
< Cd(a, @) exp (vt + 2ol +me =T o) -
This shows that there exist constants tg, v and C such that

dy (PR 11, PR 1) < Cd(a,d)evt/ el jy(dw)
H

for every t > to. By remark A.2 we can chose the constants uniform over all &
with d(a, &) <. O

With Corollary 5.17 in hand, we return to the proof of Theorem 5.13.

Proof of Theorem 5.13. We know from Theorem 5.5 that there exists ¢; such that

d (Pt #,,Pta*’/) < dn(ﬂa’/)a

N | =

for every ¢ > ;. Letting ¢( be as in Corollary 5.17. Choosing ¢ = max{tg, t1 }, we
have

dy (1, 1) = d(PP g PR pd) < dy (PR, PR S) + dog (PR P ™)

1
< s 1)+ da, @) [ Ml ).
H

Notice that in (28) the constants on the right hand side of the estimate depend con-
tiguously on the parameters for « € A. Hence it follows from (28) that, for  suffi-
ciently small, [}, el 1,3 (dw) is bounded uniformly for all & with d(a, &) < ¢,
so that the claim follows. O

We close this section with the proof of Proposition 5.16, which amounts to the
continuous dependence on the parameters in A of the solution operator of (SNS).

Proof of Proposition 5.16. Define py = wy — wy, 6, = v — v, §p = f - f, and
0 = @ — Q. One then has

dpt = (VApt + (5,/A’u~)t + B(]th, pt) + B(]Cpt, ’lI)t) + (5f) dt + (5@ dw .
At this point, we introduce the stochastic convolution
t
U, = / e”A(t_s)(SQ dw(s) ,
0

and we set p; = p; — ;. This yields for p

L., _ o o
531t||Pt||2 = || pllf — 6,V pe, Viou) + (B(Kpy, @), pr)
+ (B(Kwy, Vi), pt) + (B(KW¢, W), pt) + (07, pr) -
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Fix now 7 > 0. Making use of (36), we see that there exists a universal constant C'
such that

_ _ L - _
Ollpl* < =vlpell} + ~Nnllt + Cllel1pel Il
nv - _ C _
+ 5 (e} + o[ D) 1] + njllwtllf + {05, pe) -

Note now that it follows from Holder and Young’s inequalities that there exists a
universal constant C’ such that

/

- _ _ _ nv, . _ c
Cllwe 1 llpellaj2lloel < wllpelF + 7llwtllfllptll2 + Wllptll2 :

Combining these bounds yields

!

=12 9 2 ~ 12 =12 2 ¢ 2 53 ~ 12
Fllpell” < <1+ 5 +nV(||th1+HWtH1)>Hptll +[|67] +n7||‘1’t||1+7|!W|!1-

U
We can now apply Gronwall’s inequality to get the bound

!/

C’ t
_ 12 2 ~ 112
Il < exp((1+ g )t [ (ol + 1) ds)
C t 52 t
2 2 v ~ 12
- LIjs 7 S
< (sl [ el ds+ % [ ds)

Using the bound 2 < a~'e®, applying Cauchy-Schwartz and using the fact that
there exists a universal constant C' such that, for every Gaussian random variable
taking values in a separable Hilbert space, one has

2
E||X|* < C(BIIX[7)".

we eventually get that there exist constants C' and ~
depending continuously on 7 and on the parameters « and & such that, for every
7 sufficiently small, one has the bound

t
B> < cert el (52 4 Haf||2+/0 B, 3 ds) .

The claim then follows immediately from the fact that

9>

Bjlw, 3 < 220,

forevery t > 0. O
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6. Discussion. We have proven a spectral gap in a Wasserstein distance for a
class of Markov processes satisfying a gradient estimate and a weak (topological)
irreducibility assumption. Measuring convergence in a Wasserstein metric allows
one to incorporate information about the pathwise contraction properties of the
system. When the system is completely pathwise contracting, the story is relatively
straightforward, see [36, 38] or [25] for the finite-dimensional setting. However
when the system in not pathways contracting one must introduce a change of mea-
sure to make it contracting. This was one of the central ideas used in [14, 37].
The term in the gradient estimate which does not have a derivative reflects the
probabilistic cost of this change of measure while the term with a gradient but a
coefficient less then one reflects the contraction property obtained via the change
of measure.

When the gradient estimate is not uniform, the existence of a Lyapunov function
is required. The convergence is then measured in a Wasserstein distance weighted
by the Lyapunov function. In this “Harris-like” setting, the contraction properties
of the system arise from two sources. Points close to the center of the phase space,
as measured by the value of the Lyapunov function, contract due to the combination
of deterministic contraction and probabilistic mixing captured by the gradient esti-
mate. Points far out in the space move closer to each other in the distance weighted
by the Lyapunov function simply because the linear instability of the flow is com-
pensated by the decrease of the values of the Lyapunov function as the solution
moves points towards the center of the phase space.

While we have applied our general theory to the single example of the stochastic
Navier-Stokes equations with degenerate forcing, we believe that these results will
be useful in many contexts. The gradient estimate allows to capture the combina-
tion of mixing due to the presence of noise and due to the contractive nature of
the dynamic in one simple estimate. In the context of degenerately forced dissipa-
tive SPDEs, control of the gradient term on the right hand side of Assumption 5
combines an argument strongly inspired by the probabilistic proofs of Hérmander’s
theorem [24] based on Malliavin’s calculus [33, 48, 41], together with the infinites-
imal equivalent of the Foias-Prodi-type estimate, namely the fact that the linearized
flow contracts all but finitely many directions.

This work has its intellectual roots in many papers. In finite dimensions, spec-
tral gaps in weighted total variation norms like (25) have been obtained for some
time [40], but these estimates are of course not uniform when (SNS) is approxi-
mated by a sequence of finite-dimensional systems (say by spectral Galerkin ap-
proximations). In [46], spaces of observables weighted by Lyapunov functions are
used to prove the existence of solutions to infinite dimensional Kolmogorov equa-
tions. The convergence of observables dominated by Lyapunov functions was also
given in [27, 38] in the ‘essentially elliptic’ case. The results obtained there were
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however far from what is needed to prove a spectral gap. The convergence re-
sults are direct descendants of those developed by many authors in, among others,
[14, 29, 34, 6, 37, 20, 38, 43]. All of these works make use of a version of the
Foias-Prodi-type estimate [18], introduced in the stochastic context in [35]. The
later papers also use a coupling construction to prove convergence. In particular,
[37, 20, 38] developed a coupling construction to prove exponential convergence.
Though in a less explicit way then its predecessors, the present work makes use of
both ideas.

APPENDIX A: A PRIORI BOUNDS ON THE DYNAMICS

This appendix is devoted to the proof of the technical estimates used throughout
the last two sections of this article. The techniques used to derive these estimates
are standard. Even though most of these bounds are probably known to the experts
in this field, we have not always been able to find references that state them in the
form required here. In particular, we need precise bounds on the difference between
the solutions (and their Jacobians) for two nearby initial conditions.

We define for o € R and for w a smooth function on [0, 27]? with mean 0 the

norm ||w||, by
lwlz = > |k[*wi,
ke€Z2\{0,0}

where of course wy, denotes the Fourier mode with wavenumber k. Define further-
more (Kw)y, = —iwgk™/||k||%. If v, u; and up are as w and u = (ug,uz) then
B(u,v) = (u-V)v. Setting S = {s = (s1,82,83) € R} : S5, > 1,5 #
(1,0,0),(0,1,0),(0,0,1)} and keeping u, v, and w as above, then the following
relations are useful (cf. [7]):

(B(u,v),w) = —(B(u,w),v) itV-u=0 (35)
[(B(u,v), w)| < Cllulls, [vll14sslwllss  (s1,52,83) € S (36)
| B(u,v)||o < Cullull||v]] ifa<—-2andV-u=0 37)
[Kvlla = [[vlla— (38)

2’Y

_9a=8
ol <elvlla +e 7= v} if0<a<B<yande>0. (39)

We start with the following set of a priori bounds, most of which were taken from
[21] and [39].

Lemma A.1 The solution w, of the 2D stochastic Navier-Stokes equations in the
vorticity formulation satisfies the following bounds:

1. There exist constants C, 1y, v > 0, such that
t
Eexp(v [ nlwrlfdr =4t =) < Cosplnllul?) . (40
S
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foreveryt > s > 0 and for every n < 1.
2. For every N > 0, everyt > 0 and every n > 0, there exists a constant C
such that one has
E|lw||" < Cexp(nl|wol®) , (41)

for every initial condition wg € H.
3. There exist constants 1, > 0 and C' > 0 such that for every t > 0 and every
1N < N the bound

—vt
Eexp(n|lw||?) < Cexp(ne2 |Jwol?) (42)

holds.
4. For every n > 0, there exists a constant C' > 0 such that the Jacobian Jo;
satisfies almost surely

t
ol < exp(n [ wiliFds+ ). (43)

foreveryt > Q.
5. Foreveryn > 0 and every T > 0, there exists a constant C such that

t t
[ Inselias < ClelPesp(n [ walifds). @)

forevery & € H and every t € [0,T].
6. For every n > 0 there exists a constant C such that

t
o€l < CllelFexp(n [ wiliFds+ ). 45)

almost surely, for every t > 0 and for every £ € 'H.
7. For everyn > 0 and every p > 0, there exists C > 0 such that the Hessian
Ko satisfies
E||Ko.[|P < Cexp(nlwol?) (46)

foreveryt € 0,1].
Remark A.2 It is straight forward to verify that if one fixes a K1 > 0 and Ky >

0, the constants C, 7, and 7 from the statements in Lemma A.1 can be chosen
uniformly over all v > K7 and ||Q|], || f|| < Ka.

Proof of Lemma A.1. Points 1, 4, and 7 are taken from Lemma 4.10 in [21]. Point 2
follows from Lemma A.4 in [39] and point 6 follows from Lemma B.1 in [39].
Point 3 follows immediately from (28).
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It remains to show Point 5. It follows from the linearization of the Navier-Stokes
equations that

t t
1 Jos&01* — [1€)1* = —2v /0 [Jo,5€ |13 ds + /0 (Jo.s& BIKJo s€,ws)) ds

Using (36), this in turn implies that

I Ly
Joselids < B0 [ el o ds
H§||2 1 /t 2 2 1/t 2
< ISP 2 ) L2 ds+ = L2 ds .
<+ om | Bl ds + 5 [ el ds

It thus follows from (43) that

¢ 2 ||§H2 2 ¢ 2 ! 2
| 1nstlitds < Bt clglexp(n [ wnlfds +Ce) [l ds
0 v 0 0

and the result follows immediately. 0

In the remainder of this section, we use the following notation, which is the same
as in the proof of Theorem 5.10. We fix an element w € H and a natural number
n > (. We denote by II,, the orthogonal projection in ‘H onto the Fourier modes
with |k| < n and we write @ = II,,w. We denote by ®, the random flow solving
(27) and set w; = @4(w), Wy = Py(w), pr = wy — Wy We also use the notations

Jy = (D®)(w), Jy = (D®) (@), Jpp=Jp—Jp.

The aim of this section is to show that, given ¢ > 0 and provided n is large
enough, it is possible to make p; and J,; arbitrarily small. More precisely, the
main result of this section is:

Theorem A.3 For every v > 0, every T > 0, and every n > O there exists n > 0
such that

E|pr|* < yexp(nllwl*) . EllJ,z[* < vexp(nluw]?).
for every w € 'H.
We define the family of increasing stochastic processes Fg(t) by
t
By = exp(2n [ (sl + sl ds) 1+ sup (] + 1)) -
s€|0

Note that one has the following result, the proof of which is a trivial application of
the a priori bounds from Lemma A.1:
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Lemma A.4 Foreveryn > 0, everyt > 0, and every p > 0 there exist ng > 0 and
C such that
E(F{(t)) < Cexp(n]|w]®),

uniformly for every n > 0, every w € H and every ¢ € [0,n0].

Proof of Theorem A.3. We fix a terminal time I" > 0 and start with the bound for
|lor]|, which is almost identical to the proof of [21, Lemma 4.17]. Note first that p
solves the equation

Orpr = vApL + B(pg, wy + y)

where we set B(w,w) = B(Kw,w) + B(Kiw,w). Define pf = II,,p; and p} =
Pt — pf, so that

Oellot|* = —2vllpilIf + (B(Kpp, we + @e), pi)
—(B(Kpi!, pr), we + @) — (B(Kwy + K, pi), pr)
adllot 1? = —vlpt Il = (B(Kpe, pi), we + ) — (B(Kwe + Ko, p}f), p) -

The initial conditions for these equations are given by
h
po=0, pf=Tw.

The equations satisfied by p! and p/* are the same as the ones appearing in the proof
of [21, Lemma 4.17], so that we get the bounds:

—on2e - C
IEIP < lleol* (™ 4+ =2 F) (1)
002 ! ! =12 =2 |2
lpfll? < C, /0 exp(n [ N+ @rl12) oy + @l ol ds
S
t
< CF®) [ w0l ot ds.
These bounds are valid for every > 0. It follows from the first bound that
T c
2 3
| ek as < S r3).
so that the second bound yields

C,
sup lpell® < —LF5,(T) . (47)
te[0,7T] n

The bound on E||pr||? then follows from Lemma A 4.
In order to bound J, 7, note first that J, o = 0 and

Bthvt = I/Ajpﬂg + B(Jp7t, Wt + UNJt) + B(Jt + jt,ﬂt) .
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Fix now a tangent vector £ € H. It follows from (36) that

Ol Tpi&lI* < =201 Tp 4€l17 + Cll o€ 11 all Tp e6llllwe + e 12
+ ClTp &1l ol 1€ + Je€ll1/a
< (Cy + llwe + D) [Tl + NP1 :€ + T3 4 -

This bound is valid (with different values for the constant C))) for any value of
1 > 0. It immediately implies that

T ~ ~
eI < EST) [ o2 0€ + T ol + T de
T -
< CEMEN [ ol € + Tz

T ~
< CEME [ oallhg + el ar.

where we made use of (43). It follows that there exists a constant C' such that, for
every a > 0, one has the bound

1 T T ~
[ prl? < (5 [ ol e+ aCES,@) 1R+ o [ (16l + 1) e

It follows from (44) that

1 T
1ol < (5 [ ol dt +aC (D))

so that the claim follows by combining Lemma A.4 with the bound (47). O
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